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Abstract— We establish a layer-wise parameterization for 1D
convolutional neural networks (CNNs) with built-in end-to-
end robustness guarantees. In doing so, we use the Lipschitz
constant of the input-output mapping characterized by a CNN
as a robustness measure. We base our parameterization on the
Cayley transform that parameterizes orthogonal matrices and
the controllability Gramian of the state space representation
of the convolutional layers. The proposed parameterization
by design fulfills linear matrix inequalities that are sufficient
for Lipschitz continuity of the CNN, which further enables
unconstrained training of Lipschitz-bounded 1D CNNs. Finally,
we train Lipschitz-bounded 1D CNNs for the classification of
heart arrythmia data and show their improved robustness.

I. INTRODUCTION

Robustness of neural networks (NNs) has lately been
a topic of increasing importance, for which the Lipschitz
constant of the NN’s input-output mapping has become a
common metric [1]. For a low Lipschitz constant, a slightly
perturbed input admits only small changes in the output
which is desirable in robust NNs. Finding an accurate upper
bound on an NN’s Lipschitz constant has been broadly
tackled, e.g. using relaxations by quadratic constraints [2],
[3], average operators [4] and polynomial optimization [5].
In addition, the training of provably Lipschitz-bounded NNs
was proposed by including constraints [6], [7] and regu-
larization techniques [8]. While effective, one drawback of
these methods is the computational overhead coming from
constraints and projections in the optimization problem [7].

To overcome this, [9], [10], [11] suggest so-called di-
rect parameterizations for equilibrium networks, recurrent
equilibrium networks, and feedforward neural networks, re-
spectively, with guaranteed Lipschitz bounds. From a set of
unconstrained variables [9], [10], [11] formulate the NNs
in such a way that they by design satisfy linear matrix
inequalities (LMIs). These LMIs in turn are sufficient condi-
tions for Lipschitz continuity such that, this way, one can
parameterize the class of Lipschitz-bounded NNs with a
Lipschitz upper bound predefined by the user. The underlying
training problem boils down to an unconstrained optimiza-
tion problem that can be solved using gradient methods. In
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this work, we take the same approach as in [9], [10], [11]
to parameterize Lipschitz-bounded 1D convolutional neural
networks (CNNs).

CNNs play an important role in deep learning and have
been tremendously successful in image and audio processing
tasks [12], [13], [14]. We distinguish between 1D and 2D
CNNs: By 1D CNNs, we mean CNNs with inputs with one
propagation dimension such as time signals, whereas 2D
CNNs take inputs with two propagation dimensions, e.g.,
pictures. This paper focuses on 1D CNNs, that typically
consist of convolutions (= finite impulse response (FIR) fil-
ters), nonlinear activation functions, that are slope-restricted,
pooling layers, and linear layers that are concatenated in a
feedforward structure. 1D CNNs parameterize a rich class
of nonlinear systems and are utilized as classifiers for time
signals. An extension to 2D CNNs based on [15] is left for
future work.

While numerous methods exist for enforcing Lipschitz
continuity and orthogonality in fully connected layers [16],
the design of Lipschitz-bounded convolutional layers and
CNNs is less studied and often restricted to special convo-
lutions [17]. Recently, this has been approached via parame-
terization of convolutional layers in the Fourier domain [11],
[17], however, parameterizations in [11] are built for a par-
ticular input size, whereas our new parameterization in state
space is independent of the input dimension, and can even
be applied causally to a signal on [0,∞). Another feature of
our approach is that we impose Lipschitz continuity directly
onto the input-output mapping rather than on all individual
layers, like it is done in many other works [18], using that
the product of the Lipschitz bounds of the layers yields a
Lipschitz bound for the overall NN. In this way, our approach
shows reduced conservatism in the compliance with the
Lipschitz bound, i.e., our CNNs have higher expressivity for
the same Lipschitz bound. In addition our approach accounts
for standard pooling layers, which were not addressed in
other recent Lipschitz-bounded parameterizations of CNNs
[11].

Our main contribution is a scalable and expressive layer-
wise parameterization of Lipschitz-bounded 1D CNNs that
makes use of the Cayley transform to parameterize orthog-
onal matrices. Beside the Cayley transform, a tool that was
used for NN parameterization before, we newly propose to
utilize the controllability Gramian in the context of param-
eterizing convolutional layers of Lipschitz-bounded CNNs.
In particular, we reformulate parts of the underlying LMI,
that enforces dissipativity onto convolutional layers, as a
Lyapunov equation whose unique analytical solution is the
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controllability Gramian. Using our parameterization, we then
train Lipschitz-bounded 1D CNNs solving an unconstrained
optimization problem.

The remainder of the paper is structured as follows:
Section II first introduces 1D CNNs and formally states the
training problem. In Section III, we discuss preliminaries,
including state space represenations for 1D convolutions and
Lipschitz constant estimation for 1D CNNs. In Section IV,
we present our direct parameterization for Lipschitz-bounded
1D CNNs and in Section V, we train Lipschitz-bounded
1D CNNs on the MIT-BIH arrhythmia database [19], a
well-known benchmark dataset for 1D CNNs. Finally, in
Section VI, we conclude the paper.

Notation: By Dn (Dn
+) and Sn (Sn

+), we denote the set
of n-dimensional (positive definite) diagonal and symmetric
matrices, respectively, and by N+ the natural numbers with-
out zero. I is a set of indices with elements i ∈ N+, and
|I | gives the number of elements in the index set I .

II. PROBLEM STATEMENT

We consider 1D CNNs that are a concatenation of convolu-
tional layers Ci :Rci−1×Ni−1 →Rci×Ni with indices i∈IC, and
fully connected layers Li : Rni−1 → Rni with indices i ∈ IF

CNNθ = Ll ◦ . . .◦Lp+1 ◦F ◦Cp ◦ . . .◦C1, (1)

adding up to a total number of l = |IC|+ |IF | layers.
Here, Ni denotes the signal length, ci the channel size,
and ni the layer dimension of the respective i-th layer. To
transition from the fully convolutional part of the CNN to
the fully connected part, we necessitate a flattening operation
F : Rcp×Np → Rnp that operates on the output of the p-th
(last) convolutional layer with np = cpNp.

A convolutional layer consists of two to three stages, a
convolution operation, a nonlinear activation, and possibly a
pooling operation. The first two stages are

C̃i : wi
k = φi

(
bi +

ℓi−1

∑
j=0

Ki
jw

i−1
k− j

)
, k = 0, . . . ,Ni −1 ∀i ∈IC,

(2)
with convolution kernel Ki

j ∈Rci×ci−1 , j = 0, . . . , ℓi−1, kernel
size ℓi, and bias bi ∈ Rci . First, a convolution on the signal
wi−1 ∈Rci−1×Ni−1 is applied and subsequently, the nonlinear
activation function φi :Rci →Rci is evaluated element-wise to
obtain the output wi ∈ Rci×Ni−1 . Oftentimes, a convolutional
layer additionally contains pooling layers Pi : Rci×Ni−1 →
Rci×Ni to downsample the signal wi. We consider maximum
pooling

Pmax
i : w̃i

k = max
j=1,...,ℓi

wi
ℓi(k−1)+ j, k = 0, . . . ,Ni −1,∀i ∈ I max

P ,

and average pooling

Pav
i : w̃i

k =
1
ℓi

ℓi

∑
j=1

wi
ℓi(k−1)+ j, k = 0, . . . ,Ni −1,∀i ∈ I av

P ,

where I av
P ∪I max

P ⊆IC. As a result, the convolutional layer
becomes Ci =Pi◦C̃i in case a pooling layer is added or Ci =

C̃i otherwise. Finally, a CNN typically holds fully connected
layers, which we define as mappings

Li : wi = φi(Wiwi−1 +bi) ∀i ∈ IF\{l},
Ll : wl =Wlwl−1 +bl

(3)

with weights Wi ∈ Rni×ni−1 , biases bi ∈ Rni and activation
functions φi : Rni → Rni that are applied element-wise.

The 1D CNN fθ (w0) = wl is hence characterized by
θ = {(Ki,bi)

p
i=1,(Wi,bi)

l
i=p+1} and the chosen activation

and pooling operations. In this work, we present a direct
parameterization for Lipschitz-bounded 1D CNNs (1).

Problem 1: Find a parameterization κ 7→ θ of fθ for a
predefined Lipschitz bound ρ > 0 such that all 1D CNNs
parameterized by κ are ρ-Lipschitz continuous with respect
to the ℓ2 norm, i. e., they satisfy

∥ fθ (x)− fθ (y)∥2 ≤ ρ∥x− y∥2 ∀x,y ∈ Rn. (4)
In the case of multiple channels c, n= cN denotes the stacked
up version of the input. Note that ∥ · ∥2 in (4) can either be
interpreted as the Euclidean norm of a vector-valued input x
or as the ℓ2 norm of a signal x.

To train a Lipschitz-bounded CNN, we minimize a learn-
ing objective L (θ), e. g., the mean squared error, the cross-
entropy loss or, to encourage robustness through the learning
objective a tailored loss, e.g. the hinge loss [20], while at the
same time enforcing Lipschitz-boundedness onto the CNN.
Rather than solving a training problem subject to a Lipschitz
constraint, which can get computationally involved, i. e.,

min
θ

L (θ) s. t. fθ is Lipschitz-bounded,

the suggested parameterization κ 7→ θ allows to solve an un-
constrained training problem over κ using gradient methods

min
κ

L (θ(κ)).

III. PRELIMINARIES

Before we state the parameterization of Lipschitz-bounded
1D CNNs in Section IV, we introduce a compact formulation
of convolutions in state space and state LMI conditions
that certify Lipschitz boundedness and that can be used to
estimate the Lipschitz constant for 1D CNNs [3]. In addition,
we introduce the Cayley transform used to parameterize
orthogonal matrices.

A. State space representation for convolutions

To formulate LMI conditions for convolutional layers, we
can either reformulate the convolutional operation as a fully
connected layer characterized by a sparse and redundant
Toeplitz matrix [7] that scales with the input dimension or,
as suggested in [3], we can compactly state the convolution,
i. e., an FIR filter, in state space, completely independent of
the input signal length. A possible discrete-time state space
representation of the i-th convolutional layer (2) with state
xi

k ∈ Rnxi and state dimension nxi = (ℓi −1)ci−1 is

xi
k+1 = Aixi

k +Biwi−1
k ,

yi
k =Cixi

k +Diwi−1
k +bi,

wi
k = φ(yi

k),

(5)
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where

Ai =


0 I 0

0 0
. . .

...
. . . I

0 . . . 0

 , Bi =


0
...
0
I

 , (6a)

Ci =
[
Ki
ℓi−1 . . . Ki

1
]
, Di = Ki

0. (6b)

Note that 2D convolutions also admit a state space real-
ization, namely as a 2D system [15], based on which our
parameterization can potentially be extended to end-to-end
Lipschitz-bounded 2D CNNs.

B. Lipschitz constant estimation

The Lipschitz constant is a sensitivity measure to changes
in the input, which is commonly used to verify robustness for
NNs [1]. Since, however, the calculation of the true Lipschitz
constant is an NP-hard problem, an accurate upper bound is
sought instead. For this purpose, we over-approximate the
nonlinear activation functions by their slope-restriction cone
[2], [6]. Commonly used activation functions ϕ : R → R,
such as ReLU and tanh, are slope-restricted in [0,1], i. e.,

0 ≤ ϕ(x)−ϕ(y)
x− y

≤ 1 ∀x,y ∈ R.

Based on this element-wise property, we formulate an incre-
mental quadratic constraint[

φ(x)−φ(y)
x− y

]⊤ [−2Λ Λ

Λ 0

][
φ(x)−φ(y)

x− y

]
≥ 0 ∀x,y ∈ Rn,

(7)
which, by the multipliers Λ ∈Dn

+, is a conic combination of
the element-wise slope-restriction constraint and a suitable
over-approximation of the nonlinearities in all n neurons.
The following theorem states a set of l LMI conditions that
serve as a sufficient condition for Lipschitz continuity for
1D CNNs based on the relaxation (7) [3].

Theorem 2 ([3]): Let CNNθ and ρ > 0 be given and let
all activation functions be slope-restricted in [0,1]. If there
exist

(i) Qi ∈ Sci (Qi ∈ Dci if a convolutional layer contains a
maximum pooling layer), Pi ∈ Snxi

+ , and Λi ∈ Dci
+ such

that ∀i ∈ IC Pi −A⊤
i PiAi −A⊤

i PiBi −C⊤
i Λi

−B⊤
i PiAi Qi−1 −B⊤

i PiBi −D⊤
i Λi

−ΛiCi −ΛiDi 2Λi −Qi

⪰ 0, (8)

where Q0 = ρ̃2I,
(ii) Qi ∈ Sni and Λi ∈ Dni

+ such that ∀i = IF\{l}[
Qi−1 −W⊤

i Λi
−ΛiWi 2Λi −Qi

]
⪰ 0 and

[
Ql−1 −W⊤

l
−Wl I

]
⪰ 0,

(9)

where Qp := INp ⊗Qp,
then the CNNθ is ρ-Lipschitz continuous with ρ =
ρ̃ ∏s∈I av

P
µs, where µs are the Lipschitz constants of the

average pooling layers.

The proof of Theorem 2 is based on the dissipativity
of the individual layers of CNNθ that are connected in a
feedforward fashion, see [3] for details and the proof. Note
that the matrix Qi−1, which is a gain matrix, links the i-th
layer to the previous layer and by this interconnection we
can finally analyze Lipschitz continuity of the input-output
mapping wl = CNNθ (w0) [3].

Based on Theorem 2, we can determine an upper bound on
the Lipschitz constant for a given CNN solving a semidefinite
program

min
ρ2,Λ,P,Q

ρ
2 s. t. (8), (9), (10)

where Λ = {Λi}i∈IC∪IF\{l}, Q = {Qi}i∈IC∪IF\{l}, P =
{Pi}i∈IC serve as decision variables together with ρ2.

C. Cayley transform

Typically, the Cayley transform maps skew-symmetric
matrices to orthogonal matrices and its extended version
parameterizes the Stiefel manifold from non-square matrices,
which can be useful in designing NNs [11], [17], [21].

Lemma 3 (Cayley transform [22]): For all Y ∈ Rn×n

and Z ∈ Rm×n the Cayley transform

Cayley
([

Y
Z

])
=

[
U
V

]
=

[
(I +M)−1(I −M)

2Z(I +M)−1

]
,

where M = Y −Y⊤ + Z⊤Z, yields matrices U ∈ Rn×n and
V ∈ Rm×n that satisfy U⊤U +V⊤V = I.
Note that I +M is nonsingular since 1 ≤ λmin(I + Z⊤Z) ≤
Re(λmin(I +M)).

IV. DIRECT PARAMETERIZATION

While (10) analyzes Lipschitz continuity for given 1D
CNNs, it also is desirable to train robust CNNs, i. e., ρ-
Lipschitz bounded CNNs where the robustness level ρ is
chosen by the user. In this section, we introduce a layer-
wise parameterization for 1D CNNs (1) that renders the
input-output mapping Lipschitz continuous. We first discuss
a parameterization for fully connected layers that satisfy (9)
by design, using a similar construction to [11]. Our key
contribution then is the parameterization of convolutional
layers, which is carried out in two steps. In a first step,
we establish a parameterization of Pi that renders the left
upper block in (8) positive definite using the controllability
Gramian and afterwards, we introduce the parameterization
for convolutional layers that by design satisfy (8).

A. Fully connected layers

In the following, we present a mapping κi 7→ (Wi,bi) from
unconstrained variables κi that renders (9) feasible by design.

Theorem 4: Fully connected layers (3) parameterized by

Wi =
√

2Γ
−1
i V⊤

i Li−1, bi ∈ Rni , ∀i ∈ IF\{l}, (11a)

Wl =V⊤
l Ll−1, bl ∈ Rnl , (11b)

wherein

Γi = diag(γi), Li =
√

2UiΓi,

[
Ui
Vi

]
= Cayley

([
Yi
Zi

])
,
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satisfy (9). This yields the mappings (Yi,Zi,γi,bi) 7→ (Wi,bi),
i ∈ IF\{l}, and (Yl ,Zl ,bl) 7→ (Wl ,bl), respectively, where
Yi ∈ Rni×ni , Zi ∈ Rni−1×ni , bi ∈ Rni , i ∈ IF , γi ∈ Rni , i ∈
IF\{l} are free variables.

Proof: According to Lemma 3, Ui and Vi satisfy U⊤
i Ui+

V⊤
i Vi = I, wherein we insert the parameterization (11a) and

Ui =
1√
2
LiΓ

−1
i to obtain

1
2
(Γ−1

i L⊤
i LiΓ

−1
i +ΓiW⊤

i L−1
i−1L−⊤

i−1WiΓi) = I.

With Qi = L⊤
i Li and Λi = Γ⊤

i Γi, we further obtain

Qi +ΛiWiQ−1
i−1W⊤

i Λi = 2Λi,

which implies 2Λi − Qi − ΛiWiQ−1
i−1W⊤

i Λi ⪰ 0. Next, we
apply the Schur complement, which yields the left inequality
in (9). The last fully connected layer is a special case
that does not contain an activation function. Inserting the
parameterization (11b) gives

U⊤
l Ul +V⊤

l Vl =U⊤
l Ul +WlQ−1

l−1W⊤
l = I,

which implies I −WlQ−1
l−1W⊤

l = U⊤
l Ul ⪰ 0, which by the

Schur complement satisfies the right inequality in (9).
Note that the connection between the auxiliary matrices Li in
(11) and Qi in (9) is L⊤

i Li = Qi and the relation between the
multiplier matrices Λi in (7) / (9) and Γi in (11) is Γ⊤

i Γi =Λi.
Remark 5: Throughout the paper, we assume that Γi and

Li are nonsingular. In our experiments, this was always the
case. However, there also are tricks to enforce this property,
e.g., by choosing Γi = diag(eγi) [11].

Remark 6: Our parameterization (11) is equivalent to the
one established in [11], where they show that it is necessary
and sufficient, i. e., the fully connected layers (3) satisfy (9)
if and only if the weights can be parameterized by (11).

B. Parameterization by the controllability Gramian

In this section, we make use of the controllability Gramian
of (5) to parameterize convolutional layers, which to the
best knowledge of the authors, has thus far not appeared
in the context of parameterizing NNs. For that purpose, we
introduce

Fi :=
[

Pi −A⊤
i PiAi −A⊤

i PiBi
−B⊤

i PiAi Qi−1 −B⊤
i PiBi

]
≻ 0, (12)

which is the left upper block in (8) and further, we introduce
Ĉi :=

[
Ci Di

]
, which simplifies the notation of (8) to[

Fi −Ĉ⊤
i Λi

−ΛiĈi 2Λi −Qi

]
⪰ 0. (13)

We note that the LMI (13) and the left LMI in (9) share a
similar structure. The right lower block is the same in both
LMIs. Beside the biases bi, the parameters to be trained
in the CNN layers are collected in Ĉi, cmp. (6), whereas
the parameters Wi characterize the fully connected layers. In
the off-diagonal blocks of the respective LMIs (13) and (9)
Ĉi and Wi appear respectively multiplied by Λi. The only
difference appears in the left upper blocks of the LMIs.
While in LMI (9) for fully connected layers, we here have

Qi−1 = L⊤
i−1Li−1 ≻ 0 for nonsingular Li−1, LMI (13) for

convolutional layers here contains Fi, that depends on Qi−1.
To render Fi positive definite, we parameterize Pi as follows,
using the controllability Gramian.

Lemma 7: For some ε > 0 and all Hi ∈ Rnxi×nxi , the
matrix Pi = X−1

i with

Xi =

nxi−ci−1

∑
k=0

Ak
i (BiQ−1

i−1B⊤
i +H⊤

i Hi + εI)(A⊤
i )

k, (14)

renders (12) feasible.
Proof: The matrix Ai is a nilpotent matrix, i. e.,

Anxi−ci−1+k = 0 ∀k ≥ 1, such that (14) can be written as

Xi =
∞

∑
k=0

Ak
i (BiQ−1

i−1B⊤
i +H⊤

i Hi + εI)(A⊤
i )

k,

which corresponds to the controllability Gramian of the lin-
ear time-invariant system characterized by (Ai,Bi) as defined
in (6a), i. e., the unique solution Xi ≻ 0 to the Lyapunov
equation

Xi −AiXiA⊤
i −BiQ−1

i−1B⊤
i = H⊤

i Hi + εI ≻ 0. (15)

Note that Xi is positive definite by design, given that Qi−1 =
L⊤

i−1Li−1 ≻ 0 such that BiQ−1
i−1B⊤

i + H⊤
i Hi + εI is positive

definite. Next, we apply the Schur complement to (15) to
obtain X−1

i 0 A⊤
i

0 Qi−1 B⊤
i

Ai Bi Xi

≻ 0.

Now inserting Pi = X−1
i and again applying the Schur com-

plement yields (12).

C. Convolutional layers

In this subsection, we present a direct parameterization
for convolutional layers such that they satisfy (13) by design.
Our parameterization of convolution kernels Ki ∈Rci×ci−1×ℓi ,
or equivalently Ĉi ∈ Rci×ℓici−1 , is independent of the input
dimension Ni whereas other approaches design a parameter-
ization for Lipschitz-bounded convolutions and CNNs in the
Fourier domain which involves the inversion of Ni matrices
[17], [11].

Theorem 8: Convolutional layers (2) that contain an av-
erage pooling layer or no pooling layer parameterized by

Ĉi =
√

2Γ
−1
i V⊤

i LF
i , bi ∈ Rci , ∀i ∈ IC\I max

C , (16)

wherein

Γi = diag(γi),

[
Ui
Vi

]
= Cayley

([
Yi
Zi

])
, LF

i = chol(Fi),

satisfy (8). Here, chol(·) denotes the Cholesky decomposi-
tion, Qi = L⊤

i Li, L0 = ρI, Li =
√

2UiΓi, Fi is given by (12)
with Pi parameterized from Qi−1 and Hi using (14). The
free variables beside bi are Yi ∈ Rci×ci , Zi ∈ Rℓici−1×ci , Hi ∈
Rnxi×nxi , γi ∈ Rci , i ∈ IC\I max

C , which yields the mapping
(Yi,Zi,Hi,γi,bi) 7→ (Ki,bi).
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Proof: The matrices Ui and Vi satisfy U⊤
i Ui+V⊤

i Vi = I,
wherein we insert the parameterization (16) to obtain

1
2
(Γ−1

i L⊤
i LiΓ

−1
i +ΓiW⊤

i LF
i−1

−1
LF

i−1
−⊤

WiΓi) = I.

Lemma 7 ensures positive definiteness of Fi, i. e., its
Cholesky decomposition exists, and we insert Qi = L⊤

i Li,
Fi = LF

i
⊤LF

i , Λi = Γ⊤
i Γi, to further obtain

Qi +ΛiĈiF−1
i Ĉ⊤

i Λi = 2Λi,

which implies 2Λi−Qi−ΛiĈiF−1
i Ĉ⊤

i Λi ⪰ 0. Next, we apply
the Schur complement and obtain (13) which corresponds to
(8).
To account for average pooling layers present in the CNN,
we rescale the desired Lipschitz bound with the product of
the Lipschitz bounds of the average pooling layers, i. e.,
ρ̃ = ρ/Πs∈I av

P
, cmp. Theorem 2, and then we use (16) to

parameterize the convolutional layer.

D. Maximum pooling layers

In case there is a maximum pooling layer in Ci, i. e.
Ci = Pmax

i ◦ C̃i, we need to parameterize Qi as a diagonal
matrix, cmp. Theorem 2, which also affects the parameteri-
zation. This constraint comes from the incremental quadratic
constraint used to include maximum pooling layers [3].
While average pooling is a linear operation and allows for
full matrices Qi, the nonlinearity of the maximum pooling
layer is the reason for the additional diagonality constraint.

Corollary 9: Convolutional layers (3) that contain a max-
imum pooling layer parameterized by

Ĉi = Λ
−1
i Γ̃iŨ⊤

i LF
i , bi ∈ Rci , ∀I max

C (17)

satisfy (8), wherein

Λi =
1
2

(
Γ̃
⊤
i Γ̃i +Qi

)
, Γ̃i=diag(γ̃i), Ũi = Cayley(Ỹi),

Qi = L⊤
i Li, L0 = ρI, Li = diag(li), LF

i = chol(Fi), where Fi
is given by (12) with Pi parameterized from Qi−1 and Hi
using (14). The free variables Ỹi ∈ Rℓici−1×ci , Hi ∈ Rnxi×nxi ,
γ̃i, li ∈Rci , i∈I max

C compose the mapping (Ỹi,Hi, γ̃i, li,bi) 7→
(Ki,bi).

Proof: Using that Ũi satisfies Ũ⊤
i Ũi = I, we insert (17)

and we replace Fi = LF
i
⊤LF

i , whose Cholseky decomposition
exists by Lemma 7, to obtain

ΛiĈiF−1Ĉ⊤
i Λi = Γ̃

⊤
i Γ̃i = 2Λi −Qi,

which implies 2Λi −Qi −ΛiĈiF−1Ĉ⊤
i Λi ⪰ 0, which by the

application of the Schur complement satisfies (13).

E. ρ-Lipschitz layers

In this work, we enforce Lipschitz continuity onto the
input-ouput mapping of the CNN, which is more general
and less conservative than approaches that include Lipschitz
guarantees for the individual layers, using that the product of
the Lipschitz bounds gives the Lipschitz bound for the NN
[18]. In this section, we adapt our approach to the special

N L R A V

Fig. 1: Different heart wave classes.

case of parameterizing ρ-Lipschitz linear layers, i. e., by
choosing Qi−1 = ρ2I, Qi = I, and Λi = I.

Corollary 10: The i-th linear fully connected layer

vi =Wiwi−1 +bi with Wi = ρŨ⊤
i , bi ∈ Rni ,

is ρ-Lipschitz continuous, where Ũi = Cayley(Ỹi), and Ỹi ∈
Rni−1×ni is a free variable, which yields the mapping
(Ỹi,bi) 7→ (Wi,bi).

Corollary 11: The i-th 1D convolution

vi = bi +
ℓi−1

∑
j=0

Ki
jw

i−1
k− j with Ĉi = Ũ⊤

i LF
i , bi ∈ Rci ,

where Ki is recovered according to (6b), is ρ-Lipschitz
continuous. Herein, Ũi =Cayley(Ỹi), LF

i = chol(Fi), where Fi
is given by (12) with Pi parameterized from Qi−1 = ρ2I and
Hi using (14). Beside bi the free variables are Ỹi ∈Rℓici−1×ci ,
Hi ∈ Rnxi×nxi , yielding the mapping (Ỹi,Hi,bi) 7→ (Ki,bi).
The proofs of Corollaries 10 and 11 follow along the lines
of the proof of Corollary 9.

V. SIMULATION RESULTS

In this section, we train Lipschitz-bounded 1D CNNs
(LipCNNs) to classify heart arrythmia data from the MIT-
BIH database, an ECG database [19], in its preprocessed
form [23] that assigns heart wave signals to one of the
five classes depicted in Fig. 1: N (normal beat), L (left
bundle branch block), R (right bundle branch block), A (atrial
premature contraction), V (ventricular premature contrac-
tion). In particular, we use 26,490 samples, 13,245 training
data points and 13,245 test data points. Fig. 2a shows the
architecture of the 1D CNN used to train on the ECG
dataset, and for training we choose the cross-entropy loss
as the objective. For training, we use Flux, JuMP, and
RobustNeuralNetworks.jl [24] in Julia in combination with
MOSEK [25] on a standard i7 notebook1.

We compare our approach to vanilla CNNs and L2 regu-
larized CNNs with different weighting factors γ . To evaluate
the robustness of the CNNs, we compute the test accuracy on
adversarial examples from the L2 projected gradient descent
attack for different perturbation strengths, which is shown
in Fig. 2b. Note that the two shown LipCNNs indicate
comparably high test accuracies to the shown vanilla and
L2 regularized CNNs on unperturbed data while maintaining
higher accuracies than their counterparts as the perturbation
strength increases. Further, Table I shows the averaged
test accuracies and upper and lower Lipschitz bounds for
different 1D CNNs and Fig. 3 illustrates the tradeoff between

1Code is available at www.github.com/ppauli/1D-LipCNNs.
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Input signal: 128 (dimension) x 1 (channel)

Conv: 3 kernel + front padding: 128 x 1

Average pool: 2 kernel + 2 stride: 128 x 2

Conv: 3 kernel + front padding: 64 x 3

Average pool: 2 kernel + 2 stride: 32 x 3

Dense: 60 fully connected layer

Dense: 5 fully connected layer

Output: 1 of 5 classes

ReLU

ReLU

flatten

ReLU

(a) 1D CNN architecture.
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(b) Adversarial attack.

Fig. 2: (a) CNN used for ECG dataset. (b) Vanilla, L2
regularized (γ = 0.1) and Lipschitz (ρ = 10,50) CNN on
adversarial examples with different perturbation strengths ε

created using the L2 projected gradient descent attack [26].

TABLE I: Test accuracy and Lipschitz upper bound [3] and
empirical Lipschitz lower bound of trained CNNs, averaged
over 5 CNNs.

vanilla L2γ=0.05 L2γ=0.1 Lip5 Lip10 Lip50
Test acc. 94.9% 92.4% 90.6% 84.8% 90.0% 94.7%
Lip. UB 147 45.7 33.9 4.99 9.85 45.3
Emp. LB 28.3 13.2 10.2 2.20 4.06 15.1

accuracy and robustness. Low Lipschitz bounds mean high
robustness, yet we observe lower test accuracies and vice
versa. We note that the vanilla CNN has significantly larger
upper Lipschitz bounds than LipCNN and further, LipCNN
maintains high test accuracies as the Lipschitz bound de-
creases in Fig. 3. With even larger weighting parameters γ in
L2 regularized training the training failed, whereas LipCNNs
allows for training with very low Lipschitz bounds.

VI. CONCLUSION

In this paper, we introduced a parameterization for
Lipschitz-bounded 1D CNNs using Cayley transforms and
controllability Gramians. Using our parameterization we
can train Lipschitz-bounded 1D CNNs in an unconstrained
training problem which we illustrated in the classification
of ECG data from the MIT-BIH database. Future research
includes the extension of our parameterization to 2D CNNs
using a 2D systems approach as suggested in [15].
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Fig. 3: Accuracy robustness tradeoff. Test accuracy over
Lipschitz constant from SDP [3], averaged over 5 CNNs.
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