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On Concentration Bounds for Bayesian Identification of
Linear Non-Gaussian Systems

Yeoneung Kim

Abstract— We adopt a Bayesian perspective to identify the
unknown parameters of linear stochastic systems with possibly
non-Gaussian disturbance distributions. The key idea of our
algorithm is to alternately execute L randomly selected linear
state-feedback controllers and keep track of a maximum a
posteriori estimator. The proposed algorithm asymptotically
achieves the concentration of posterior distributions around the
true system parameters. We also derive probabilistic bounds for
the concentration based on the classical results regarding the
asymptotic properties of posterior distributions. An empirical
demonstration is provided as well.

I. INTRODUCTION

System identification is a fundamental problem in the
analysis and design of control systems [1]. Various classical
methods have been extensively studied and have contributed
to many practical domains including engineering, economics,
finance, and biology. With advances in the intersection of
machine learning and control theory, new perspectives, anal-
yses, and algorithmic ideas have been emerging in terms of
concentration bounds and sample complexity, among others.

A rich body of literature focuses on identifying a pair
of unknown parameters, (A, B), of stochastic linear time-
invariant (LTI) systems z;11 = Axy+ Buy +w;. Most of the
recent works consider the least square estimation exploiting
its various benefits in theoretical analyses [2]-[10].

For a marginally stable uncontrolled system (B = 0
and p(A) < 1 where p denotes the spectral radius), [2]
provides a non-asymptotic high-probability upper bound for
the error using a single trajectory. Moreover, [3] carries
out provable guarantees for both controlled and uncontrolled
systems. Other notable works are [4], [5], which show that
it is effective to estimate the system parameter first and
then utilize the standard bootstrap argument; however, their
methods are limited to the Gaussian noise case.

There are several works [6], [7], [9], [10] in which an
extension to non-Gaussian noise is considered using a single
trajectory. In [6], uncontrolled systems with sub-Weibull
disturbance distributions are considered, and probabilistic
guarantees are obtained using the standard mixing time argu-
ment [11]. However, the theoretical guarantees are valid only
when the geometric multiplicity of eigenvalues is greater than
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unity is one. In parallel, [7] provides sharp error bounds for
the case 1 —C/T < p(A) < 1+C/T based on Mendelson’s
small-ball. A subsequent work, [10], handles error bounds
for systems satisfying p(A4) > 1+ C/T under isotropic sub-
Gaussian disturbance. However, the concentration bounds
derived in the aforementioned literature require the evalu-
ation of an unverifiable criterion or the knowledge of true
system parameters. In [7], the concentration bound requires
that (k, T'sp, p)-small ball condition. We also note that the
bound provided in [10] relies on the true system parameters.
Furthermore, it also has been acknowledged in the same
paper that least squares estimation is statistically inconsistent
under certain conditions.

Attempts have also been made to derive sample complex-
ity using multiple trajectories. Notably, [4] presents concen-
tration bound for least squares estimation using multiple full
trajectories based on the bootstrap argument. The result holds
regardless of the stabilizability but explicit dependence on the
time horizon and rollouts is unavailable. More recently, [12]
provides concentration bounds for least squares estimation
using full trajectories under a certain assumption on the
system parameters, k-controllability.

In this paper, we consider a fairly general class of LTI
systems with inputs (B # 0) and non-Gaussian distur-
bances. From the Bayesian perspective, we propose a sim-
ple posterior update algorithm and analyze its asymptotic
concentration properties that are valid regardless of the
stabilizability of (A, B). Bayesian system identification also
has an extensive body of literature (see e.g., [1], [13]-[15]
and the references therein). The works most relevant to
ours are [13], [16], where the posterior mean is used as an
estimator with data from a very short period. They introduce
a novel Markov Chain Monte Carlo (MCMC) algorithm
and provide its convergence rate. However, MCMC methods
usually require considerable computational resources; only
a one-dimensional experiment is conducted using a simple
piecewise-constant control input in [13].

Departing from these approaches, we devise a simple
novel algorithm to obtain a maximum a posteriori (MAP)
estimator, which can be computed efficiently for unimodal
posterior distributions. The key idea of our algorithm is to
alternatively execute a certain number of randomly selected
linear state-feedback controllers satisfying a mild excitation
condition, and update the posterior of unknown parameters
(A, B). Leveraging the classical results on the asymptotic
properties of posterior distributions [17], [18], we establish
asymptotic concentration bounds for the MAP estimator
around the true system parameter in terms of the time horizon
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under the mild structural assumptions on the disturbance
distribution, namely, the log-concavity of the probability
density function (pdf). In this case, computational tractability
is enhanced since the posterior pdf is unimodal. The perfor-
mance of our method is numerically demonstrated through
problems with non-Gaussian disturbance distributions in both
stabilizable and unstabilizable cases.

II. PRELIMINARIES
A. Linear Systems with Non-Gaussian Disturbances

Consider a linear stochastic system of the form

xt+1:Aact+But—|—wt, t:1,2,..., (1)

where z; € R" is the system input, and u; € R™ is the
control input. The disturbance w; € R”™ is an independent
and identically distributed (i.i.d.) zero-mean random vector
with covariance matrix W. Throughout the paper, the d x d
identity matrix is denoted by Ij.

Assumption 1: For every t = 1,2,..., the random distur-
bance vector w; satisfies the following properties:

1) The probability density function (pdf) of noise p,,(+)
is known and twice differentiable. Additionally, p,, is
strongly log-concave, i.e.,

—V2, logpy(w) = ml,

for some m > 0;

2) E[w;] = 0 and E[w;w, ] = W, where W is positive

definite.

Remark 1: This assumption allows us to consider more
general classes of disturbances beyond Gaussian. One exam-
ple of noise that we use for the experiment is the Gaussian
mixture distribution. Another class is an asymmetric noise
whose last coordinate is assumed to be asymmetric while the
others follow Gaussian. Please see Section IV for details.

Let d := n+m and © € R¥*™ be the system parameter
matrix defined by

0 :=[e(1) emn)]=[A B]",

where ©(i) € R? denotes the ith column of ©. We also let

0 := vec(©) := (0(1),0(2),...,0(n)) € R¥"

denote the vectorized version of © and often refer to 6 as
the parameter vector.

Let hy = (z1,u1,...,T¢—1,Us—1,%¢) be the history of
observations made up to time ¢, and let H; denote the
collection of such histories at stage ¢.

B. Posterior Update

In this paper, we consider the Bayesian setting, where the
prior of the true system parameter 0, is given. The posterior
update process is described using Bayes’ rule inductively.
Let the state-input pair be denoted by

2t = (xt,ut) S R

Then, the linear system (1) is expressed as x4y — 0Tz =
Wy ~ Py, and therefore,

P(@141]26,0) = pu(Tiir — O 21),
which is strongly log-concave in 6 under Assumption 1. On
the other hand, we have
p(Oher1)p(zes1lze, he) = p(O]wira, 2e, he)p(Tetal2e, he)
= p(ze1lzt, he, O)p(0]2t, he)
= p(wi41l2t, 0)p(0|he),
where the second equality follows from Bayes’ rule. Thus,
the posterior at stage t is given by
p(Olhit1) o< p(41]2e, 0)p(0]he)
= pu(@ir1 — O z)p(0]hy).
Hence, if p(6|h:) is strongly log-concave, then so is
p(flhts1). Using mathematical induction, it is straightfor-
ward to show that the posterior pdf at any stage is strongly

log-concave since strong log-concavity is preserved through
the posterior update.

2

III. SYSTEM IDENTIFICATION VIA POSTERIOR UPDATE

In this section, we propose an algorithm for estimating the
posterior pdf of 6, by applying only L randomly selected
linear state-feedback controllers. Randomizing controllers
seems to provide useful information for estimating system
parameters, as discussed in the literature (e.g., [4], [6], [7]).
Departing from the existing approaches, we simply adopt
L randomly generated control gain matrices satisfying a
mild excitation condition. Specifically, given L € N which
is determined by the dimension of the state and control
input m and n, we introduce L control gain matrices
Ky, ...,K; € R*™™ and apply state-feedback controllers
uy = K;xy when t = ¢ (mod L) up to time 7' to collect
the sequence of state-input pairs (z,)7_; for N independent
rollouts, which is denoted by (zge))le for{=1,...,N.We
emphasize that the initial state x; is always set to 0 after each
rollout. In the last part of this section, we rigorously show
that the posterior distribution obtained using the collected
data is asymptotically concentrated around the true system
parameter 6.

A. Main Algorithm

Our algorithm is designed to compute the posterior pdf of
0 that concentrates around 6 = 6., given h;. One can then
estimate 0, as argming{—logp(:|h:)} = argming{U:(-)},
where U, is the potential of the posterior pdf at time ¢, that
is, p(0)hy) ox e Ue ),

We begin by specifying the control gain matrices used
in our algorithm. The matrices are chosen to satisfy the
following mild assumption need for excitation:

Assumption 2: For any m,n € N, let L be the smallest
integer such that m +n < Ln. We assume that

ol [ ] )

s=1
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Algorithm 1 System identification via posterior update

1: Input: A\ > 0, N € N, and L control gain matrices
K1, Ks, ..., K| satisfying Assumption 2;

2t 1,21+ 0, D+ 0

3:for (=1,2,...,N do

4: fort=1,2,...,T—1do

5: if t =4 (mod L) then

6: Execute uil) = K,'a:y);

7: end if

8: Observe new state xgi)l,

9: Update D < DU {(z, 2 xtJr)l)}
10: t—t+1;

11: end for

12: end for

13: Compute U as (3);
14: 0 = argminU(+)

Remark 2: 1t is intuitively clear that this condition is
satisfied with a high probability if the L matrices (or one
of the L matrices) are randomly selected. We empirically
verified the condition for n = m = 3 and 5 by simply
choosing Ky = —%In and K5 to be a random matrix whose
entries are sampled from the standard Gaussian distribution.
Among 10,000 pairs of randomly generated matrices, none
violate the condition.

Our Bayesian system identification algorithm is presented
in Algorithm 1. Here, we simply assume that the prior
distribution of the true system parameter follows A/(0, §/4y)
for some A > 0. Applying the control gain matrices K;
alternatively up to 7', the data are collected. We then invoke
Bayes’ rule to obtain the potential of the posterior distribu-
tion of # with N rollouts as follows:

N T-1

A
S0P =373 logpu (), —07), 3

(=1 s=1

u) =

which consists of the prior and likelihood parts. Note that U
is strongly convex for any A > 0 since p,, is log-concave.
It is worth noting that § € argmin, U(-) is indeed an MAP
estimator, and it can be computed using existing convex
optimization algorithms.

To analyze the potential, we introduce the following useful
quantity:

-1
.
= blkdiag{="2(9 o, 4)
s=1
where blkdiag{4;}" , € R9"*9" denotes the block di-
agonal matrix consisting of 4; € R for i = 1,...n

in the diagonal. The next lemma describes the geometric
relationship between P( ) and the potential for the likelihood

Z log pu (z

-07z9). (5)

Lemma 1: Let £ € {1,...,
following inequality holds

N}. Under Assumption 1, the

vQUt(Z) (6) t mpt(e)

for any ¢ and any 6, where m is the constant specified in
Assumption 1.

Proof: To avoid clutter, we suppress the superscript /.
By direct calculation, the following equality holds:

V210g pu(zss1 — O 24)
= Vi;b Ingw(xs-i-l er Zs) & 2525 4

where @ denotes the Kronecker product. Then, the Hessian

of U; can be written as

t—1

- Z v?us 10g P (Ts41 — O 25) @ 252, .
s=1

ViU, =

By Assumption 1, for any state-input pair z; = (25, us), we
have

9 logpulern —075) @202
= mblkdiag({z,z] }7,),

and )
tf
ViU, mZblkdiag({zszI T
s=1
Therefore, the result follows. |

Using this lemma, we further compare the Hessian of the
expected potential U := E[U(é)(ﬂ)] and P := IE[P( )] as

V2E[UL ()]
= E[V3UL (0)] =

ViU () = ©
mE[P)] = mP.

Now we verify that Amin(V2U (6)) grows at least linearly

in the time horizon T

Theorem 1: Suppose that T > L. Let (z (E))S , be the
data collected from Algorithm 1 and P := E[P. )]. Then,
we have

T ~
/\mm(ng(@)) 2 Amin(P) > (L - 1) Amin

for any 7' > 1, where Amin represents the minimum eigen-

value of .
Z In 1974 In !
K; K| -

i=1
Proof: We again suppress the superscript ¢ for simplic-

ity. For each t > 1, we have that E[z;z,] = W where the
expectation is taken with respect to wy, ..., wy.
By the definition of z;, we have

Stasts (-9 [ meon 1]

s=1
L T
= () lelvle]
s=1 é
and the result follows. ]

3508



It follows from Theorem 1 that Amin(V3(U(0)) — oo as
T — oo, which can be understood in the following way.
The growth of Apin (VAU (6)) implies that the curvature of
the potential U (¢) increases, which allows us to measure the
concentration rate in terms of 7.

B. Concentration Property

The classical result by Doob [17] asserts that the posterior
distributions converge weakly (convergence in distribution)
to the Dirac measure centered at the true parameter as
the number of data N grows to infinity. The quantitative
property of the potential investigated in the previous section
allows us to analyze further beyond the weak convergence.
Our focus is to reveal how the regularity of the potential
contributes to establishing the probabilistic guarantee of
system identification in the Bayesian framework.

In this section, we impose the following assumption on
the {Py} which represents the natural parametric family of
probability distributions for the system parameter 6 in our
problem.!

Assumption 3: The parameter family { Py} is identifiable,
i.e., 61 7é 92 implies Pgl 75 P92-

We denote the i.i.d samples from Py, by (Xi,..., Xn),

where X, represents a single trajectory (:c§”>,z£‘>)§:1.
Throughout the paper, we let B,.(0) = {z : |[x — 0| < r}

and denote the complement of this ball by BS(6).

According to the Bernstein—von Mises theorem [18], the
posterior distribution asymptotically follows the Gaussian
distribution centered around the maximum likelihood esti-
mator (MLE) denoted by é, that is,

0 € arg max p(Xy, ..., Xn10).
0

Lemma 2 (Bernstein Von Mises Theorem [18]): Under
Assumption 3, we have

VN - 0)|(X1,.... Xn) 5 N(0, (V3U(6.))71),

where 6 follows the posterior distribution associated with the
data (X1,..., Xn).
Recall that @ is the MAP estimator, obtained as

6 € argmin U(6)
0

in Algorithm 1. When the potential is strongly convex, the
following inequality holds.

Lemma 3: [Lemma 10 in [19]] For a random variable
6 € R9" whose potential is a strongly convex function U (6)
satisfying Amin(V2U (0)) > ¢, we have

B d p/2
[ — §|] < 5”(7;”) , p>0,
where the expectation is taken with respect to Fy.
Finally, we claim the following result on the concentration
of # around 6, as the number of rollouts N grows to infinity.

IPrecisely, for a single trajectory (zs, 28)3:1 generated by the algorithm,
the parametric family of probability distributions is given by Py ~
PO pu (w1 — O 20).

Theorem 2: Suppose that Assumptions 1-3 hold. Fix ar-
bitrary § > 0 and » > 0 and let Ty := 77_1(%), where

. g—dn /2 S e g %C i
¢ = T(dn/2+1) and n(T) := N Ldr with
constants € = @ and Apin from Theorem 1. Then,

for any T' > Ty inmArlngorithm 1, we have

limsup Pr(6 € B (0.)) <4, 7
N—o00
and R
limsup Pr(6 € B5,.(0.)) <4, 8)
N—o0

where 6 follows the posterior distribution obtained in Algo-
rithm 1.

Proof: Fix § > 0 and r > 0. First, to show the
concentration bound (7), we observe that

Pr(|6 — 0,] > 7) < Pr<|0— 4| > g) +Pr(|é— 6. > g)

In what follows, we bound the two terms on the right-hand
side separately.
By Lemma 2, we have

Jim Pr(9 € By,

where Y ~ N(0,(V2U(0.))~!). Note that Y follows a
zero-mean multivariate Gaussian distribution with covariance
(V32U (0.))~!. By the choice of C; and Theorem 1, we have

(0)1x) = Pr(jY| > 1),

T T
(V2 >m| = — > —.
)\mln(veU(a*)) = m(L >/\m1n = Cl

Thus, we deduce that

Pr(|Y| > 1)

= (2m) /2 det(V3U 6. |
ly|>1

< (27T)7dn/2/

2
e 1#dz
)\max(VgU(G*)*l)\zPZl

efyTVZU(f)*)ydy

_ 2
e 127 dz

IN

(27r)7dn/2/
|z|2/T/C1
27dn/2 00
< a0 e

F(dn/Q + 1) T/C'l

By the definition of C and 7(T), the inequality above can
be expressed as

lim Pr(6 € BY

2
e " rdnTlgr.

(0)|X) < Cn(T).

N—o0 l/m
Hence,
lim sup Pr(6 € Bﬁ/z(é))
N —oo
= lim sup/Pr(9 € B y(0)|X)dPx
N—oo
< limsu /PrQEBC 6)|X)dP
<limsup [ Pr(o € B}, (0) X)dPx
< Cn(7).
Let Ty = n‘l(%). Then, for any T' > Ty, we have

C(l - erf(\/m)) < g,
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which implies that

A r 1)
im —0>-) <=,
hN supPr(|9 0| > 2) <5 9

Now, recall the asymptotic property of MLE, i.e.,
VN(@©B - 0,) 5 N0, V2U@0,)") as N = .

Following the same argument as above, we have

A 1
lim su Pr(@ 0. > ) < lim Pr(@—ﬂ* Z—)
s Pr{0 = 6| w =z o5

= Pr(y|> 1)<

for T' > Ty. Combining this bound with (9) yields the first
concentration bound (7).

To show the second concentration bound (8), we first
observe that

Pr(|0 —6,| > 2r) <Pr(|0 — 6] > r) +Pr(|0 — 6,| > r).

The first term on the right-hand side is bounded as

Pr(|0 — ] > r) = /Pr(|9 _ 0| > | X)dPy
1 ~
< —/E[|0—9|2 | X]dPy
<G Ci | aps
M e (N PO)
1
:ﬁ ___apy

2 (©)
" A + mNAmin(E?]:#)

for some positive constant Cp, where the first inequality
holds due to Markov’s inequality and the second inequality
follows from Lemma 3 with the property Amin(VZU(6)) >
A+ m/\min(zéTzl pt(e)). Thus, by the strong law of large
numbers, we have
lim sup Pr(|6 — 0] > r) = 0.
N—oc0
Combining this with the first concentration bound (7) yields
limy 00 Pr(|0 — 0] > 2r) < § for T > Tp. [ |
Example 1: For t = 1,....T -1, ¢ € {1,...,N}, and
— : © (6) 1 (0 (0)
A = 0, consider the system a:t+1 = Q.7 uy 4wy,
where x§ ) §“ € R and wg )~ /\f(O7 1). Choosing
iz) = argé) the MAP estimator @ is written as a = a. +
S e ePwl®
S S OLE

. By Markov’s inequality,

2512 15”8“’8)
= AN DRIl

Roughly, the denominator scales in O(N) while the numer-
ator scales in O(\/N ) with high probability as shown in [5].
Our result provides a probabilistic bound of this complicated
term from the Bayesian perspective.

The technique used in our analysis has distinguishing
features compared to other works. In particular, [9], [10],
[20] leverage martingale properties to handle the correlation
between states and obtain a finite time sample complexity

Pr(la —a.| >1r) <

using a single trajectory. Our result is weaker in the sense
that we derive asymptotic sample complexity by taking the
number of rollouts N to infinity. However, we provide a
simple and elegant approach from a Bayesian perspective by
focusing solely on the geometric property of the potential,
namely V32U (0) > (£ — 1))\mm

IV. EXPERIMENTS

We test the performance of our algorithm using three types
of disturbance distributions: (i) Gaussian, (i) Gaussian
mixture, and (iii) asymmetric.> Furthermore, we consider
both stabilizable and unstabilizable cases.> We compare the
performance of our algorithm with that of [4] which takes
the ordinary least squares estimation (LSE) approach using
the full trajectory of N rollouts.*

The prior distribution of the true parameter is assumed
to follow the standard Gaussian distribution and therefore
A = 1. The dimension of the state and input spaces is
chosen as n = m = 3 and 5. We repeated the experiment
10 times for each case. Additional problem data and our
implementation of the method are available online.> We use
L = 2 control gain matrices, K; = —31,, and K, whose
components are independently sampled from the standard
Gaussian distribution.

1) Stabilizable Case : In the first set of experiments, the
true system is chosen to be stabilizable and we set
N = 200. The results are shown in Fig. 1 (a)-(c). For
all three types of disturbances, our algorithm shows
a comparable performance to the LSE method [4] in
both three- and five-dimensional cases.

2) Unstabilizable Case : In the second set of experiments,
we identify the parameters of unstabilizable systems
with N = 100. As shown in Fig. 1 (d)—(f), our MAP
method still performs well in both three- and five-
dimensional problems even though only two different
controllers are applied alternatively.

In conclusion, we observe the decay of the relative error
as T increases, which is consistent with Theorem 2. Our
MAP method supports that using only a limited number of
state-feedback controllers is as efficient as the standard LSE
method with random control inputs.

2For the Gaussian case, we use the standard Gaussian distribution.
For the Gaussian mixture case, the pdf of w; is chosen as p(wi) =
2 2
2\/15(6*““’5*“‘ /2 4 e~lwetal™/2) where a = ilm. For the asym-
metric case, we let all entries of w; except for the last element w¢[n]
be independent and follow the standard Gaussian dlstnbutlon For the last

92 logp(we) _ 82 logp(we) _
element, we set _W = k if w¢[n] < a, : W =
g:jwt[n}+k7({famlfa<wt[n]<ﬁ and — %—K

if B < w¢[n], where « =0, 8 =40, k =1 and K = 10.

3For the former case, we randomly choose the system parameter
(A, B) which is stabilizable. For the latter, we consider the case
rank [A — Xl B] < n for some A > 0.
(O\T

“4Precisely, for the trajectories (z5 )7 s—1 obtained via executing random

controllers ug D N (0, I,n), one can achleve the ordinary least squares
estimation as 6 € arg min, Ze 1 Z | ((Z) @Tz§£)|2.
Shttps://github. com/yeoneung/bayesian_system_id
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T T T
(a) stabilizable Gaussian (b) stabilizable Gaussian mixture (c) stabilizable asymmetric
1 1 ‘ 1 ‘
——LSE-5D ——LSE-5D ——LSE-5D
08" I 0.8 e 0.8 T
g ——Ours-3D g ——Ours-3D g ——Ours-3D
= 0.6" = 0.6 1 = 0.6
< < <
| 0.4- | 0.4 | 0.4
= = =
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0 ‘ : : 0 : : 0 : ‘ ‘
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(d) unstabilizable Gaussian

(e) unstabilizable Gaussian mixture

(f) unstabilizable asymmetric

Fig. 1: Relative estimation error |—6, |/|f,| under various disturbance distributions for stabilizable 6, (top) and unstabilizable

0.

(bottom).

V. CONCLUSIONS

We have proposed a Bayesian approach to identifying
unknown parameters of linear non-Gaussian systems via
alternative executions of L randomly selected linear state-
feedback controllers. The performance of our MAP estima-

tor

is characterized through rigorous concentration analyses

that hold regardless of stabilizability. We believe that this
work can be extended in some promising future research
directions, including (i) concentration bounds for similar
Bayesian system identification using a single trajectory, and
(7¢) understanding the geometry of random control gain
matrices that lead to efficient system identification.
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