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Data-driven MPC with terminal conditions in the Koopman framework

Karl Worthmann!, Robin Strisser?, Manuel Schaller!, Julian Berberich?, and Frank Allgower

Abstract— We investigate nonlinear model predictive control
(MPC) with terminal conditions in the Koopman framework us-
ing extended dynamic mode decomposition (EDMD) to generate
a data-based surrogate model for prediction and optimization.
We rigorously show recursive feasibility and prove practical
asymptotic stability w.r.t. the approximation accuracy. To this
end, finite-data error bounds are employed. The construction
of the terminal conditions is based on recently derived propor-
tional error bounds to ensure the required Lyapunov decrease.
Finally, we illustrate the effectiveness of the proposed data-
driven predictive controller including the design procedure to
construct the terminal region and controller.

Index Terms— Data-driven control, error bounds, nonlinear
model predictive control, Koopman operator, SafEDMD

I. INTRODUCTION

Model predictive control (MPC) is a well-established
advanced control methodology. The underlying idea is to
solve, at each time instant, a finite-horizon optimal control
problem based on the most-recent state measurement to
evaluate the controller, see, e.g., [1]. While MPC is attractive
due to the simplicity of the underlying idea and its ability
to handle constrained nonlinear multi-input, multi-output
systems, some care is in order to ensure proper functioning,
see, e.g., [2]. To this end, often terminal conditions [3] are
used to ensure recursive feasibility and asymptotic stability.

A key requirement to apply MPC is a reliable model to
accurately predict the system behavior in dependence of the
control. In this regard, data-driven methods have recently
gained popularity, see, e.g., [4] and the references therein.
In this paper, we focus on methods based on extended
dynamic mode decomposition (EDMD; [5]), whose theo-
retical underpinning is the Koopman framework [6], see
also the recent review article [7]. The Koopman operator
replaces the original highly-nonlinear dynamics by linear
dynamics in the infinite-dimensional space of observable
functions. Then, a finite-dimensional data-driven surrogate
model is generated by EDMD using linear regression. This
approach was extended to systems with inputs (EDMDc:
EDMD with control; [8]). An alternative approach exploits
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control affinity to construct a bilinear surrogate model [9],
[10], which exhibits a superior performance if direct state-
control couplings are present, see, e.g., [11] and [12] for an
application and a discussion within the scope of MPC.

Whereas convergence of EDMD in the infinite-data limit
was shown in [13], an essential tool for a thorough controller
design with guarantees are finite-data error bounds. Here,
to the best of our knowledge, Igor Mezi¢ was the first to
rigorously establish bounds on the estimation error [14] for
deterministic systems and ergodic sampling. Then, the au-
thors in [15] provided error bounds based on i.i.d. sampling
before the first finite-data bounds on the approximation error
for control systems were derived in [16], [17]. For determin-
istic and stochastic continuous- and discrete-time systems in
Polish spaces with i.i.d. and ergodic sampling, error estimates
under non-restrictive assumptions were derived in [18].

EDMD has been successfully applied in MPC [11], [19],
see also [20] for a tube-based approach. These approaches
have been shown to perform well in applications, e.g.,
autonomous driving [21]. However, the first rigorous closed-
loop analysis of MPC using EDMD in the prediction step was
only recently provided in [22]. The key step in controller de-
sign with closed-loop guarantees was to adapt the regression
problem in EDMD and, then, deduce error bounds, which are
proportional to the control and the (lifted) state [22], [23].

In this article, we present an EDMD-based MPC scheme
with terminal conditions with closed-loop stability guaran-
tees and verified domain of attraction. In particular, we
rigorously show recursive feasibility and practical asymptotic
stability. Here, the term practical results from an accumu-
lation of the error along the predicted trajectories within
the optimization step of the MPC algorithm. The design
of the terminal conditions relies on our recently proposed
controller design framework SafEDMD [23]. Contrary to
established approaches, e.g., based on the linear-quadratic
regulator and EDMDc [8], we provide rigorous closed-loop
guarantees based on tailored finite-data error bounds and
numerically demonstrate a significantly improved closed-
loop performance.

The outline is as follows: In Section II, we briefly recap
SafEDMD in the Koopman framework. In Section III, we
present our EDMD-based MPC scheme. Then, the respective
analysis (recursive feasibility, practical asymptotic stability)
and the constructive design of the terminal conditions is
presented in Section IV. Finally, the results are numerically
validated before conclusions are drawn in Section VI.
Notation: For non-negative integers a, b, we use the notation
[a:b] :=={i €Ny |a<i<b}. Fortwo sets A,B C R,
A®B={zeR"|dx € A,y e B:z=x+y}is



the Pontryagin sum. A continuous function « : R>o — Rxg
is called of class K if it is strictly increasing and zero at
zero. If o € K is, in addition, unbounded, « is of class o
A continuous function 8 : R>g x Ng — Rx>q is said to be
of class KL if B(-,k) € Ko holds and S(r,-) is strictly
monotonically decreasing with lim;, . B(r,t) = 0. The
closed e-ball around x € R™ is denoted by B.(x).

II. THE KOOPMAN OPERATOR AND SAFEDMD

We consider continuous-time dynamical control systems
governed by the control-affine ordinary differential equation

+Zgz

with maps g; € C*(R™,R"), i € [0 : m]. For the locally inte-
grable control function u € L2 (R>o, R™), we have (local)
existence and uniqueness of the respective (Carathéodory)
solution z(+; X, u) emanating from x € R™. Typically, control
functions u are implemented in a sampled-data fashion with
zero-order hold, i.e.,

L(t) = go(x (D

u(t)=up € R™  on [kAt, (k+1)At),k € Ny, (2)

for sampling period At > 0. Invoking autonomy of the maps
gi» © € [0 : m], we define the discrete-time system dynamics

At
xt=f(x,u):=x +/ go(z(t;x,u)) + G(z(t; x,u))udt
0
3)
with G(z(t;x,u))u = >, gi(z(t;x,u))u; for the con-
stant control function u(¢t) = u . Hence,

S(xu(k; %), u) =

holds with the control function w defined by (2) and the
state x,,(k + 1;X) generated by the discrete-time system (3)
using the control-input sequence u = (u;)%_,. In particular,
the discrete time & € Ny corresponds to the continuous
time kAt. Since we consider the stabilization task, we
assume that go vanishes at the origin, i.e., go(0) = 0. Then,
the origin is an equilibrium for u = 0 in the dynamics (3).

For given control function u(t) = u, the Koopman identity

(Khp) (%) = ¥(a(t: %, u)) @)

holds for all observables 1) € LQ(R",R), t>0,x e R"
Here, K!, represents the Koopman operator of the respective
semigroup (K%):>o of bounded linear operators. It is note-
worthy that the Koopman operator X!, maps an observable
(function) %) to another observable K¢ 1.

To derive a data-driven surrogate model of the Koop-
man operator, we collect finitely many, linearly independent
observables in the dictionary D := {¢y,k € [0 : M]},
whose span, V := span(D), forms an (M + 1)-dimensional
subspace. On the convex and compact set X C R™ con-
taining the origin in its interior, the compression Pyt |y
is approximated by linear regression using d € N samples
(Vi(x;), Yr(z(t; %5,w))), 7 € [1:d], see, e.g., [7]. Further,

xu(k+ 1;%) = z((k + 1)At; %, u)
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we set g = 1, ¢¥p(x) = xy for k € [1: n], and ¢, (0) =
with ¢, € C3(R™,R) for k € [n + 1 : M], resulting in

D1 (x) b)), )

X = [On I, Oan,n] ®(x), and some constant Lg > 0
such that ||x|| < ||®(x) — ®(0)|| < La]||x|| holds on X.

We require the following assumption originally proposed
in [24], which states that the compression of the Koopman
operator coincides with the restriction K|y, see also [25]
for sufficient conditions and [26] for a detailed discussion.

Assumption 2.1 (Invariance of V): For any ¢ € V and
u(t) =u e R™, let (x(t;-,u)) € V hold for all ¢ > 0.

As motivated in [11] and rigorously shown in [27], the
Koopman operator approximately inherits control affinity:

Ki~ Ko+ ui(KL — K
=1

where e; stands for the ith unit vector, ¢ € [1 : m]. Here, we
apply SafEDMD as proposed in [23, Sec. 3], i.e., we learn
a data-driven bilinear surrogate model of the form

Z

using d i.i.d. data samples foru =0 andu =e;, i € [1 : m].
Due to the constant observable 1y (x) = 1, 1,(0) = 0 for

0

P(x)=[1 2

Tn

KuAt KAt At)

(6)

k € [1: M], and £(0,0) = 0, we impose the following
structure on the surrogate of the Koopman operator
a1 07 At 1 0] . .
P L R L

The unknown matrices A, B; and the vector b; result from
solving the linear regression problems

A= argmin ||Yp — AXo||F,
AERIWXM
|

[b; Bi] = Ye, — [bi Bi] X.

argmin
bieij,Bi G]RMXJW
for i € [1 : m|, where || - ||r is the Frobenius norm. The data
matrices are Xy = [0]\/[ IM] [@(XOJ) (I)(Xo,d)],

Xe, = [®(Xe,,1) D(Xe, q)] , i € [1:m],
Yo = [0 Ing] [(x(At; Xy, u) - O(a(Al;Xga,u))].

As shown in [23, Cor. 3.2], we have the following pro-
portional bound: for any probabilistic tolerance 6 € (0,1),
amount of data dy € N, and sampling rate At, there are
constants ¢, ¢, € O(1/vsds + At?) such that

I3 ®) (%) = K @(X)|| < col|@(x) = 2(0)]| +cullul| (7)

holds for all x € X and u € U with probability 1 — §
provided d > dy, where U C R™ is compact. In particular,
the bound on the estimation error (7) can be guaranteed for
arbitrarily small constants c;,c, > 0 for sufficiently many
data points dy and a small enough sampling rate At. For the
construction of the terminal ingredients in the proposed MPC
approach, it is crucial that (7) formulates a proportional error
bound, i.e., the right-hand side vanishes for (x,u) = (0,0).



By compactness of X and U, the bound (7) on the
estimation error implies that, for any € > 0 and probabilistic
tolerance 0 € (0,1), there is an amount of data dy € N and
a maximal time step Atg > 0 such that, for all At < Atg
and d > dy, the SafEDMD surrogate model (6) satisfies the
following bound with probability least 1 — §:

I(KS'®)(x) - Ep'@(x)[[ <e  VxeXuelU (8

For a sequence of control values u = (u,g),i\;—o1 C U, the
k-step prediction, € [1 : NJ, resulting from the surrogate
model (6), denoted by z,(k;X), reads

[0, I, Onxn—n] Kot - K&'O(X). 9)

Then, using Inequality (8) and the triangle inequality yields
k—1

IR K @) ()= KRt Kg'@(x)] <e ) Lic (10)
i=0

for all x € X and u € U with Lx := maxyey ||

In conclusion, SafEDMD allows us to derive a data-driven
surrogate model capable of making multi-step predictions
with arbitrary accuracy supposing that sufficient data is
available and the sampling period At is small enough. The
latter can be mitigated by collecting data for smaller At
and, then, construct the predictors by applying the derived
models multiple times. This explains why the sampling
period At does not explicitly occur for generator-based
surrogate models, see [22], [26]. However, from a practical
viewpoint, operator-based models are desirable as they do not
rely on derivative data, see [23] for a detailed discussion.

III. EDMD-BASED MPC WITH TERMINAL CONDITIONS

We propose a SafEDMD-based MPC controller with ter-
minal conditions and present a notion of practical asymptotic
stability, which will be verified in the subsequent section. A
key feature is that the formulation of the terminal conditions
is carried out in the lifted space, where we leverage the
bilinear structure of the surrogate model for an explicit
construction using SafEDMD in Subsection IV-B.

In view of the constant observable function contained in
P, cf. (5), we set ®(x) := [0a; Ins] ©(x). Then, ®(0) =0
holds. Let the compact sets X C R™ and U C R™ represent
the state and control constraints, respectively. We consider a
terminal region Xy C X with

Xp:={xeR" | (x)"P'd(x) < ¢}

parametrized by an (M x M)-matrix P = P' = 0 and
¢ > 0. Further, we define the terminal cost Vy : Xy — R by

Vi(x) := ®(x) P71 ®(x).

We define admissibility of a control-input sequence.
Definition 3.1 (Admissibility): uw = (u,)Y-)' € U is said
to be an admissible control sequence for X € X C R™ and
horizon N € N, denoted by u € Uy (X), if zy(k;X) € X,
k € [1:N], and z,(N;X) € Xy hold.
Next, we suitably adapt the notion of admissibility to
deal with approximation errors in the optimization step of
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the MPC algorithm, where predictions are conducted using
the SafEDMD-based surrogate model. To this end, we use
the following definition in dependence of the approximation
accuracy ¢, € € (0, ), based on the s-step error bound (10).

Definition 3.2 (EDMD admissibility): For € € (0,¢0],
u = (u,)-} C Uis said to be an EDMD-admissible control
sequence for X € X and horizon N € N for the SafEDMD-
based surrogate, denoted by u € Up (X), if the set inclusion

[0, I, Opsnr—n ] K& -+ KE'®(R) ® By (0) € X (11)

holds for all x € [1 : N] with ¢(k) :
is replaced by Xy for Kk = N.

Based on this definition, we propose our EDMD-based
MPC scheme with terminal conditions for the stage costs

S Lic, where X

((x,u) = [x]|g + ul|z =x"@x+u'Ru  (12)

with Q =QT = 0and R = R' > 0 resembling ideas from
robust MPC [28].
Algorithm 3.3 (Model predictive control with horizon N):
At each time k € Ng:
1) Define X := x,,s (k) by the current state x,,z (k) € X.
2) Let X, (k;X) be predicted using (9). Minimize
N—1
In (X, u) == Z E(Xu(K;X), u.) + Vi (Xu (N5 X))
k=0

wrt u = (u) N} e Uy (X) to compute the optimal
sequence of control-input values u* = (uZ)ggol such
that Viy (X) = Jn (X, u*) holds.

3) Apply the feedback value i (x5 (k) :=ug € U.
Our goal is to show recursive feasibility and practical
asymptotic stability of EDMD-based MPC as formulated
in Algorithm 3.3. To this end, we recall [1, Def. 11.9] —
practical asymptotic stability w.r.t. the approximation error ¢,
i.e., that the behavior of the closed-loop (dynamical) system
resembles an asymptotically-stable one until an arbitrarily
small neighborhood of the origin is reached, where the size of
the neighborhood depends on the approximation accuracy e.

Definition 3.4 (Practical asymptotic stability): The
origin is said to be practically asymptotically stable (PAS)
w.r.t. the approximation error on the set A C X containing
the origin in its interior if there exists S € ICL such that:
for each 7 > 0, there is €9 > 0 such that, for all € € (0, o]
satisfying condition (8), the solution ¢ (-,X) of

Xpug, (B +1) = (%5, (K), iy (g, (F)))

X,z (0) =x € A, with f from (3) fulfills x,,- (k;X) € A and
([Xus, (k; X)|| < max{B([|x[|, k),r}  VkeNo

for the feedback law p5; defined in Step 3) of Algorithm 3.3.

(13)

(14)

IV. ANALYSIS OF EDMD-BASED MPC AND
CONSTRUCTION OF THE TERMINAL CONDITIONS

We first show recursive feasibility and practical asymptotic
stability of the origin w.r.t. the MPC closed loop resulting
from Algorithm 3.3. The proof is based on the following



assumption, whose (constructive) verification is discussed
in Subsection IV-B. To this end, we construct a suitable
terminal region and terminal cost using SafEDMD [23] in
combination with the proportional error bound (7).

Assumption 4.1 (Terminal conditions): Let a continuous
sampled-data controller p : Xy — U with u(0) = 0 be
given such that Xy is rendered invariant w.r.t. the discrete-
time dynamics (3) and the Lyapunov decrease

Vi(f (%, u(x))) < Vi(x) = £(x, p(x))
holds for all x € X with stage cost {(x,u) = ||x||2Q + [|ul%.

(15)

A. MPC closed-loop analysis

In this part, we provide our main theoretical result. We
show that, assuming initial feasibility, the MPC closed loop
is well defined (recursively feasible) and exhibits practical
asymptotic stability of the origin w.r.t. the MPC closed loop.

Theorem 4.2: Let Assumptions 2.1 and 4.1 hold. Then,
the MPC closed loop is recursively feasible and the origin
is practically asymptotically stable w.r.t. the approximation
error on the set X in the sense of Definition 3.4.

Proof: Let r > 0 be given. W.L.o.g., we assume B, =
B-(0) C Xy; otherwise, we reduce r until this inclusion
holds while the norm bound in Definition 3.4 follows also
for the original r. In view of (10), we choose a sufficiently
small, but fixed estimation error £ > 0 such that the following
construction can be conducted.

Let 1 > 0 be such that f(x,u) € B, holds forallx € S :
Vf_l[O, 1] ®¢&(N)e C B, and all control values u € ;(S) :
{veR™|3IxeS: ux) = v} where Vfl[O,n] is the
sub-level set {x | V;(x) < n}. Furthermore, for X € A, let
the robust EDMD admissible control-input sequence u*
(ur)N- ! € Uy (%) be optimal in Step 2) of Algorithm 3.3
meaning, in particular, that X is initially feasible. Then, we
show that the (shifted and prolonged) control sequence

p(Xur (N X)))

is feasible for the successor state X = f(X, u% (X)) of the
discrete-time dynamics (3) and yields a Lyapunov decrease
w.r.t. the respective (optimal) value function Vi if x ¢ S.
Otherwise x* is contained in 3, per construction.
Feasibility of x and x,+ (r;x"), k € [1 : N —1], directly
follows from Assumption 2.1 and the constraint tightening

ut = (uf uy_, (16)

in Definition 3.2. Since, in the compact set Xy \ Vf_l[(), nl,
min_ Vp(x) - Vy(F(x, p(x))) > 0
XeXf\Vf [0,n]

holds for the minimal decrease, continuity of p implies

Vi(f (%, u(y)) >0,

mln
XEXf\

Y = (X; N Byn)e(x)) \Vf_l[O,n}, for sufficiently small e.
In conclusion, we get a decrease by applying “]4\_771 in the
last prediction step, whenever the predicted penultimate state
is not contained in the n-ball centered at the origin, which
completes the proof of recursive feasibility in view of the
prelude before definining u*.

max V.
‘o] YEY s -
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In the following, we follow the line of reasoning in [29]
and verify a suitable decay of the optimal value function Vy,
which serves as a Lyapunov function. To this end, for the

kth state x = xi\ff C(k) of the MPC closed-loop trajectory,
let w* = w(x) = (u:)Y) again denote the optimal

control-input sequence. Then, for the successor state x* =
f(x,u*(0)), we define the candidate control-input sequence
at time k£ + 1 by (16). This yields

Vn(x +) — VN (%) + £(xu+ (0), u5)
N-—
Z ; H)—K(Xu*(/‘f—Fl% n—i—l)
( wr (N = 1), 0y ) + Vi (% (V) = Vi (30 (N))
Vi (X + (N=1)+||P~HeLae

with X+ (k) = X+ (k;XT) and X+ (k) = Xy (k;X) for K €
[0 : NJ] in view of the assumed Lyapunov decrease (15),
where the term ||[P~!||¢Lge results from the difference of
Vi(Xy+ (N)) = Vi (f (%,+ (N —1),uf;_,)) analogously to the
following calculations: For vectors a,b € R” and a matrix
M € R™*™, the estimate

lall3; — [Ibl[3; = (a+b)"M(a —b) < ||M]||a + b][|la—b]|

holds. Hence, every difference in the stage cost in the sum
(k € [0: N —2]) can be estimated by

Q[+ (5) + Xux (5 + D[+ (£) = Xur (5 + )],

where the second factor can be uniformly estimated on the
compact set X by ¢, while the third summand is uniformly
bounded by &(k + 1)e.

Next, we estimate the term Vi (x,+ (N —1)) — Vi (X (V)
by using the definition Vy(x) = (X)TP 19(x) and the
Lipschitz continuity of ® by

elPH | Lollx+ (N = 1) = % (N)|| < €] P~ LaE(N)e.

ut
)

Combining both estimates and using £(xy«(0),uf) > H)}Hé,
we get

VN (X+) —

<é|||[P"||La(1 + &(N)

V(%)
N-2

)+ QI ek + 1) — K13,
k=0

i.e., the desired Lyapunov decrease outside the sub-level
set VJFI[O7 7] contained in 5,.. Using standard arguments [1],
this completes the proof of practical asymptotic stability. B
We emphasize that the used constraint tightening ensuring
recursive feasibility relies on a simple propagation of a one-
step error bound to bound the deviation between nominal
and true state along the prediction horizon [30]. Whereas
the present article serves as a starting point, more advanced
robust MPC techniques may be applied to reduce conser-
vatism, see, e.g., [31] or [32] and the references therein.
Naturally, the question arises whether the proposed MPC
controller may indeed render the closed loop asymptotically
stable. Based on the above line of reasoning, this cannot
be easily shown. To see this, one may trace back (estimate



from above similarly to the derived Inequality (10)) the term
s () — %ue G+ D 5 € [1: N — 1], t0 x4 (0) -
xy+ (1;X)|| and, then, invoke the proportional error bound (7).
However, this yields a linear term in norm, which cannot
be bounded by the quadratic decrease established in our
proof arbitrarily close to the origin. In conclusion, we cannot
directly compensate the linear error bound locally around the
origin, preventing to conclude asymptotic stability.

B. Construction of the terminal conditions using SafEDMD

Next, we show how to design the terminal conditions
of the proposed MPC Algorithm 3.3 such that Assump-
tion 4.1 holds. In particular, we exploit the proportional error
bound (7) of SafEDMD to design a locally stabilizing control
law for all x € X;. To this end, we leverage [23, Thm. 4.1]
to infer the sampled-data controller

p(x) = (I - Lo(A™" @ ®(x))) "' LP; ' 3(x),

where ® stands for the Kronecker product and the ma-
trices L € R™M_ [, € R™Mm o < A = AT €
R™ ™ and 0 < P, = PMT e RM*M are chosen such
that two linear matrix inequalities are satisfied, see [23,
Ineq. (17), (18)]. More precisely, p renders the terminal
region Xy invariant w.r.t. the discrete-time system (3) and
guarantees [|®(f(x, u(x)))[|%, -+ < [|®(x)[?% . for any x €
Xy \ {0} if (7) holds. To saﬁsfy (15), we eprloit the prior
strict inequality, i.e., there exists €,, €, > 0 such that

1B 0 I, < 1B, = eI = eallu(x) 2
< B, — ef(x, u(x)

a7

with € = min{e/|qQ|l,/|R|} for all x € X;. Hence,
defining P = €P,, ¢ = e~ 1 with the constructed terminal
conditions using SafEDMD ensures the required Assump-
tion 4.1. We conclude this section highlighting an advantage
of dual-mode MPC combining Algorithm 3.3 and SafEDMD.

Remark 4.3 (Dual-mode MPC): Besides providing a suit-
able data-driven way to construct the terminal ingredients,
SafEDMD can be also used to obtain exponential stabil-
ity [23, Thm. 4.1]. Once the practically-stable region is
reached (which is guaranteed by Theorem 4.2), one may
switch to the stabilizing terminal controller. The underlying
reason is that, in the region of practical stability, the uncer-
tainty attached to the SafEDMD predictions outweighs the
advantages of its prediction capability.

V. SIMULATION

In the following, we evaluate our proposed MPC scheme.
We consider an undamped inverted pendulum
. 9.
Lo = =sin

 Sin@n) = il

and apply SafEDMD to obtain a data-driven bilinear sur-
rogate model. Algorithm 3.3 is implemented in Matlab
using MPCTools [33] with its interface to the nonlinear
optimization software CasADi [34]. For the simulation, we
choose b = 0.5, ] = 1, m = 1, and g = 9.81, and collect

T = X2, Ete Tt
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Fig. 1: Closed-loop results of the proposed MPC controller
(—) with input constraints (--), where we switch to the
terminal control law after ¢ = 10. MPC results for a linear
Koopman surrogate model (----) are included for comparison.

d = 6000 data samples for each constant control input
u(t) @ with @ € {0,1}, where we sample uniformly
from X := [—15,15]? with the sampling rate At = 0.01.
We impose the control constraint U := [—25, 25]. Further,
we choose Q = I and R = 0.11] in the stage cost (12). We
set ®(z) =[1 @1 a9 sin(xl)]T and design the terminal
ingredients based on [23, Thm. 4.1] with ¢, = ¢, = 3 X 1074
for the learning error bound (7) with € in (8), S, = 0,
R, = 2.5,and @, according to [26, Procedure 8]. We deploy
the MPC scheme with a horizon N = 1.1/At = 110 to
stabilize the unstable equilibrium at the origin. Fig. 1 depicts
the closed-loop behavior under the proposed controller.

As expected due to Theorem 4.2, the state is practically
stabilized, i.e., converges to a set-point close to the origin
within the designed terminal region. Notably, by following
Remark 4.3, i.e., switching to the stabilizing terminal control
law after reaching the (invariant) terminal region at ¢ ~ 10,
we can remove the offset and obtain a dual-mode MPC
which asymprotically stabilizes the origin. For comparison,
we apply MPC based on a linear Koopman model (L-MPC)
based on EDMDc [8], which is a commonly used Koopman-
based control technique [19]. Here, L-MPC stabilizes the
nonlinear system with a remaining offset to the origin, but
offers no guarantees w.r.t. closed-loop stability of the nonlin-
ear system. Although we only have shown that the proposed
MPC scheme yields asymptotic stability when operated in
dual-mode with SafEDMD, we briefly illustrate that the
MPC control law may also be asymptotically stabilizing
without switching. Applying SafEDMD for the observables
Dy (z) = [1 x1 wo sin(zy) xo cos(a:l)]T, the MPC
scheme asymptotically stabilizes the origin (see Fig. 2). Here,
L-MPC still results in an offset and oscillating closed-loop
behavior when applied to the nonlinear system.
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Fig. 2: Closed-loop results using ®; and the proposed MPC
controller (—) compared to L-MPC (----).

VI. CONCLUSIONS AND OUTLOOK

We proposed a data-driven MPC scheme with terminal
conditions, where a variant of EDMD is used to generate
a bilinear surrogate of the nonlinear system. The terminal
region and costs are constructed using the recently proposed
SafEDMD learning architecture. We rigorously showed prac-
tical asymptotic stability w.r.t. the MPC closed loop. Further,
employing a dual-mode MPC approach based on SafEDMD
yields exponential stability. The results are illustrated by a
numerical example showing the efficacy in comparison with
MPC based on linear models obtained from EDMDec.

Future work will be devoted to the removal of Assump-
tion 2.1 by using the uniform bounds on the approximation
error recently proposed for kernel EDMD in [35].
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