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Abstract— We expose in a tutorial fashion the mechanisms
which underlie the synthesis of optimization algorithms based
on dynamic integral quadratic constraints. We reveal how these
tools from robust control allow to design accelerated gradient
descent algorithms with optimal guaranteed convergence rates
by solving small-sized convex semi-definite programs. It is
shown that this extends to the design of extremum controllers,
with the goal to regulate the output of a general linear closed-
loop system to the minimum of an objective function.

Numerical experiments illustrate that we can not only recover
gradient decent and the triple momentum variant of Nesterov’s
accelerated first order algorithm, but also automatically syn-
thesize optimal algorithms even if the gradient information is
passed through non-trivial dynamics, such as time-delays.

Index Terms— Optimization Algorithms, Robust Control,
Linear Matrix Inequalities.

I. INTRODUCTION

Accelerated gradient algorithms [1] have a wide range
of applications in the current era of machine learning and
online optimization-based control. From the perspective of
control theory, such algorithms can be viewed as a linear
time-invariant discrete-time (LTI) system in feedback with
the gradient of the to-be-minimized function as a nonlinearity
[2]–[5]. This provides an immediate link to absolute stability
theory and offers the possibility to apply advanced tools
from robust control for the automated analysis of accelerated
gradient algorithms [5]. By tuning the algorithm parameters
based on these tools, the convergence rate of Nesterov’s
algorithm [6] has been improved to get the so-called triple
momentum algorithm [7].

The automated synthesis of optimization algorithms by
convex optimization is a much more challenging task. This
falls into the area of robust feedback controller design [8],
[9]. Recent work [10]–[12] has addressed the synthesis prob-
lem from this perspective, but based on heuristic methods
without optimality guarantees. An alternative approach to
non-convex algorithm design by interpolation techniques can
be found in [13], [14].

The purpose of this paper is to develop, in a tutorial
fashion, the whole pipeline of analysis techniques that open
the avenue for a convex solution to the automated algorithm
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synthesis problem by solving a moderate-sized convex semi-
definite program. Another feature of the presented approach
is its flexibility. It offers a convex solution to the so-called
extremum control problem, with the goal to regulate the
output of a dynamical system to the minimum of some
convex cost function. These main results are based on [15],
[16]. However, we also present an innovation over [16]
which renders synthesis possible for LTI systems without
any restrictions on their poles or zeros.

The paper is structured as follows. In Sec. II, we show
how the algorithm analysis and synthesis problems translate
into one of robustness analysis and synthesis. Sec. III recaps
robustness analysis with static integral quadratic constraints
(IQCs). Dynamic IQCs are introduced in Sec. IV, while the
corresponding robust stability test is given in Sec. V. The
design of algorithms is presented in Sec. VI and numerical
illustrations are found in Sec. VII. Concluding remarks
are given in Sec. VIII. All proofs and some explanatory
connections to classical passivity-based stability tests are
found in an extended version of the paper on arXiv [33].

Next to standard notations, for matrices A, B we express
by A ≤ B that B−A is nonnegative entrywise, while A ≺ B
means that A and B are symmetric and B − A is positive
definite. For a tuple of matrices A = (A1, . . . , Ak), we use

diag(A) =

A1 · · · 0...
. . .

...
0 · · · Ak

 and col(A) =

A1...
Ak


if the dimensions are compatible. For the real polynomial
α(z) = α0 + · · · + αn−1zn−1 + zn of degree n, we denote
by Cα ∈ Rn×n the standard companion matrix with the last
row (−α0, . . . ,−αn−1), and en ∈ Rn is the last standard
unit vector. If x ∈ Rn then ‖x‖2 := x>x is the Euclidean
norm. Finally, ln2e is the space of all sequences x : N0 → Rn,
which are tacitly assumed to be extended as xt = 0 for t < 0.

We follow the custom in robust control to express a linear
system xt+1 = Axt +But, yt = Cxt +Dut for t ∈ N0 as(

xt+1

yt

)
=

(
A B
C D

)(
xt
ut

)
or y =

[
A B

C D

]
u.

The latter notation is also used to represent the input-output
map defined by the system. Moreover, the shorthand notation(

A B

C D

)
T−→

(
Â B̂

Ĉ D̂

)
expresses that T is invertible with Â = TAT−1, B̂ = TB,
Ĉ = CT−1, D̂ = D. Finally, we abbreviate Kalman’s
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controllability matrix of the pair (A,B) ∈ Rn×(n+m) by
K(A,B) := (B,AB, . . . , An−1B).

II. OPTIMIZATION ALGORITHMS AS FEEDBACK
SYSTEMS

A. The Underlying Function Class

In this paper, we work with the class Sm,L of functions
f : Rd → R that are L-smooth and m-strongly convex
for m > 0 or just convex if m = 0. Among the various
equivalent ways to express these conditions, the following
most intuitive ones do not require any a priori assumptions
on differentiability.

Definition 1: Let L > m ≥ 0 and q(x) = 1
2‖x‖

2 for
x ∈ Rn. Then Sm,L is the set of all f : Rd → R such that

fm := f −mq and fL := Lq − f are convex.

Moreover, let S0m,L := {f ∈ Sm,L | f(0) = 0, ∇f(0) = 0}.
The latter makes sense since it can be shown that any

f ∈ Sm,L is differentiable [17]. For the gradients of f , fm,
fL and any z ∈ Rd, we record the relation(

∇fL(z)
∇fm(z)

)
=

(
LId −Id
−mId Id

)(
z

∇f(z)

)
. (1)

Among the many known inequalities for f ∈ Sm,L, the
one in the following lemma stands out in allowing for a
direct construction of integral quadratic constraints. It is also
underlying the proof of [5, Lemma 8] and, if evaluated at
finitely many points, identical to the central inequality in [13,
Theorem 4].

Lemma 2: Let f ∈ Sm,L. Then the function V (x) :=
(L−m)fm(x)− q(∇fm(x)) satisfies

V (u)− V (y) ≤ ∇fm(u)>[∇fL(u)−∇fL(y)] (2)

for all u, y ∈ Rd. If f ∈ S0m,L then V has a global minimum
at 0 with value 0, i.e., 0 = V (0) ≤ V (x) for all x ∈ Rd.

To support the reader’s intuition, we note that (2) for m =
0 and L → ∞ boils down to the subgradient inequality for
convex functions. Since f0(x) = f(x), ∇f0(x) = ∇f(x)
and 1

L∇f
L(x) → x for L → ∞, we infer 1

LV (x) → f(x).
After dividing (2) by L, we indeed obtain for m = 0 and
L→∞ the inequality f(u)− f(y) ≤ ∇f(u)T (u− y).

B. Optimization Algorithms and Systems

For f ∈ Sm,L, we recall that the optimization problem

inf
z∈Rd

f(z) (3)

does admit a unique solution z∗ [18]. It is also well-known
that the gradient descent algorithm

zt+1 = zt − α∇f(zt) (4)

for α = 2
m+L generates a sequence with limt→∞ zt = z∗.

We denote the iteration index by “t” since we want to view
(4) as a discrete-time dynamical system for t on the time
axis N0. Even more, (4) can be viewed as the feedback
interconnection of the LTI system xt+1 = xt−αwt, zt = xt
with the static nonlinearity

wt = ∇f(zt) (5)

xt+1 = (Aa ⊗ Id)xt + (Ba ⊗ Id)wt
zt = (Ca ⊗ Id)xt

∇f(zt)

wtzt

Fig. 1. Feedback representation of optimization algorithms.

for t ∈ N0, where xt ∈ Rd, wt ∈ Rd and zt ∈ Rd are
the state, the input and the output of the linear system. This
linear system can actually be expressed as

xt+1 = (Aa⊗ Id)xt + (Ba⊗ Id)wt, zt = (Ca⊗ Id)xt (6)

where Aa = 1, Ba = −α and Ca = 1. Here ⊗ denotes
the Kronecker product, which is convenient to compactly
describe general algorithms in the sequel. In control, the
feedback interconnection (5)-(6) is a so-called Lur’e system.
A block diagram of this interconnection is depicted in Fig. 1.

Accelerated versions of gradient descent include a so-
called momentum term. A prominent example is Nesterov’s
algorithm with a description

vt+2 = vt+1 + β(vt+1 − vt)− α∇f(vt+1 + γ(vt+1 − vt))

for suitable real parameters α, β and γ = β [1], or the triple
momentum version with γ 6= β [7]. This is nothing but

vt+2 = vt+1 +β(vt+1−vt)−αwt, zt = vt+1 +γ(vt+1−vt)

in feedback with (5). Moreover, the latter second order sys-
tem can be routinely translated into the first-order description
(6) with state xt = col(vt+1, vt) and the matrices(

Aa Ba
Ca 0

)
=

1 + β −β −α
1 0 0

1 + γ −γ 0

 . (7)

Hence, also Nesterov’s recursion can be expressed as (5)-(6).
These observations provide a strong motivation for investi-

gating the stability properties of the feedback interconnection
(5)-(6) for general matrices (Aa, Ba, Ca).

C. Minimal Convergence Requirement

In view of the goal to solve (3), it is a minimal requirement
that, for any f ∈ Sm,L and any initial condition, the
signal zt of the interconnection (5)-(6) should converge to a
limit which satisfies the following first order necessary and
sufficient condition for optimality:

lim
t→∞

zt = z∗ with ∇f(z∗) = 0. (8)

By (5), this implies w∗ := limt→∞ wt = 0. If (Aa, Ca)
is detectable, we infer limt→∞ xt = x∗ and the limit
(x∗, w∗, z∗) satisfies the equilibrium equations

x∗ = (Aa ⊗ Id)x∗, z∗ = (Ca ⊗ Id)x∗, w∗ = 0. (9)

If we pick f(z) = 1
2m‖z − z∗‖

2 for z∗ ∈ Rd with z∗ 6= 0,
the corresponding solution x∗ of (9) does not vanish, which
in turn shows that 1 is an eigenvalue of Aa. For example in
Nesterov’s algorithm, this is indeed true since the elements
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in each row of Aa in (7) sum up to one. As a result, the
minimal requirement enforces structural constraints on the
algorithm parameters (Aa, Ba, Ca).

In general, we argue in [15, Section 2.2] that (Aa, Ca)
can be assumed to be detectable without loss of generality.
Then the minimal requirement implies that the algorithm
parameters must admit, after a possible state-coordinate
change, the structure(

Aa Ba
Ca 0

)
=

Ac Bc 0
0 1 1

Cc Dc 0

 with det

(
Ac−I Bc
Cc Dc

)
6= 0.

(10)
The first relation means that the system described with
(Aa, Ba, Ca) is the series interconnection of(

xct+1

zt

)
=

(
Ac⊗Id Bc⊗Id
Cc⊗Id Dc⊗Id

)(
xct
yt

)
(11)

and the discrete-time integrator(
xst+1

yt

)
=

(
Id Id
Id 0

)(
xst
wt

)
(12)

with the transfer matrix 1
z−1Id. The second condition in (10)

expresses the fact that the pole z = 1 of the integrator in the
corresponding product of transfer matrices is not canceled.

In other words, the algorithm’s parameters must contain
a model of the integrator. Although not surprising from the
perspective of control, this fact has only been recently clearly
emphasized in [11], [15] in the realm of algorithm analysis.

As an illustration, for (7) we note that1+β −β −α
1 0 0

1+γ −γ 0


(

0 1

− 1
α

β
α

)
−→

 β −α 0
0 1 1

β(1+γ)−γ −α(1+γ) 0

 .

Let us now pinpoint the two essential consequences in
case that (Aa, Ba, Ca) does indeed have the structure (10):

1) If (8) is satisfied for (5)-(6) and all f ∈ S0m,L, then (8)
holds for (5)-(6) and all f ∈ Sm,L.

2) The interconnection (5)-(6) is a controlled uncertain
system as familiar in robust control.

To see 1), we assign to any f ∈ Sm,L the function f∗,
defined with the unique z∗ ∈ Rd satisfying ∇f(z∗) = 0 as

f∗(z) := f(z + z∗)− f(z∗) for z ∈ Rd.

Since f∗(0) = 0 and ∇f∗(0) = 0, we note that f∗ ∈ S0m,L.
If x∗ denotes the unique solution of (9), the system (6) can
be equivalently transformed into

xt+1 − x∗ = (Aa ⊗ Id)(xt − x∗) + (Ba ⊗ Id)wt,
zt − z∗ = (Ca ⊗ Id)(xt − x∗).

To be precise, the trajectories (x,w, z) of the interconnection
(5)-(6) are in one-to-one correspondence via x̃ = x − x∗,
w̃ = w, z̃ = z − z∗ with the trajectories (x̃, w̃, z̃) of (6) in
feedback with

wt = ∇f∗(zt). (13)

This proves 1). Even stronger, it shows that exponential
stability of the equilibrium (x̃∗, w̃∗, z̃∗) = (0, 0, 0) of the

xst+1

zt
yt

 =

A Bw B

Cz 0 Dz

C 0 0

⊗ Id
xstwt

ut


(
xct+1

ut

)
=

((
Ac Bc
Cc Dc

)
⊗ Id

)(
xct
yt

)

∇f(zt)

zt wt

utyt

Fig. 2. General algorithm synthesis configuration.

interconnection (6), (13) is equivalent to exponential stability
of (x∗, 0, z∗) of the loop (5)-(6).

Property 2) is seen by redrawing Fig. 1 as in Fig. 2 withA Bw B

Cz 0 Dz

C 0 0

 =

1 1 0

0 0 1
1 0 0

 , (14)

by recalling (11)-(12) and using the auxiliary signal ut := zt.
Then we indeed recognize the uncertainty ∇f in the class
∇S0m,L, the to-be-controlled plant defined with (14) and the
controller (11). We also emphasize the simplicity of this plant
in the realm of algorithms! Still, it is relevant to stress that
all our subsequent analysis and synthesis results even apply
to general LTI plants as in Fig. 2.

III. EXPONENTIAL STABILITY AND PASSIVITY

Let us now turn to the development of a test which ensures
that the loop (5)-(6) is exponentially stable for all f ∈ S0m,L.

One way is based on the exponential signal weighting map

Tρ−1(z0, z1, z2, . . .) = (z0, ρ
−1z1, ρ

−2z2, . . .) (15)

for some ρ ∈ (0, 1] [19]. Clearly, Tρ−1 is linear and invertible
with T−1ρ−1 = Tρ. It is then easily checked that the set of
trajectories (x,w, z) of (6) are in one-to-one correspondence
with trajectories (x̄, w̄, z̄) of the system

x̄t+1 = (Āa ⊗ Id)x̄t + (B̄a ⊗ Id)w̄t,
z̄t = (Ca ⊗ Id)x̄t

(16)

under the signal transformations x̄ = Tρ−1x, w̄ = Tρ−1w,
and z̄ = Tρ−1z and with the ρ-scaled matrices

(
Āa B̄a

)
:=

ρ−1
(
A B

)
. Similarly, (5) translates into

w̄t = F̄ (t, z̄t) (17)

with the static time-varying map F̄ associated to ∇f through

F̄ (t, z) := ρ−t∇f(ρtz) for t ∈ N0, z ∈ Rd. (18)

The bars should remind us of the fact that that (Āa, B̄a) and
F̄ depend on ρ.

As a consequence, if the transformed loop is Lyapunov
stable in the sense of ‖x̄t‖ ≤ K‖x̄0‖ for all t ∈ N0, one can
conclude that the original loop is exponentially stable with
rate ρ in the sense of ‖xt‖ ≤ Kρ−t‖x0‖ for all t ∈ N0. This
motivates to develop a robust stability test for the transformed
interconnection (16)-(17).
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x̄t+1 = (Āa ⊗ Id)x̄t + (B̄a ⊗ Id)w̄t
z̄t = (Ca ⊗ Id)x̄t

F̄ (t, z̄t)

p̄t = Lz̄t − w̄t
q̄t = −mz̄t + w̄t

p̄t

q̄t

w̄tz̄t

Fig. 3. Block diagram of transformed loop (16)-(17) with signals filtered
according to (22).

We start by deriving what is called a valid integral
quadratic constraint (IQC) for the nonlinearity by exploiting
Lemma 2. If f ∈ S0m,L, we conclude from (2) for y = 0 that

V (u) ≤ ∇fm(u)>∇fL(u) for all u ∈ Rd. (19)

Since V is nonnegative and ρ > 0, this trivially implies

0 ≤ ρ−t∇fm(ρtzt)
>(ρ−t∇fL(ρtzt))

for all z ∈ ld2e and t ∈ N0. Summation leads to the IQC

0 ≤
T−1∑
t=0

F̄m(t, z̄t)
>F̄L(t, z̄t) for all T ∈ N (20)

and all sequences z̄ ∈ ld2e, where F̄m and F̄L are also defined
according to (18). Note that the misnomer “IQC” results
from a similar concept for continuous-time systems, in which
summation is replaced by integration [20]. With (1) we infer(

F̄L(t, z̄t)
F̄m(t, z̄t)

)
=

(
LId −Id
−mId Id

)(
z̄t

F̄ (t, z̄t)

)
. (21)

This motivates to introduce the static filter(
p̄t
q̄t

)
=

(
LId −Id
−mId Id

)(
z̄t
w̄t

)
. (22)

If filtering the input-output signals of the nonlinearity (17)
accordingly, (21) shows p̄t = F̄L(t, z̄t) and q̄t = F̄m(t, z̄t).
Then (20) reads as

∑T−1
t=0 q̄>t p̄t ≥ 0 for all T ∈ N and can

be interpreted as a passivity property [19] for the outputs of
(22) driven by the signals in (17).

In view of Fig. 3 and motivated by the passivity theorem,
we expect that stability of (16)-(17) is guaranteed in case that∑T−1
t=0 q̄>t p̄t < 0 holds for all T ∈ N along the input-output

trajectories of the linear system (16) filtered with (22).
To make this precise, we start by emphasizing that the

stability test itself is formulated for d = 1, while the
conclusions are drawn for arbitrary dimensions d ∈ N.
Throughout the paper we slightly abuse the notation and do
not indicate the dependence of system signals on d.

For d = 1, we note that the input-output signals of (16)
filtered with (22) satisfy w̄t = mCax̄t+q̄t and p̄t = LCax̄t−
w̄t. With an identical state-trajectory, we hence infer(

x̄t+1

p̄t

)
=

(
Āa + B̄amCa B̄a

(L−m)Ca −1

)
︸ ︷︷ ︸(A B

C D

)
(
x̄t
q̄t

)
. (23)

As a consequence, also for a general d ∈ N, the trajectories
of (16) filtered with (22) satisfy(

x̄t+1

p̄t

)
=

(
A⊗ Id B ⊗ Id
C ⊗ Id D ⊗ Id

)(
x̄t
q̄t

)
. (24)

This leads to our first analysis result, which involves a
passivity property of the system (23) and hence also of (24).

Theorem 3: Suppose there exists some X = X> with

X � 0 and
(
A B
I 0

)>(X 0
0 −X

)(
A B
I 0

)
+

+

(
C D
0 1

)>(
0 1
1 0

)(
C D
0 1

)
≺ 0. (25)

Then there exists a constant K such that, for any f ∈ S0m,L,
all trajectories of the original loop (5)-(6) satisfy

‖xt‖ ≤ Kρt‖x0‖ for all t ∈ N0. (26)

For ρ = 1, it is also assured that limt→∞ xt = 0 holds true.
Before addressing the practical application of this robust

stability test, we discuss how to substantially improve it by
the incorporation of so-called stability multipliers.

IV. DYNAMIC INTEGRAL QUADRATIC CONSTRAINTS

It is a classical idea [21], [22] to improve Theorem 3 by
imposing a passivity condition after filtering the signal p̄ in
(22) with a causal and stable time-invariant system. In this
context, such a filter is often called a stability multiplier [19].

In fact, passing the signal p̄t = F̄L(t, z̄t) through a delay
of time ν ∈ N leads to r̄t = F̄L(t−ν, z̄t−ν) (where we recall
our convention that z̄t−ν = 0 and hence r̄t−ν = 0 for t < ν.)
The following IQC incorporates this delayed signal r̄t and
is, again, a rather immediate consequence of Lemma 2.

Lemma 4: Let f ∈ S0m,L, ρ ∈ (0, 1] and ν ∈ N. Then

0 ≤
T−1∑
t=0

F̄m(t, z̄t)
>(F̄L(t, z̄t)− ρν F̄L(t− ν, z̄t−ν)) (27)

holds for all T ∈ N and all signals z̄ ∈ ld2e.
A conic combination of (20) and (27) for ν ∈ N leads to

the IQC with more general filters in the following lemma.
Lemma 5: Let f ∈ S0m,L, ρ ∈ (0, 1] and suppose that

λ0, λ1, . . . ∈ R satisfy

λν ≤ 0 for all ν ∈ N and
∞∑
ν=0

ρ−νλν > 0. (28)

For z̄ ∈ ld2e, let p̄t = F̄L(t, z̄t) be passed through the filter

r̄t =

t∑
ν=0

λν p̄t−ν for t ∈ N0. (29)

With q̄t := F̄m(t, z̄t), the signals r̄, q̄ then satisfy the IQC

0 ≤
T−1∑
t=0

q̄>t r̄t for all T ∈ N. (30)

Due to the incorporation of the dynamic filter (29), we
call (30) a dynamic IQC. Note that (28) implies λ0 > 0.
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(
z̄

F̄ (., z̄)

) (
LId −Id
−mId Id

)
(34)

w̄

z̄ p̄

q̄

z̄
r̄

Fig. 4. Signals in dynamic IQC of nonlinearity.

 Āa B̄aCa 0
0 1

 (
L −1
−m 1

) [
Af Bf

Cf Df

]
w̄

z̄ p̄

q̄

w̄
r̄

Fig. 5. Signals in filtered linear system.

The infinite impulse response filters (29) are subject to
the infinite number of constraints (28). To overcome this
trouble for the purpose of computations, we proceed with
filters that have a state-space realization (Af , Bf ,Cf ,Df )
with a fixed pole-pair (Af , Bf) ∈ Rl×(l+1) and free filter
coefficients collected in (Cf ,Df ) ∈ R1×l × R such that

λ0 = Df and λν+1 = CfA
ν
f Bf for ν ∈ N0. (31)

The boldface notation reminds us of the fact that (Cf ,Df )
is a decision variable in the subsequent stability test. For
a suitable choice of (Af , Bf), we now establish that the
infinitely many constraints (28) on the Markov parameters
(31) can be expressed by a finite number of linear ones.

Lemma 6: Fix (Af , Bf) = (Cα, el) with a real polynomial
α(z) = α0+α1z+· · ·+αl−1zl−1+zl of degree l ∈ N having
all its roots in Dρ := {z ∈ C | |z| < ρ} and with coefficients
satisfying α0, . . . , αl−1 ≤ 0.

Then, for any pair (Cf ,Df ) ∈ R1×l × R, the Markov
parameters (31) satisfy the constraints (28) iff

CfK(Af , Bf) ≤ 0 and Df +Cf (ρI−Af)
−1Bf > 0. (32)

Moreover, (32) implies that Df > 0 and that all eigenvalues
of Af −BfD

−1
f Cf are located in Dρ.

To summarize, for a fixed polynomial α of degree l as in
Lemma 6, we work from now on with the filter matrices

Af := Cα, Bf := el, Cf ∈ R1×l, Df ∈ R (33)

such that (Cf ,Df ) satisfies the constraints (32). It is then
assured that the trajectories of (17) filtered by (22) and(

ξt+1

r̄t

)
=

(
Af⊗Id Bf⊗Id
Cf⊗Id Df⊗Id

)(
ξt
p̄t

)
, ξ0 = 0 (34)

(see Fig. 4) satisfy the passivity condition (30) for all
f ∈ S0m,L. In this way, we have identified a whole nicely
parameterized convex family of valid dynamic IQCs for the
nonlinearity (17) involving the filters or multipliers (34).

V. ROBUST STABILITY ANALYSIS WITH DYNAMIC IQCS

In alignment with Sec. III, the robust stability test with
dynamic IQCs is now formulated for the correspondingly
filtered linear system as depicted in Fig. 5. If recalling (23),
we are lead to the system

r̄ =

[
Af Bf

Cf Df

] [
Āa + B̄amCa B̄a

(L−m)Ca −1

]
q̄.

A realization of this series interconnection is given as(
A B
C D

)
:=

Af Bf(L−m)Ca −Bf

0 ρ−1(Aa +BamCa) ρ−1Ba

Cf Df (L−m)Ca −Df

 . (35)

Theorem 7: Fix some ρ ∈ (0, 1] and (Af , Bf) with the
properties in Lemma 6. If there exist an X = X> and a filter
parameter (Cf ,Df ) with (32) such that (25) is satisfied, then
the same conclusions can be drawn as in Theorem 3.

We use boldface letters to highlight that (C D) depends
affinely on the decision variables (Cf ,Df ). Hence (25)
constitutes a genuine LMI in the variables (Cf ,Df ) and X .

We emphasize that Theorem 7 encompasses Theorem 3
for l = 0, which means that Af , Bf ,Cf are empty matrices;
since the LMI (25) is homogeneous in (X ,D), we can indeed
fix D = Df to the value 1 without loss of generality.

After picking the targeted convergence rate ρ ∈ (0, 1] and
either l = 0 or a characteristic filter polynomial α of degree
l ∈ N as in Lemma 6, feasibility of the LMIs (32) and (25)
(defined with the matrices (35)) thus guarantees exponential
stability of (5)-(6) with rate ρ for any f ∈ S0m,L and any
dimension d ∈ N. A more detailed practical recipe for how
to apply Theorem 7 can be extracted from Sec. VI.

Note that the dimension of the LMI (25) is independent
from d ∈ N. Moreover, it is remarkable that even only a
few filter states (l = 1, 2, 3) can substantially improve the
test over l = 0. For α(z) = zl with l = 1, Theorem 7
encompasses the algorithm analysis approach in [5].

Related IQC results to ensure robust exponential loop
stability can be found in [23], [24], while a more general
dissipativity-based robustness analysis framework is exposed
in the recent survey article [25] and the references therein.

VI. CONVEX ALGORITHM SYNTHESIS

Let us now turn to the design problem for the intercon-
nection in Fig. 2 with the general plant(

z
y

)
=

 A Bw B

Cz 0 Dz

C 0 0

(w
u

)
(36)

where A ∈ Rn×n. Again, we slightly abuse notation by
not indicating the dependence of the signals on d. As for
analysis, we first construct the modified system description
in order to formulate the key synthesis result. To this end,
we transform all signals of (36) according to (15) to get(

z̄
ȳ

)
=

ρ−1A ρ−1Bw ρ
−1B

Cz 0 Dz

C 0 0

(w̄
ū

)
.

Filtering the signal col(z̄, w̄) as in (22) with d = 1 leads to(
p̄
ȳ

)
=

ρ−1(A+BwmCz) ρ
−1Bw ρ

−1(B+BwmDz)

(L−m)Cz −1 (L−m)Dz

C 0 0


︸ ︷︷ ︸ Ã B̃w B̃

C̃z D̃zw D̃z

C̃ 0 0



(
q̄
ū

)
.
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This plant filtered with (34) for d = 1 reads as

(
r̄
ȳ

)
=


Af BfC̃z BfD̃zw BfD̃z

0 Ã B̃w B̃

Cf Df C̃z Df D̃zw Df D̃z

0 C 0 0


︸ ︷︷ ︸ Â B̂w B̂

Ĉz D̂zw D̂z

Ĉ 0 0



(
q̄
ū

)
. (37)

For the system (37), we now pick a controller

ū =

[
Âc B̂c

Ĉc D̂c

]
ȳ. (38)

Then the resulting interconnection admits the description

r̄ =

 Â+ B̂D̂cĈ B̂Ĉc B̂w
B̂cĈ Âc 0

Ĉz + D̂zD̂cĈ D̂zĈc D̂zw

 q̄ =:

[
A B
C D

]
q̄,

(39)
where all the bold matrices depend affinely on (Cf ,Df ).

If (38) is a controller for which the controlled system (39)
satisfies the hypotheses of Theorem 7, it is not difficult to
verify that the original plant (36) controlled with

u =

[
ρÂc ρB̂c

Ĉc D̂c

]
y (40)

(see Figure 2) satisfies (26) for any x0 and any f ∈ S0m,L.
Let us now recap a slight variant of a seminal result

obtained in [26], [27], a convex solution for the design
problem if (Cf ,Df ) satisfying (32) is held fixed. To this
end, we pick so-called annihilator matrices Û and V̂ with

Û = diag(Ĉ⊥ 1) and V̂ > =
(
B̂> D̂

>
z

)
⊥

(41)

where M⊥ means that the columns of this matrix form a basis
of the kernel of the matrix M . Then there exist a controller
(38) for (37) such that the closed loop system (39) renders the
analysis LMIs in Theorem 7 feasible iff there exist symmetric
matrices X and Ŷ which satisfy

[•]>


X 0 0 0
0 −X 0 0

0 0 0 1
0 0 1 0




Â B̂1

I 0

Ĉz D̂zw

0 1

 Û

 ≺ 0, (42)

[
V̂

(
−I Â 0 B̂1

0 Ĉz −1 D̂zw

)]
Ŷ 0 0 0

0 −Ŷ 0 0

0 0 0 1
0 0 1 0

 [•]> � 0, (43)

(
Ŷ I
I X

)
� 0. (44)

For reasons of space, we use the bullet notation to indicate
that one should substitute (on the left/right) the respective
matrix in square brackets (on the right/left) to render the
inequalities symmetric. For fixed (Cf ,Df ), these constraints
are affine in X and Ŷ . However, this nice structural property

is destroyed for (43) if viewing (Cf ,Df ) as an additional
decision variable.

To overcome this trouble, we note that the subsystem ū→
r̄ of (37) is actually given by

r̄ =

[
Af Bf

Cf Df

][
Ã B̃

C̃z D̃z

]
ū =

[
Ã B̃

C̃z D̃z

] [
Af Bf

Cf Df

]
ū,

(45)
a series interconnection of two commuting SISO systems.
As the key to convexification, we exploit the fact that
this commutation property is reflected by a state-coordinate
change for the corresponding natural realizations as Af BfC̃z BfD̃z

0 Ã B̃

Cf Df C̃z Df D̃z

 T−→

 Af 0 Bf

B̃Cf Ã B̃Df

D̃zCf C̃z D̃zDf


with the specifically structured transformation matrix

T =

(
L−1 −L−1K

NL−1 M−NL−1K

)
=

(
Tf
T̃

)
. (46)

An analogous commutation property is used for convex-
ification in [15] based on the Youla-Parametrization and in
the state-space approach of [16]. The latter is confined to
α(z) = zl for the characteristic polynomial of Af , which
induces some limitation on the plant (37). None are required
in the next result due to the novel flexibility of choosing α.

Theorem 8: Pick α as in Lemma 6 such that the eigen-
values of Af are different from the eigenvalues of Ã and
from the zeros of C̃z(zI − Ã)−1B̃+ D̃z . With the solutions
K,L,M and N of the linear equations

1) AfK −KÃ+BfC̃z = 0,
2) LK(Af , Bf) = K(Af , BfD̃z −KB̃),
3) Mα(Ã) = Dfα(Ã) + (Cf ⊗ Il)col(I, Ã, . . . , Ãl−1),
4) ÃN −NAf + B̃Cf = 0,

define T̃ =
(
NL−1 M−NL−1K

)
. Moreover, let

Û = diag(Il, C̃⊥, 1) and V > =
(
B̃> D̃>z

)
⊥ . (47)

Then the following statements are equivalent.
(a) There exists a controller (38) for the plant (37) such

that the controlled interconnection (39) satisfies the
hypotheses in Theorem 7.

(b) There exist (Cf ,Df ) with (32) and symmetric matrices
X , Ỹ satisfying the LMIs (42) and

[
V

(
−I Ã 0 T̃ B̂1

0 C̃z −1 D̂zw

)]
Ỹ 0 0 0

0 −Ỹ 0 0

0 0 0 1
0 0 1 0

 [•]> � 0,

(48)(
Ỹ T̃

T̃> X

)
� 0. (49)

By its very definition, T̃ depends affinely on (Cf ,Df )
and, thus, the constraints (32), (42) and (48)-(49) constitute
affine constraints on all decision variable (Cf ,Df ), X and
Ỹ . Hence, their feasibility can be verified by standard SDP-
solvers. We emphasize that the complexity of these synthesis
LMIs is determined by the dimensions of A and Af only.
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[
Ac⊗Id Bc⊗Id

Cc⊗Id Dc⊗Id

] [
Id Id

Id 0

]
∇f

[
A1⊗Id B1⊗Id

C1⊗Id D1⊗Id

] [
A2⊗Id B2⊗Id

C2⊗Id D2⊗Id

]

u y

z w

Fig. 6. Optimization over communication channels.

Note that the set of all eigenvalues and zeros of Ã and
C̃z(zI − Ã)−1B̃ + D̃z , respectively, are given by ρ−1Λ and
ρ−1Ξ with two finite and ρ-independent sets Λ,Ξ ⊂ C.
For a particular choice of (Af , Bf), let us now summarize a
concrete procedure for the synthesis of controllers as follows:

1) Fix 0 < m < L. If 0 6∈ Λ ∪ Ξ set z0 = 0. Otherwise
choose z0 > 0 close to zero such that |λ| > z0 holds
for all λ ∈ (Λ ∪ Ξ) \ {0}.

2) Pick l ∈ N and Af := Cα, Bf := el for α(z) := zl−zl0.
3) For any ρ ∈ (z0, 1], set up the system of LMIs (32),

(42), (48)-(49) in the variables (Cf ,Df ), X and Ỹ .
4) By bisection, determine the best possible (infimal) rate

ρ∗ ∈ [z0, 1] such that the resulting LMIs are feasible.
5) For some ρ ∈ (ρ∗, 1] close to the optimal value ρ∗,

set up the plant (37) with (Cf ,Df ) as obtained from
a feasible solution of these LMIs.

6) Design a controller (38) such that the LMI (25) for the
closed-loop system (39) is feasible in X .

7) Define (Ac, Bc, Cc, Dc) := (ρÂc, ρB̂c, Ĉc, D̂c).
Since the assumptions on α in Theorem 8 are satisfied, it
is possible to set up the LMIs in Step 3); indeed, all the
eigenvalues of Af have absolute value z0 and, hence, none
of them is contained in ρ−1Λ ∪ ρ−1Ξ. As for Theorem 7,
the case l = 0 is covered with empty matrices Af , Bf , Cf

and Df = 1, which boils down to choosing T̃ = I to set up
the LMIs in Step 3). Moreover, Theorem 8 guarantees that
a controller as in Step 6) does indeed exist (possibly after a
slight perturbation of (Cf ,Df ) as seen in the proof in [33].)

A numerically stable and constructive procedure to design
a controller as in Step 6) and based on the classical synthesis
conditions (42)-(44) is found, e.g., in [28].

With the controller in Step 7), for any f ∈ S0m,L and any
dimension d ∈ N, it is guaranteed that all trajectories of the
interconnection in Fig. 2 decay exponentially with rate ρ.

VII. NUMERICAL ILLUSTRATIONS

We illustrate our results by an extremum control problem.
The purpose is minimize any f ∈ Sm,L over communication
channels. Concretely, the algorithm needs to transmit the
actual iterate ut via a channel modeled by an LTI system with
transfer function G1(z) = C1(zI−A1)−1B1+D1 to generate
zt. This is fed into the gradient to return wt = ∇f(zt). In
turn, this signal is communicated back to the algorithm via a
channel with transfer function G2(z) = C2(zI−A2)−1B2 +
D2. To enforce integral action, we are led to the configuration
in Fig. 6 with a to-be-designed controller (Ac, Bc, Cc, Dc).
To avoid cancelation of the integrator’s pole in the loop, we
assume that det(A2 − I) 6= 0 and G2(1) 6= 0.

10
1

10
2

L

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

O
p

ti
m

a
l 

*

Fig. 7. Optimal convergence rates plotted over L for m = 1, z0 = 10−2

and l = 2 and for various communication dynamics.
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Fig. 8. Iterations for Case 4 with m = 1, L = 10 and a quadratic function
for optimal algorithm (purple) and gradient decent (red). The black line
indicates the optimal rate for synthesis.

Since the configuration in Fig. 6 can be subsumed to the
one in Fig. 2, we can follow the procedure in Sec. VI to
compute optimal rates and close-to-optimal algorithms for
this optimization problem under communication constraints.

If choosing G1(z) = G2(z) = 1, Fig. 6 is identical to
Fig. 2 for standard optimization. With z0 = 0 in our synthesis
procedure, we recover both the optimal convergence rates
and the algorithm parameters for gradient decent (l = 0) and
ρtm := 1−

√
m
L for the triple momentum algorithm (l = 1)

[1], [6], [7]. Remarkably, Theorem 8 permits to show that
ρtm is indeed the best possible rate that is achievable among
all algorithms and any l ∈ N0 [15, Corollary 4.8].

In the subsequent numerical experiments, we pick m = 1,
z0 = 10−2, l = 2 and compute the optimal rates ρ∗ for the
communication filters in Fig. 7. The results are plotted over
the so-called condition number L of the class S1,L.

If compared to the tripel momentum algorithm (Case 2),
the rates increase if the gradients are processed with a one-
step delay (Case 3), but they are still mostly better than
for gradient descent (Case 1). For lager values of L, this is
even true for delays in both channels (Case 4). Our approach
allows for unstable dynamics in the optimization loop (Case
5), which affects the convergence rates adversely.

Figs. 8 and 9 depict the iterates with the optimal algorithm
in Case 4, both for the quadratic and non-quadratic functions
f(x) = h(x−b) with h(x) = Lx21+mx22, h(x) = 1

2 (x21+2
2)+

9 log(exp(−x1)+exp( 1
3x1 +x2)+exp( 1

3x1−x2)) [29] and
b = (100,−500) for m = 1 and L = 10, respectively. The
optimal rates (depicted by the black line) are matched in the
quadratic case and give an upper bound for the non-quadratic
function. Gradient decent fails to converge in both cases.
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Fig. 9. Plots corresponding to Fig. 8 for a non-quadratic function.

0 20 40 60 80 100
-600

-400

-200

0

200

400
Iterates: Quadratic

0 20 40 60 80 100

10-5

100

105 Norm of Gradient: Quadratic

Fig. 10. Iterations for Case 5 with optimal algorithm designed for m = 1
and L = 10 and employed for a quadratic function with m = 1, L = 10
(green) as well as for m = 1, L = 11 (red), respectively. The black line
indicates the optimal rate for synthesis.

Finally, Fig. 10 reveals that optimal algorithms are work-
ing well for the classes of functions they are designed for. As
expected from robust control, however, they can be sensitive
to deviations from the assumptions, as they lead to instability
for the class S1,11 that is only slightly larger than S1,10. All
presented results can be reproduced with the software at [32].

VIII. CONCLUSIONS

In this paper we have presented the full pipeline to
design optimal optimization algorithms or extremum con-
trollers based on causal dynamic stability multipliers. A
novel parametrization of these filters overcomes technical
assumptions as required in previous work. Future work is
devoted to incorporating inexact gradient information and
to handling anti-causal multipliers as well as performance
objectives in synthesis.
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