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Approximate Controllability of Continuity Equation of Transformers

Daniel Owusu Adu! Bahman Gharesifard?

Abstract— Building on the recent work in [1] which provides
an interacting particle system interpretation of Transformers
with a continuous-time evolution, we study the controllability
attributes of the corresponding continuity equation across the
landscape of probability space curves. In particular, we consider
the parameters of the Transformer’s continuous-time evolution
as control inputs. We prove that given an absolutely continuous
probability measure and a non-local Lipschitz velocity field that
satisfy a continuity equation, there exist control inputs such that
the measure and the non-local velocity field of the Transformer’s
continuous-time evolution approximate them, respectively, in
the p-Wasserstein and L”-sense, where 1 < p < co.

I. INTRODUCTION

Remarkably, the recent work [1] shows that Transformers,
which needless to say have revolutionized machine learning
and beyond [2]-[5], can be viewed as interacting particle
systems. To be more precise, in [1], the authors considered
the dynamics

B(t) = Poyy | D2 At ilt), 00V @i (1) | - (1)

Here:

1) P, :8% 1 — T, 8%, defined as
P.y=y—(ziy)z (2)

represents the projection of y € S ! C RY the
unit sphere onto the tangent space T, S%'. This
projection map ensures that the relative positions of
neighbouring states influence the dynamics of each
state.

2) The self-attention A;(t,z;(t),z;(t)) captures the
importance or attention given by the ¢-th state
to the j-th state relative to sequence of states
(zi(t)iem = (z1(t)...,2,(t)) € (RH)™, where
[n] :={1,2,...,n} C Z, at time ¢. Specifically,
e{Q)z:(t), M (t)x; (1))

S, efQDi(6).M D)z (1))’

Aj(t,xi(t), () =

where Q(t) € RP*4 and M (t) € RP*? determine the
influence of the neighboring states.

3) The matrix V (t) € R4*? scales the dot products in the
self-attention mechanism, determining the strength of
interactions among the states.
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The analysis in [1] shows that due to the layer normalization
property, the states evolve over the unit sphere (;(t));c[n] €
(S4=1)", for t > 0. Moreover, they showed that (1) inherits
some clustering property almost surely, under some suitable
condition.

Related to our work is the continuity equation

Oppu() + V - (Px (/ 6"<x’y>ydut(y)> ut($)> =0, (3

on R x 8?1, with initial distribution ;9 € P(S471),
where 8 > 0 is fixed and determined by the magnitude
of Q and M. In [1, Lemma 3.5] it is shown that (3) is
a Wasserstein gradient flow of some energy function on
P(S9=1). The interacting particle systems interpretation of
Transformers is also investigated in [6], where the clustering
properties of the model is investigated, and it is shown that
absence of layer normalization leads to system instability.

This paper adopts a control-theoretic perspective. In par-
ticular, we consider

Opptit (i) + V - (Fpi, W, Ay, Vb (t, x4 pie(23)) = 0, (4)

with initial distributions (ti0)scn) € (P(S971))™, where

2
7| 2
1 Sd—1

Ai (b, i, y) Vie () ydpa (y) + b(t)> > &)

is the trainable vector field and A; = (A; 1, A4; 2), where

e{Qr ()i, Mk (t)y)

At i, y) = Jsar 8@z MOV dpyy (y) ©
with k& € {1,2} and i € [n]. Here, W(¢) € R¥< and
b(t) € R? are the weight matrix and bias vector for the
neural network, respectively, and o is the activation function.
The specific o will be made explicit later. Note that if y; has
density f;, then F[u;, W, A;, V, b](¢, z;) in (5) is not uniquely
determined by the value of f;(x;) but rather the value of f;
on the whole sphere 891 Therefore, F in (5) is non-local.
If p; in (5) is an empirical measure, then

F[,ula VVaAia ‘/,b](t,l’l) =

P, <W(t)a Z iAi,k(t, i, ;) Vi (t)x; + b(t) )

k=1 j=1

is the complete feed-forward layer (see [1, Section 2.3.2]).
Note that since the trainable parameters W(¢), Vi(t) €



R Q. (t), Mp(t) € RP*? and b(t) € RY in (5) are
independent of ¢ € [n], the system in (4)-(5) is the i-th
component of a sequence. From this point on, we sometimes
use the shorthand notations

F .= (Fz)

where F; := Flu;, W, A;,V,b]. (7)

i€[n]

The problem under study in this paper is the following:

Problem 1.1: Given (x,v) := (Xi,Vi)ie[n]> @ Sequence of
Lipschtiz velocity fields and absolutely continuous probabil-
ity measures, where each pair (v;, x;) satisfies the continuity
equation of the form

Owir + V - (Xalvielvie) = 0, ®)

does there exist control inputs W (t), Vi(t) €
RI* Qp(t), My(t) € RP*? and b(t) € R? such that
the sequence (F,u) := (Fj, f1i)ie[n], Where each ([, ;)
in (4), approximate (x,v) in some proper sense?

The main objective of the paper is to provide an answer
under appropriate regularity assumptions. Before we state
this result, it is important to point out the technical difference
between our work and that of Neural ODEs, for instance
in [7]-[11]. Beyond the fact that in the Neural ODE settings,
one is often concerned with approximating one state, whereas
here we deal with sequences, which somehow mimic ensem-
ble control settings [12], complication arise from the fact
that the velocity fields in (5) and (8) are non-local [13]-[16].
Nevertheless, we show that (F,u) = (F, it;)ie[n), Where
each (Fj, ;) in (4), approximate (x,v) := (Xi,Vi)ie[n]s
where each pair (y;,v;) in (8) in some proper sense. As
a result of the inherent non-local velocity fields F' and Yy,
the approximation of the measures v is in p-Wasserstein
sense and that of the velocity fields  is in LP-sense, where
1 < p < oo. For simplicity, we only deal with the case of
1-Wasserstein sense. We assert that, akin to the significant
impact Neural ODEs have had on the understanding of
performance and training of neural networks, it is reasonable
to anticipate that the novel transformer model will assume
a comparable role. The paper is organized as follows; in
Section II, we state some Preliminary result on existence of
a general continuity equation with non-local velocity field .
We state the main result in Section III and follow with the
proof in Section IV.

II. PRELIMINARIES ON TRANSPORT PDES wiTH
NON-LOCAL VELOCITIES

In this section, we provide some mathematical background
that will be used throughout this paper. The following
notations will be needed: let L>°(R%; R9) denote the space of
essentially bounded functions from R? to R?, L (R; R) be
the space of locally essentially bounded functions from R
to R and C(R?;R?) be the space of continuous functions
from R? to R?. Let P(R?) and P,.(R?) be the set of

probability and absolutely continuous probability measures

on R?, respectively. We define the metric WW; on P(R?) as

Wi (o, puy) ==
sup {/Rd fd(po —ps): f € C”(Rd) N Lipl(Rd)} , 9

where Lip,;(R?) is the set of Lipschitz functions on RY
with Lipschitz constant less than 1. It is well-known, see
for instance [17, Theorem 7.12], that the topology induced
by Wi on P(RY) coincides' with weak convergence on
P(R?). Suppose that T : RY — R? is a measurable map,
and po, iy € P(R?). Then the pushforward of pg ala T is
denoted by Ty g = py and given by

[ a@@)au@) = | gtwdu( ) = [ atw)duy
Rd Rd Rd
(10)

where g € L*(R4, ) is any integrable function and as usual
LY(R%, uug) is the space of j¢-integrable functions defined
on R

We collect preliminary results of general non-local trans-
port PDE [13]-[16]. We say that a given pair (J,¢) satis-
fies (8) if the function

t— f(tv $)d§t
Rd
is absolutely continuous for every f € C°(Rso x R%R)
and

/ ft, x)de(x)dx — f(0,z)dsy =
Rd Rd

| [0t + 9 100) ol o)) ()

holds, for almost every ¢t € R>. To guarantee the existence
of a solution to (8), following from [13]-[16], the following
assumptions are needed:

Assumption 2.1: There  exists functions

Li,Ly, K € L® (RZQ; R) such that

loc

9 : C(Rs0; P(RY)) = C(Rso xR RHNL™ (R0 xRE RY)

positive

satisfies:
1) the inequality
100l (¢, @) = Ifee] (£, y)lra < La(B)l|2 = yllpa, (A1)
for all ¢; € P(RY) and z,y € R? and t € R,
2) the inequality
[906t](8, 2)[|ra < La()(1 + [|2][ra),
for all ¢, € P(R?) and z,y € R? and t € Rx.
3) the inequality

[9[s0] — Vfs1]ll oo o sc0 Ray) < K (E)Wi(so, 1)
(13)

(12)

for all ¢g, ¢ € P(Rd) and t € Rzo.

IThe distance W; metrizes the weak convergence of measures only if
the measure has finite first moment. This condition is satisfied whenever the
measures have compact support.



It is well known (see for instance [16, Theorem 2.3] and
reference therein) that if ¢ satisfies Assumption 2.1, there
exists a unique solution ¢ € C(Rsp;P.(R?)) to (8),
whenever ¢y € Pg.(RY).

III. MAIN RESULTS

This section presents the key findings of the paper. To this
end, we fix the activation function o : RY — R% to be the
rectified linear function (ReLU) applied to each component
of a vector z; = (%i1,...,%iq) € RE:

o(z;) = ReLU(x;) := (ReLU(z41), ..., ReLU(%:q)) ,
(14)
where ReLU(z;;) := max{x;;,0}, j € [d]. Under the
activation function, [18] has laid the groundwork by estab-
lishing that Transformers characterized as

T = {(@i)ictn) — (Fls, W, Ai, V,b](24))ien)
= (Fpi, W, Ai, V, b(i + wi))igpn) : W, Vie € RPXY
Qk, My € RP*%and b,w; € R, where k € {1,2}}, (15)

where p; is a given empirical measure, serve as universal
approximators of continuous sequence-to-sequence functions
defined on a compact domain f € C((S?1)";(R)"),
where

C((S* 1) (RE)") o=
{f: (81" — (RY)™ . f is continuous functions}.

In particular, we later use the following universal approxi-
mation result, presented as [18, Theorem 3].

Theorem 3.1: Let 1 < p < oo and € > 0. Then for any
f € (841 (RH)"), there exists g € T such that

way= ([ 17 (@)

—g ((:vi),;e[n]) [Pday ... dxn) <e (16)

We state here that the universal approximation result also
holds true when k > 3 in (15), see [18]. We now state the
main result of this paper.

Theorem 3.2: Consider (x,v) := (Xi, Vi) ;e[ Where for
each i € [n], we have that y; satisfies Assumption 2.1
and v; € C(R>0;Pac(8971)) is the corresponding unique
solution to (8) with initial measure vy € Pu.(S?1). Then,
for any € > 0, there exist a final time ¢; > 0 and piecewise
constant in time control inputs

W, Vi, € L*([0,t7];R¥*Y)  Qy, My € L>=([0,t5]); RPX?),

where k£ € {1,2} and b,w € L*([0,ts];R?) such that
the pair of sequence (F,u) := ([, jti)ie[n], Where each
(Fi, i) is characterized in (4)-(5), approximates (x,v) in
the following sense:

d(F(t’ ')v X(tv )) <kg

where X(t, (zi)iem)) = (ilvel(t, 2:)),ep,). for all t €
[0,tf] and
sup Wi (pit, vit) < €,
te[0,t]
for all ¢ € [n].

The theorem ensures that there exist appropriate control
inputs such that (F, i) characterized in (4)-(5) can approxi-
mate a given sequence of velocity fields and measures that
solves (8).

IV. PROOFS OF MAIN RESULT

This section is devoted to presenting the proof of The-
orem 3.2. The proof is organized into two subsections:
firstly, we provide some properties on a generic sequence
{(x™, v™) bn>1, where X" is piecewise constant in time
vector field that approximate the solutions (x;,v;) to the
continuity equations (8) in Proposition 4.2. Next, we prove
in Corollary 4.1 that the set of control inputs W, Vi, Qy., My,
where k& € {1,2} and b,w can be selected in such a
way as to ensure that the Transformer in (4) generates a
sequence (FN, pu), where FY is in (15) that have the
required properties in the former subsection. This core idea is
inspired from [8]; however, in our derivations, the technical
details differ as we deal with non-local vector fields and
approximating sequence-to-sequence functions. For that part,
we utilize Theorem 3.1 and modified techniques in [13]-[16],
[19].

A. Approximating the solutions to (8)

We start with a stepping stone result on the support of the
solutions to (8).

Proposition 4.1: Let i € [n] and consider the continuity
equation (8) where each y; satisfies Assumption 2.1 and
Vio € Pac(S%71). There exists a final time ty > 0 such
that the solution v; € C(Rx0; Pac(R?)) to (8), satisfies

supp(vit) C S, 17

for all t € [0, t].

Proof: Suppose that x; in (8) satisfies Assumption 2.1
and v, € Pac(Sd’l). Following from [16, Theorem 2.3] the
unique solution v; € C(Rxq; Pac(R?)) is characterized as

vie = ®4(, ) »Vio, (18)

where ®;(t,-) is the diffeomorphic flow on R? that satisfies

0 ®;(t,x) = x:[vie](t, ®i(t,z)) and @;(0,2) ==z, (19)

on R, x RY, where i € [n]. We proceed to show that
there exists ¢y such that (19) admits a unique solution on
[0,tf]. To this end, let T > 0 be fixed. From (12), since
llxi[vie) (t, ) ||ra < 2L;o holds for all (¢,z) € [0,T] x ST71L,
where Liz = essup; (o pyLiz(t). If t7 < min;ep,) 57—, then
from [20, Chapter 1, Theorem 1], for any z € S d-1 " we have
that (19) admits a solution on [0,¢]. For uniqueness, since

the Lipschitz conbdition (11) holds, for any (¢, z), (¢,y) €



[0,T] x 841, from [20, Chapter 1, Theorem 2] we have
that the unique solution satisfies ®;(¢,supp(vip)) C S471,
where t € [0, ¢y].

We now show (17). Let z € supp(v;;). Then, from (18)
and (10), since vy (B.(€)) = vio (®; *(t,B.(€))) > 0 holds,
for all € > 0, where B.(¢) C R? is the ball with radius
¢ centred at z € supp(v;;), we have that ®; (¢, B,(¢)) C
supp(v40) holds, for all € > 0. Since ®(¢,-) is a diffeomor-
phic flow on R? and t + ®(¢t,-) is continuous map, we
have that B,(e) C ®,(¢,supp(vig)), for all ¢ > 0. Since
®,(t,supp(vio)) C S, holds, for all ¢ € [0,¢s], we have
that B, (¢) C S%1, for all € > 0. This completes the proof.

|

Next, we provide an approximation result for (8).

Proposition 4.2: Suppose, for each i € [n], we have that
i satisfies Assumption 2.1 and v; € C([0,t¢]; Pac(S?71))
is the corresponding solution in (8) with initial distribution
Vio € Pac(S471). Then, for each i € [n], there exists
{(x7", V™) }m>1 such that each x[" is piecewise constant in
time and (x!", v[™) solves (8) with initial distribution v,y €
Puc(S?71) and X 1 C([0,tf]; Pac(ST1)) — C([0,¢f] x
SI71;, 84=1)NL>([0,t 4] xS 1; S4=1) uniformly converges
to x; and v € C([0,t5]; Pac(S?71)) weakly converges to
V;.

Proof: Let 0 := " < tT" < -+ < tom_,
where t* = (2™t be a regular partition of [0, %] into 2™
subintervals. Given (x, v), let

= tf,

Xi Vil = xi [Vit;"], (20)

where t € [t}", /% ], then X" is piecewise constant in time

velocity field on C([0,t]; Pac(S?71)). Since x; satisfies
Assumption 2.1, we have that x[* satisfies

i [vie] (8, @) =xi" [Vie) (8 ) [|[re < Lix|lz—yllge, and
Ixi" [Vie] (8, @) ||ga < 2Li2, (21)

where Liq = esssup;ejg;,1Lia(t), with o € {1,2}, hold for
all x,y € S, Therefore, the unique solution v/ to

8tVZ‘ + V- (XZ”[VZ‘]VZ‘) =0 and l/imo’ = Vo

is characterized by

viy = @ (¢, ) gviem,

2

0P (t,x) = xi[vie | (7", @7 (2, @),

and O (t;",x) = ®;(t7", x), for all t € [tj", ¢} ], where
®, is as given in (18). We show that, for each i € [n], the
pair (x7*,v™), characterized in (20) and (22), respectively,
converges to (x;,V;) in some sense.

(22)

We show that for any € > 0, there exists Ny € N such
that for any m > Ny, we have

Ixi* — xill <e,
where

Ixi" = xill == sup

X3 [vs] = xi[villl e
veC([ty,ty,1iP(S41))

(23)

and L
using (20) and since

= L[, e

7] x 8T8 To this end,

X" [it] = xalvitlll L = lIXalviez] — Xalvie || Lo,
for all t € [t}", ¢} ], using (13), we have that

Ixi" it = Xilvidlll Lo < KiWa(vigm, vie)

4
< KiaiQTJ;,
for all v; € C([t7",t7,]; P(S41)), where the second in-
equality follows from the fact that the solution curve ¢ — v;;
in (8) is a;-Lipschitz continuous, for some positive constant
a; € R (see for instance [15, Proposition 5]). Therefore, we

conclude that ;" uniformly converges to ;.

(24)

To show that the sequence (™

™)m>1 weakly converges to
v;, we first show that the family of functions ¢ — v} is equi-
continuous and equi-bounded. To this end, equi-bounded
follows from the fact that from Proposition 4.1, we have
that supp(vit),supp(vjy) C S41, for all t € [0,¢s] and
m > 1. For equi-continuous, from (20), since || x}*|| < 2L;2,
following from [15, Proposition 1] we have that

W1 (V;?, Vﬂ%n) < 2Li2‘t — tzn'_ (25)

Therefore, the family of functions ¢ — v} is equi-Lipschitz
and hence equi-continuous. Hence, by Arzela-Ascoli Theo-
rem, we have that the sequence (v]"),,>1 admits a subse-
quence (v;""),>1 that weakly converges to ;. We proceed
to show that the limit measure ; satisfies

tf
[ @049 st xulod ¢ 0)dvade = o
o Js 26)
for every f € C>([0,t7] x S4~1; R), where f(ts,x) = 0 for
all z € S?!. We prove this by showing that the following
statements hold:

1)
ty
Jim / O f (£, 2)d (P ()= ()t = O,
r—00 0 Sd—1
2)
tr
tiw [ VHeD) ol -
T—00 0 d—1
)t 2) ()t = 0.
3)

ty
lim / VIt ) - X (o)
7—> 00 0 Sdfl
d(iiy(x) — v (2))dt = 0,

For Statement 1: using (9) and since

[ et =] <

[10cf(t,2)l[ty sup Wi(Die, vii'")
te[0,ts]

max
(t,2)€[0,t5]xSd—1



and v;;" weakly converges to 7;;, uniformly in ¢ € [0, %],
we conclude that Statement 1 holds.

For Statement 2, since

‘ /otf g1 VIt x) - ([Pl (t, z)—

max
(t,x)€[0,tf]xSa—1

_ /L+1 /Sk1 i [Z3e) (8, ) =X [V ) (¢, @) || digg () dit,

from (13), we have that
XZ[ ”mT]H <KW1(V2t7 LtmT)
<K(W1(Vm Vit )+W1( Vig " Z&l"rl))

m t
K (Wl(ylt’ thT) + 2L 27£ > ’

A (0 2) ) )dt\ < 10, (t.2)]

lIxi[Pie] —

where the last term in the later inequality follows from (25).
Since v, " weakly converges to ;;, we have that Statement 2

holds.

For Statement 3, from (12), we have that

‘/ ’ /S V)X ) @) d(a () - v (2)

’ max

(t,2)€[0,t ;] xS 1067 (8, 2)[2Laat s Wa (i, v fw)

Using similar arguments in Statement 2, we conclude that
Statement 3 holds. This completes the prove. [ ]

B. Using Transformers to approximate the solutions to a
continuity equation

We are now ready to present our main proof. We first state
a corollary of universal approximation result which we later
combine with the observation made in the previous section
to prove Theorem 3.2.

Corollary 4.1: Given (x,v) :=

x(t, (xi)z‘e[n]) = (Xi[l/it}(tvxi))ie[n] .

Suppose that y; satisfies Assumption 2.1 and v; €
C([0,t4]; Pac(S89471)) is the solution in (8) with initial dis-
tribution ;9 € P,.(S%1). Furthermore, suppose that the
time component of y; remain constant on [}, tévﬂ}, where
¢€40,...,2NV — 1} with ¢} := £27N¢;. Then, there exist
sequence of functions FN (¢,-) € T, where t — FN(¢,-) is
constant on the interval [¢}’, ¢\ ], such that

Jim d(FY (1), x(t)) = 0

(Xi» Vi) g [n)» Where

27)

for all ¢t € [0, ty].

Proof: Given (,v), consider (27). Then, by assump-
tion and from (11), since (¢, (z:)ie[n))) = X(t, (Ti)ig[n)) is
constant on [t}¥, ¢} ,] and Lipschitz over (S¢~1)", we have
that x € C((S*1)"; (R")™) on [t} 13’ ,]. Therefore, from
Theorem 3.1 given an empirical measure fi;, we have that, for

every € > 0, there exists F'VN(¢,-) € T, piecewise constant
in time on [0, ] such that d(FN (¢, ), x(t,)) < € holds, for
all t € [t3', ), ,]. This completes the proof. ]

We are now ready to provide the proof of Theorem 3.2.
Proof: [Proof of Theorem 3.2] Given (x, v) := (X, l/i)ie[n],
where for each ¢ € [n], we have that y; satisfies Assump-
tion 2.1 and v; € C(R>0; P,e(S?71)) is the corresponding
unique solution to (8) with initial measure v;y € Py, (S 1).
From Proposition 4.2, we have that for each i € [n],
there exists {(x7",7]")}m>1, where the pair (x7*,v") is
characterized in (20) and (22), respectively, such that

m

hm X" — xill =0, and lim Wi (v, vi) =0,
for all ¢ € [0,ty]. Here | - || is defined in (23) and, for any
m > 1, we have that xj" is constant in time on [t}", ]} ]
with t}" = f27™ts. Let m > 1 be fixed. Then, from
Corollary 4.1, given an empirical measure p;, there exists
a sequence {FN}xn>1 C T in (15) such that

lim d(F™(t,-),x™(t,-)) =0

N—o0

(29)

holds, for all ¢ € [0, ¢¢]. Furthermore, from (7), we have that

{FN (FzN)zE[n]}N21

admits the following characterization: for a given em-
pirical measure jp;, there exists piecewise time con-
trol inputs WN VN e L°([0,t7]; R, QN MY €
L>=([0,t7]; RP*4) and WY, w]N € L>([0,ts];R?), where

k € {1,2} such that for N > 1, we have that

FiN(t {EZ) =

(g

k=1 j=1

(t, 2, 2) Vi (t); +bN(t)>>.

We proceed to generate the corresponding measures p2Y. To
this end, we consider the piecewise constant in time vector
field

2
P, Jo / AN

(t, i, y) Vi () ydpae (y)

+ bN(t)> ) . (30

and show that, for a fixed N and ¢ € [n], we have that
FXN(t,x;) above satisfies Assumption 2.1.

To this end, since the projection map P in (2) is uniformly
bounded and Lipschitz on S4-1 it is enough to show that

aN(, xi) =



satisfies Assumption 2.1. For Statement 1 in Assumption 2.1,
from (6) since

V., GN(t,z;) =

Z Ntz ) VN (ydpi (y)

Sdl

for every i € [n] and m > 1, we have that

IVa, G [l <

2
W oo [ D IMY | QN | oe VY |l e
k=1
Therefore, we conclude that z; — G (¢,z;) is Lipschitz.

For uniform boundedness, since

W 1) (Z/ ANt )V (i ()

2

DIV e + 6V e

+bN<t>)|| < WV
k=1

we have that

2
IGN e < WMz | DIV e + 167 |2
k=1
This concludes that p; — G is uniformly bounded.

Lastly, we show that p; — va is Lipschitz. From (14),
since for z; = (71,...,75q) € S? ! we have that
ReLU(z;;) is Lipschitz and

||Z/

(6 i, ) Vi () yd (i ()

Z 1T

we conclude that g; ~ GX is Lipschitz. Therefore,
FN(t, ;) satisfies Assumption 2.1. From [16, Theorem 2.3],
we have that there exists a unique solution ¥ to

Ot prit(x5) + V- (Fiv(t, CEi)Mit(xi)) =0,

with initial distribution j1;0 € (Pac(S?71))", where i € [n].
Furthermore, from (29), for a fixed m > 1, by Arzela-Ascoli
Theorem, we have that

— par2(y))| <

Ol VN[ | Wi (piers pis2)-

3D

lim Wy (u,vm) =0 (32)
N—oo

uniformly in ¢t € [0, t¢].

Since Wl(ug7yit) < Wl(ﬂ'ﬁ?’/;’?) + Wl( Vit 7V1t)
for all m > 1, from (32), we have that 0 <
limy oo Wi(ud,vi) < WiV, vy), for all m >
1, uniformly in ¢t € [0,¢f]. From (28), we have
that limy_yoo Wi(u,vit) = 0, uniformly in ¢t €
[0,¢¢]. Therefore, for every e¢ > 0, there exists
No € N such that for N > Ny, we have that

supyefo,¢,) Wipiy s vie) < ¢ holds, for all i € [n]. Sim-
ilarly, since d(F™N(t,-),x(t,-)) < d(FN(t,-),x™(t,")) +
d(x™(t,-), x(t,-)), from (29), we conclude that given
(x,v), there exists sequence of piecewise constant con-
trol inputs WM, VN € L°°([0,t;; R4, QN , MY €
L>=([0,t;]; RP*4) and bY,wlN € L>([0,ts];R?) such that
limy o0 d(EN (8, ), x(t,-)) = 0, for all t € [0,¢f]. This
finishes the proof. [ ]
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