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Abstract—In this paper, we study a class of linear-quadratic
mean-field-type difference games with coupled affine inequality
constraints. We show that the mean-filed-type equilibrium can
be characterized by the existence of a multiplier process which
satisfies some implicit complementarity conditions. Further,
we show that the equilibrium strategies can be computed by
reformulating these conditions as a single large-scale linear
complementarity problem. We illustrate our results with an en-
ergy storage problem arising in the management of microgrids.

I. INTRODUCTION

Stochastic dynamic games offer a mathematical frame-
work for modeling dynamic decision-making scenarios that
involve multiple players interacting in uncertain environ-
ments. Mean-field-type dynamic games (MFTDGs) are a spe-
cific class of stochastic games that allow for the inclusion of
not just the state and control terms, but also their distributions
in the objective functionals and state dynamics [1], [2]. As
a result, MFTDGs, when the mean and variance terms are
considered, are related to the mean-variance paradigm devel-
oped by H. Markowitz [3]. MFTDGs differ from mean-field
games [4] by accounting for inherent heterogeneities and
finite decision-makers, unlike the approximation provided
by mean-field games for problems with many symmetric
players. MFTDGs have been increasingly utilized to model
real-world engineering problems arising in water networks
[5], smart-grids [6] and pedestrian flow [7]; see [2] and [8]
for a detailed coverage.

MFTDGs have been solved using various approaches in
the literature, including the stochastic maximum principle
[9], dynamic programming [10], and direct method [11],
[12]. In [13], the authors studied MFTDGs involving equality
constraints on the control variables. Multi-agent decision
problems in engineering and economics require incorporating
inequality constraints on state and control variables like
capacity, saturation, and budget constraints. The dynamic
nature of these constraints poses technical challenges in
characterizing admissible controls and establishing solv-
ability conditions for equilibria, distinguishing them from
unconstrained counterparts. Despite the significance of these
challenges, the literature on MFTDGs involving inequality
constraints is scarce, to the best of our knowledge.

This paper proposes a solution for linear-quadratic MFT-
DGs with inequality constraints. We focus on a discrete-
time setting with finite horizon, scalar state dynamics, and
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quadratic objectives. Our approach incorporates coupled
affine inequality constraints on the mean values of state and
control variables. Using the direct method, also known as
completion of squares, we establish a connection between the
existence of a solution for these MFTDGs and the existence
of a multiplier process satisfying implicit complementarity
conditions. By leveraging an approach similar to [14], we
transform these existence conditions into the solvability of
a single large-scale linear complementarity problem, thereby
providing a computational method for solving these games.
The proposed approach can be easily extended to matrix-
valued settings.

This paper is organized as follows. In Section II, we
introduce a class of MFTDGs with coupled affine inequality
constraints. In Section III, we provide conditions for the
existence of an equilibrium in these games. In Section IV, we
present an approach for reformulating these conditions as a
linear complementarity problem. In Section V, we illustrate
our method with numerical simulations and finally Section
VI concludes.

Notation: We denote the transpose of any vector a or
matrix A by @’ and A’ respectively. The identity matrix and
the matrix of zeros are represented by I and 0, respectively,
with dimensions determined from the context. E[x] denotes
the expected value of x. Let A € R™" be partitioned as
n=ny+---+ng. We represent [A];; as the n; x nj sub-matrix
associated with indices n; (row) and n; (column). We denote
the column vector [v},---,v,]" by col(vi);_, and the row
vector [vy --- v,] by row(v){_,. The block diagonal matrix
obtained by taking the matrices M, -- ,Mg as diagonal
elements in this sequence, is represented by @f:le. We
represent the Kronecker product operation by ®. We call two
vectors x,y € R" complementary if x >0, y >0 and x'y =0,
and we compactly denote these conditions by 0 <x Ly > 0.

II. PRELIMINARIES

In this section we introduce a class of N-player scalar
finite-horizon mean-field-type difference game with inequal-
ity constraints (MFTDGC). We denote the set of players by
N={1,2,---,N}, the set of time instants or decision stages
by K=1{0,1,...,K}. We define the following two sets as
K;:=K\{K} and K, := K\ {0}. At each time instant k € K,
each player i € N chooses an action u}{ € R and influences the
evolution of state variable x; € R according to the following
discrete-time linear dynamics

X1 = agxe+ @B ] + Y (b + BE[u}]) + ck + Oewi,
ieN
(1a)
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where the initial state xg is a scalar random variable with
known finite mean and known finite variance, and ay, dx,
by, b\, cx, ox €R, i € N. wy € R denotes a stochastic
disturbance with zero-mean and finite variance. We assume
that the decisions of each player i € N additionally satisfy
the following mixed affine coupled inequality constraints

mEx]+ Y A/ Elu]] + pj, > 0, (1b)

jeN
where 77}, i, pi € R%, k € K;. We denote the set of players
excluding the player i by —i := N\ {i}. At any instant k € K;
the collection of actions of all players excluding player i is
denoted by u, " := col(u}, -+ ,ui ", ut™, - ul). The profile
of actions, also referred to as a strategy, of player i € N is
denoted by u’ := col (ul )K", pll 0 , and the strategy of all players
except player i is denoted by u™" := col (u* ) . Each player
i € N while choosing their actions seeks to minimize the
following interdependent stage additive cost functional

T u™) = gk (k) + 3Gk Elk)* + 1 Y (gi(w)?
keK;
+kuExk +% Z Z rk uk +r}ch[uk] ), (o)

keK; jeN

where ¢,7. €R, k € K and r,’{], PR, k€K,

Remark 1. From (la), the expected state dynamics is given
by

Elves] = (ax + @) Bl + Y (0 + DOE] + . (2)

ieN
As E[E[xi] (v — Elxi])] = 0 and E[E[ug] (] — E[]])] = 0, the
expected objective can also be represented with mean and
variance terms of state and control variables as follows

B[ (o', u™)] = $qiE{ (ox — Elwx])’] + 5 (g + Gk Bles
=’ (quuxk—Em])Z]+<qz+qz>E[xk12)
eK;
3 Y Y (WElu] —Eu))?]+ (Y +F)HEU]?). (3)
keK; jeN

The constraints given by (1b) are coupled i.e., at every
stage k € K;, the control actions u,' of players in —i
impose a restriction on player i’s control action u;. Collecting
the constraints of all the players, and by eliminating the
expectation of state variable using (2), we get

My ((ax—1 +ax—1) -~ (ao +ao)Elxo] + (ax—1 +dx_1) -
x (a1 +a1)BoE[uo] + -+ + (ax—1 +a—1)Br2E[ug ]

+ Br1Elug—1]) + NeE[ug] +px >0, (4
where My := col(mi)¥ ,, N —col(row(nk )1]v DN, Bii=
row (bl + b)Y | Elug] = col(E[ul])Y , and py = col(pi)Y .
The joint feasible strategy space of the players is given by

R(E[xo)) := {(u’,u™") € REN : (4) holds Vk € K;}.  (5)

Using (5), the admissible strategy space of player i € N for
a given E[xo] € R and u~' is given by

Ul(u™) :={u' e RE: (u',u™") € R(E[xo))}. (6)

Next, we have the following assumption.

Assumption 1. (i) For a given E[xy] € R, the joint admis-
sible strategy set R(E[xo]) C ]RKN is non-empty.

(ii) All the elements of the vector 7 € R* are non-zero for
all ke K; and i € N.

(iii) For each player i € N, q};, q;;—kcjf{ >0, ke K and r}z,
r4+F >0, ke K.

Item (i) is required to guarantee the existence of a solution
of (la) satisfying (1b), for a given E[xo] € R. Item (ii) is
required to satisfy the constraint qualification conditions.
Item (iii) is a technical assumption which can be relaxed;
see Remark 3.

The non-cooperative outcome, that is, mean-field-type
Nash equilibrium associated with MFTDGC, described by
(1), is defined as follows.

Definition 1. For a given E[xy] € R, an admissible strategy
profile (u™,u=™*) € R(E[xo]) is a mean-field-type generalized
Nash equilibrium (MFTGNE) for MFTDGC, if for each
player i € N the following condition holds

E[;(u™,u™™)] <E[i(u',u™™)], Vol € U'(u™™).  (7)
In this letter, we seek to obtain conditions for the existence
of MFTGNE for MFTDGC.
III. MAIN RESULT

In this section, we present a characterization of MFTGNE
for MFTDG. To this end, we employ the direct method,
which involves a five-step procedure for finding the solution.

Theorem 1. Let Assumption I holds. Assume there exist a
multiplier process {i* € R%, i € N, k € K;} satisfying the
following complementarity conditions
0< (m+ Y. A/ §)Elg] + ¥ /8 +pl L ¥ >0, (8)
JEN JEN

where {xi, k € K|} evolves as follows

o1 — Bl ] = Al —Epg]) + oowr, x5 =x0,  (92)
Elxi ] = AE] + () (b1 +5)6) +cx), (9b)
JEN

with Ay == ap+Y jen bin,{ 'A1_< = (akJde +YLjenN (biiJFBi)‘skl)
and for each i € N, {n;, 8,6, k € K;} satisfy the following
algebraic equations

rimi+bial Y bin] +biaf a =0, (10a)
JEN
(i + A&+ (b + B eg Y (b]+5])5]
JEN
+ (b + D) 0y (a +ax) =0, (10b)

(i + P8+ B+ By Y (b + B
JjEN
+ (0 +5i) (G 6+ Byt ) — 1" = 0, (10¢)
where Oc,i, a,i and ﬁ,é for k € K; are obtained by solving the
following backward difference equations

o = oy (Ar) +Zrk nk )> + 4,
JEN

(11a)
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ol =af (A + Y+ 7)) (8] + (g +d),  (11b)
JjEeN
Bi = AcBiy + Z "k +'711cj 5j+'5‘k6‘1i+1(b£+5£))515
je—i
— (mi+ Y 7 8]) ik + Aok, (11c)
JEN

with boundary conditions a}'( = qk, 56}'( = qi( +q‘§( and ﬁ1’< =

0. Then, the MFTGNE strategy of each player i € N is given
by

i —Euj’]

Eluy]

= nj(xf ~Elf)),
= 8E[) + &

(12a)
(12b)

Furthermore, the expected equilibrium cost of player i €
N is given by E[J'(u™*,u=™)] = Jo{E[(xo — E[xo])*] +
108 E[xo)? + BE[xo] + %), where ¥ for k € K; is obtained
from the following backward difference equation with bound-
ary condition Y = 0.

%="Yr1 — 3B (B +B)) ‘£+%j62_i< I+ 7)(8))?
Fa( L G+ B8 +e) (@ (X o+ B)§ +ei)
J je—i
+2B1) — 31 ( ;\I ) §) — i & +2p})
J
+ 30441 (00) B[ (wi)?]. (13)

Proof. First, it is straightforward to verify that when all
the players use strategies, given by (12), then {x}, k € K},
given by (9), is the generated state trajectory. Due to (8),
the inequality constraints (1b) hold for all players with
the strategy profile (u™*,u~™). This implies, (u™,u="*) €
R(E[xo]) or u™ € Ui(u=™), and in particular, U'(u="™) # 0.
Consider any admissible strategy profile u’ € U/(u=*), and
let {xx, k € K} be the corresponding state trajectory. Using
(12) for all players in —i, in (la), (2), and (1b) we obtain
the following relations

Elxgs1] = (ak+ak+z (b]+b])8])Elx]
+ (b + D] +J§ L b+ b) +cx), (14a)
Elxst]” = (ax +ax+ Z (b +B)5)) Efu)®
0L BPER (058 )
+2(ac+ac+ Y, (5] fz‘;;;)s,{)(b;;+B;;)1E[xk]E[u;g
+2(ak+dk+].§.(bi+l_7i)5,g)( Y (6 +5))8] +cr)
x By + 2(19;;/—:3;;) ( EZ .(bi + Ej,{e):ﬁ,{ +cx)Eful], (14b)
=
E[ (x4t — Elx1])’] = (@ + ;lbmk [ —Efx])?]
+ (0 El (g~ Elig])*] + (ijVE[(Wk)Z]
+2(ar+ ) i) bLE (v — Elx]) (ul, — E[u]), (14c)

je—i

e + A Elg] + Y 7§ + pi > 0.
je—i

(mi+ Y 7/ §])E
je—i

(144d)

Next we use the direct method to complete the proof.
Step 1 — (Defining a guess functional): We first define a
quadratic guess functional of the following form

Filk,xie) = S oy (o — Ela])® + 3 04 E[xe]* + B{E[a] + %

Step 2 — (Telescopic sum of the guess functional): Upon
taking the telescopic sum of f'(k,x;) over k € K we obtain

fi(OaXO) :fi(KaxK)_ Z (fi(k+laxk+1)_fi(k7xk))

keK;
3otk (xx —Elxk])* + 5 & Elxk ) + BeElrk] + %

=Y (o (o1 — Efxest])? — of (v — Exi])?)

Y (04 Elve])? — 4 E[x]?)

~
)
=

_% Z (ﬁléﬂ]E[ka] —ﬁlf]E[xk]‘*‘VliH _’J,llc) (15)

](EKI
Step 3 - (Difference between the cost and the guess
functional): Next, using the expressions (3), (14a)-(14c) and
(15) we compute E[J(u’,u™") — £1(0,x0)] as follows
E[J'(u',u™) = (0,%0)] = 5(qk — ot )E[ (xx —Elxx])’]
+5(qk +ak — 0 Exx]” — BeElxk] — 1%
_|_

; Bi )2 ; Fi)2

3L ((Ci+ SDEl e~ Bl + (L + G5Bl
kEKl

+ Y (M pl G+ Y 778 + E[xk]

keK; Jje—i
Ni & i 5T iy 4L (GZ_)2

+ ) (e (X A8+ ph) + 35
keK; je—i k

+ Y (Y[ (e, — B[ul))?] + BLE|(x¢ — Epxi]) (s — E[1])])
kEKl

+ Y (ADIEW) + (FEx] + Gy + w Al ELg]),  (16)
kEKl

where A} := r}j+a,;+l(b’) By : *O‘k+1(ak+Z/€ ’bink)b;"
C/lc': (G +Xjeirg (nk) ?) + 0 (@t Ejei knk) -
(ikl) . Dji=rf + oy (b +BY),

Fi= 0y (g +ag+Lje (0] + b)) 8]) (b +B),

G = (b + bl)(ak+1():f]€ z(bj + bj)5] + o) + ﬂk+1>

WAl L= (gl + @) + Ljeni(rd + RSP — o +
%y (ak+dk+2j€ i(bj+BJ)6J)2 - “Z‘) ;

Mi=Y e i(r; +r§j)5’5] i (m,grzjE ,nk 6k)+(ak+
a + Lje_ ,(bf + b)) (0], (Lje_i(b] + B + o) +
Biii) —Bi— Tk and

N/i = ijefz( r _U)(aj) - .uilc* (Z]e ,nk 6j + Pk) +
Yoi 1 (00 E[wi)?] + 30, (Ejei(b] +b’)5f +oe) +
ﬁ/erl(Zjefi(bi"‘bi)Bkj""ck)+7';c+1 Wc % ;{ :
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Step 4 — (Incorporation of inequality constraints and
completlon of squares): We add and subtract the term
ZkeK,.uk ((mk+2,e 1”2151) [xk]+ﬁZE[”ki+Zl€ lnicjéj
pk) to the right-hand-side of the expression E[J(u’,u™") —
f(0,xp)] in (16). Then, we perform the completion of
squares of the terms involving (u} —E[u}]) and E[u] as
follows

i — Elu))*) + BYE[(xx — Elwa]) (o — )]
= %Af;E[«u;; ~Elu]) + 5 u ~ Elx)’]

-3 Az>2]E[(Xk—E[Xk]) I, (172)
k
IDLE[]” + (FE[] + G ) Eluy] |
= 1D} (Eluf] + (FkE[xk]Jer)) 2“;’) E[x]?
KG, (G)?
~ o Bl i—% D (17b)

After performing the above calculations we obtain

E[ (u',u™™)] = E[£ (0,x0)] + Y wi' (0 + ¥ i/ 8/ Ew]
keK; je—i

]+ Z ”215] +pi) + 3 gk — ak)E[(xk — E[xk])

je—i
(dk + ax — ) Elxk]* — B Elxx] — %

Y (GE[(xk — E[x])*] + LiE[x]* + 2M; E[x,] + 2N} )

+1 ¥ AB[((~Bli) + 3 (5~ Elx)’]

+ AR [ul ]

1
+

3y (F{Elu] +Gp))” as)
Step 5 — (Verification of MFTGNE (7)): Next, using the
definitions of A}, B}, D, F{ and G} in (10) it is easy to verify
that n, = —B,/A;, §, = —F//Dj}, and &, = —G,/Dj. Then,
using (11) and (13), it is verified that the terms Cp, L, M; and
Ny are zero for k € K; (see the online supplementary version
[15] for these straightforward but lengthy calculations).

Next, as a = gk, 0 = gl +qk. B =0, 74 =0, the
expression (18) is simplified as follows

B (0, u™)] = E[f(0,x0) + ¥ ' (07 + Y 77 6))
keK; je—i
x Elv] + i Elu] + Y /8] + ph)
je—i

+1 ¥ ALE[ (4~ E]) — (% — Elxi])’]
](EK[

+1 Y DL(El] - §/El] - §)°. (19)
keK;

If u' is set as u'* (given by (12)) in (19), then we know
{x}, k € K} is the corresponding state trajectory which satis-
fies the complementarity condition (8) and evolves according
to (9). Then, the second term on the right-hand-side of the
expression in (19) vanishes. Besides this, the third and the
fourth terms also vanish as u™* satisfies (12). So, we have

E[J (u™,u™™)] = E[f'(0,x0)]. (20)

From Assumption 1. (i) every admissible u’ € U'( i) satis-
fies (mk+216 i )E[xk]"i_nZEiuk]"i'Zje lnk 5 +pl >O
Further, the multipliers in (8) satisfy p;*> 0 for all k e K.
This implies, the second term on right-hand-side of the
expression in (19) is non-negative. Besides this, as A, D} >0
for all k € K; the third and the fourth terms are also non-
negative. Consequently, comparing (19) and (20), we obtain

B (™, u ™)) < B (™)), Vo € U™,

As the choice of player i is arbitrary, the above condition
holds for each player i € N. So, from Definition 1, the
strategy profile {u , 1€ N, k€ K;} given by (12) is indeed
a MFTGNE. |

Remark 2. Using the algebraic equations (10), at each stage
k € K;, we note that the variables {nk,5k,5k,l € N} can
be solved interms of the variables {Ock 1% ﬁk IS
N}. Then, using these solutions in the backward difference
equations (11) the variables {a,&;,[/,i € N} are evalu-
ated. So, starting with the boundary conditions o = gk,
66;'( = q% —|—q‘}< and ﬁ,’( =0, and using thq abovp rrier_liioned
recursive procedure the variables {oy, &, B}, n;, 6,6, k €
K;, i € N} are determined. In particular, from (10c) and
(11c), the variables {5/,B}, k € K;, i € N} contain linear
terms involving the multipliers {1;*, k € K, i € N}. Further,
substituting {5/, k € K;, i € N} in (9), the MFTGNE state
trajectory {x;, k € K} is expressed linearly in terms of the
multipliers {u*, k € K, i € N}. Upon eliminating these
state variables in (8) we obtain (implicit) complementarity
conditions involving only the multiplies and E[xp] (which
is known). In Section IV, under a few assumptions on the
problem data, we illustrate the above mentioned procedure
towards determining the multipliers.

Remark 3. Assumption 1.(iii) can be relaxed with a less
stringent condition by requiring that the solutions {(x,i, d,i, ic
N, k € K} of the backward difference equations (1la)-
(11b) are such that A} = ri + off . | (b})?* and D}, = ril + 7l +
o (bj;.—|— 1_7;()2 are positive for all k € K; and i € N. We notice
that {oay, 0y, i € N, k € K} depend only on the problem
data associated with state dynamics (1a) and objectives (1c).
So, using the recursive procedure mentioned in Remark 2,
the required positivity condition can be verified numerically
using the problem data; see also Remark 5.

Remark 4. From Remark 3 and (18), we have that player
i’s expected cost function is a strictly convex function in her
decision variables u’.

IV. SOLVABILITY

In this section, we present an approach for reformu-
lating the equations (8)-(11) as single large-scale linear
complementarity problem. This procedure is based on [14],
and involves elimination of state variables in the equations
(8)-(9); see also Remarks 2 and 3. Due to space con-
straints, we provide only a brief overview of this approach
(see the online supplementary version [15] for details).
We define all the notations used in this section as fol-
lows: Ry := @ ril) Ry := @ (ri + 1), By := &Y |bi,
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B =l W+m8w4wwhpm—@ﬁéw—
col(mk—i—ZjeN Al SN |, ay —col(ock)l 1 O —col(ock)l s
Tk —COI(T]k), 1> Br —COI(Bk), 1> Ok := col(&] ), B Oy =
col(§; )l 0> uk —col(u,’(*)l 1 Ak —Rk—i—BkakHBk, Ay =
R; + Bkak+1 Bk, [Pk]ll = ( ij _11)61 + AkOCk_H(b] + b])
for i # j, [PHu=0, P? = @ﬁv (L + Y en! 8, P =
col(Acayy )Y 1 Next, for all k € K;, we aggregate the
variables as xi = col(xf)k_ |, Elx;] = col(]E[xk]),'f o Uk =
col(uf )2y, Eluk] = COI(E[UkDf s Mk = COl(Nk)k 0 ek =
col(ck)kfol, = col(5k)k 01, PK = col(pk)k 0, wK =
col(wk)k 0 nK = @k 07710 ok = @k 061(, Mk = O]Mk,
Nk = &, 'Ny. Let w(k, ) and ¢ (k,T) be the state transmon
matrices associated with the system dynamics (9a) and (9b),
respectively i.e., y(k,7) = Ar_1Ar_2---A; for any k > 7
and y(k,7) =1 for k=1, ¢ (k,7) = Ar_As_>---A; for any
k>t and ¢(k,7) =1 for k = 7. Using these, we define
[P|1<]kr = Bk+1 (IN®¢(T_ 17k))P% 1 [P%(]kr = B§<+1 (IN@
¢(r—1,k))P§ 1> [Pk = —BHI(IN@(Z)( T—1,k))P;_, for
T >k [Pkl = Aks [PRle = N [Pl = —Bjays and
Pller = 0, [Plic = 0, [Pilie = 0 for T < k, [®ol =
l[/(k— 1,0), [‘I’]]kr = l[/(k— 1,T>G¢-,1, for k > 7, [‘I’]]kz =0
for k < 7, [®olk = ¢(k—1,0), [®1lkr = ¢(k—1,7)Bry,
[®2]kr = ¢(k—1,7) for k> 7 and [®]p; =0, [P2] =0
for k <t with k,7 € K.

Using the above notations for all i € N, (12) can be written
compactly for all k € K; as

uk — E[uk] = nk (v — E[xK]), (21a)
Elug] = ok E[xg] + ok. (21b)
Similarly, for all i € N, (10) are given by
A = —Brouay, (222)
A6 = =By (ax +ay), (22b)
Arb = =By 1o — BBt + Ny (22¢)

Further, the vector form representation of (llc) is given
by B = (Iy ®Ak)ﬁk+1 +PLO+ P2 i + Pl =X (Ive
¢(7,k)) (PLo: + P2ps + P3cr) along with boundary condi-
tion B = 0. Using this in (22c), and collecting all the terms
for k € K; we obtain

We have the followmg assumption.
Assumption 2. The matrices {Ag, Ag, k € K;} are invertible.

In (23), PlK is a upper triangular matrix (as [Pk = 0 for

T < k) with Ay, k € K; as the block diagonal elements. From

Assumption 2, the matrix P|1< is also invertible. Then, from
(23) we have

SK = (Pl ) PKCK

"Praic+ (Py)~ 24)

Similarly, the equilibrium trajectory (9) and the complemen-
tarity condition (8) for all k € K; are represented as

xk —E[xk] = $o(xo — Elxo]) + ¥ 1wk, (25a)
Exic] = ®oE[xo] + ®10k + Pack, (25b)
0 < MkE[xi] + Nkdk +px L pi > 0. (25¢)

Theorem 2. Let Assumptions 1 and 2 hold. Then, the
MFTGNE strategy profile for MFTDG is given by

(26a)
(26b)

ug —E[u] = nxPo(xo — E[xo]) + nx ¥ 1wk,
E[ug] = Fux +P,

with py being the solution of the following single large-scale
linear complementarity problem

LcP: 0<Mpg+Q L pug >0, 27

where M = (|\7|K¢’] + NK)(PE()flsz, Q= MK(I’oE[xo] +
(Mx@1 + Ny)(PL)~'PY + Mk ®2) e +px, F = (0@ +
D)(PL)'Pk, P = dk®oE[xo] + ((6k®1 + I)(PL)'PX +
(5K‘I>2)CK.

Proof. Substituting (25a) in (21a) results in (26a). Us-
ing (25b) in (21b) and (25c) we get E[U*K] (0k®; +
I)SK + (SK(':I)()E[X()] + $yek) and 0 < (MK‘I’l + NK)5K +
MK(I)()E[X()} + MK(I’QCK + pk L pg > 0. Finally, using the
expression for 8k from (24) in the above equations we obtain
(26b) and (27), respectively. |

Remark 5. We note that equations (22) are a matrix repre-
sentation of the algebraic equations (10) at stage k € K;, with
Ay =Rp+ B;(akJr] B and Ay =Ry —|—B;{dk+1 Bs. Following
the recursive procedure outlined in Remarks 2 and 3, the
invertibilty of these matrices at every stage k € K;, as required
by Assumption 2, can be verified using the problem data
without the need for solving the LCP.

Remark 6. We note that the LCP given by (27) is an
implicit representation of (8)-(9). Further, if the LCP has
multiple solutions, then, from Theorem 1, each one of these
solutions constitutes a MFTGNE. The existence conditions
and numerical methods for the LCP have been extensively
studied in the optimization community; see [16] for details.

V. NUMERICAL ILLUSTRATION
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Fig. 1. A microgrid with two generators and one storage unit

In recent years, game theory has been extensively used
to analyze energy storage issues that arise in microgrid
management; see [17] and [18]. Motivated by these studies,
we consider a simplified microgrid model, as shown in Fig.
1. The model comprises two generators, G| and Gj, with
generation levels u}c and u%, respectively. These generators
supply power to a time-varying load represented by Lj,
through transmission lines. A storage unit, S, is installed
near the load, which can either store surplus generator output
(through charging) or supply the load (through discharging)
when demand is not met. Let x; denote the storage level at
time instant &, and its evolution due to charging and discharg-
ing be given by x| = axi + X7 b'ul — L + owy, where

€ (0,1) and b',h* € (0,1) account for the natural storage
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Fig. 2. Panel (a) depicts time varying load and generator outputs, and
panel (b) depicts the battery storage level and disturbance signal.

depreciation and transmission line losses respectively. We
assume that the uncertainties in power generation and storage
device operation are modeled by the disturbance process
wi, k € K. We consider the following constraints

2
Storage: x < E[xx1] = a Elx] + Zbi E[ul] — Ly, (28a)

i=1
Generation: u' < E[u}c} <, i=1,2. (28b)
The mixed (coupled) constraint (28a) indicates the reserve
level of the storage unit, that is, the mean storage level
cannot go below x. Further, (28b) represent the operational
constraints of the generators, that is, the mean/expected
production level E[u}] of each generator i = 1,2 cannot
go above #' and below u'. The generating units seek to
minimize their production costs which are proportional to
their generation levels. Further, they try to minimize vari-
ance in their generation levels. The generating units wish
not to have high storage levels when they are able to
meet the demand, and also wish to reduce the variance of
the storage level. We assume there are no terminal costs.
So, the cost functional of each generating unit i = 1,2 is
given as J’:‘: %ZkEKl (q'};]E[(Xk —'_E[xk]_)z] f(%‘*‘%)ﬂxk}z) +
L hew, ([l — Bl ))?] + (o + BE[ ).

For numerical illustration, we consider the following pa-
rameter values: r,’;i = 0.5, 7,’3 = 2.5, qf{ = 3.5, q;'( = 0.5,
i=12, keK, a=09, b' =090, b>* =094, x = 1.5,
u' =15, w> =05, a' =45, @® =7, K =140, 6 =0.2,
xo = 3 (deterministic). We consider the disturbance signal
wg, k € K; to be a white Gaussian noise process. For
the chosen parameter values, we note that the conditions
required in Assumption 2 are satisfied. We used the freely
available PATH solver (available at https://pages.cs.
wisc.edu/~ferris/path.html) for solving the LCP
(27). Fig. 2a illustrates the time varying load and generator
production levels. We observe that the generators vary their
production levels while satisfying the generation constraints
(28b). Fig. 2b illustrates the battery storage levels and
the disturbance signal. In particular, we observe that when
Elxir1] —Eli] = (a— DE[x] + b'Efu} ]| + B*E[uf] — Ly < 0,
the storage unit discharges towards meeting the demand

and thereby reaches its reserve level x, satisfying the mixed
coupled constraint (28a).

VI. CONCLUSION

We have characterized the solution for a class of linear-
quadratic MFTDGs with coupled affine inequality con-
straints. This involves a multiplier process satisfying implicit
complementarity conditions. By reformulating these condi-
tions as a single large-scale linear complementarity problem,
we enable computation of these solutions. A numerical
example has illustrated our proposed approach. In future
work, we aim to generalize the constraint structure to include
state and control terms, alongside their mean terms. Further,
we also plan to explore the problem in the continuous-time
formulation.
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