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Abstract— This paper studies optimal control problems of
unknown linear systems subject to stochastic disturbances of
uncertain distribution. Uncertainty about the stochastic distur-
bances is usually described via ambiguity sets of probability
measures or distributions. Typically, stochastic optimal control
requires knowledge of underlying dynamics and is as such
challenging. Relying on a stochastic fundamental lemma from
data-driven control and on the framework of polynomial chaos
expansions, we propose an approach to reformulate distribu-
tionally robust optimal control problems with ambiguity sets as
uncertain conic programs in a finite-dimensional vector space.
We show how to construct these programs from previously
recorded data and how to relax the uncertain conic program
to numerically tractable convex programs via appropriate
sampling of the underlying distributions. The efficacy of our
method is illustrated via a numerical example.

Keywords: Distributional ambiguity, optimal control,
Willems’ fundamental lemma, uncertainty propagation, poly-

nomial chaos expansion

I. INTRODUCTION

In many real-world applications, stochastic disturbances
pose significant challenges, such as distributed energy sys-
tems facing uncertain wind speed and renewable energy gen-
eration, or building control systems dealing with uncertain
weather conditions and occupancy. To hedge against the
uncertainty surrounding the disturbance statistics, distribu-
tionally robust formulations optimize over an ambiguity set
of possible disturbance distributions ensuring robust satisfac-
tion of equality and inequality constraints [1]. Additionally,
the complexity and time-consuming nature of first principles
modeling and system identification further motivates the need
for data-driven approaches.

There are two prominent data-driven avenues to distri-
butionally robust optimal control: data-based synthesis of
ambiguity sets to capture the uncertainty surrounding the
distribution of disturbances while requiring explicit knowl-
edge of a system model [2]-[4] and robustness analysis of
data-driven system descriptions with respect to uncertainty
surrounding the distribution of the measurement noise [5].
However, uncertainty propagation through dynamics without
explicit knowledge of the system model and considering
distributional uncertainty of the disturbance is still an open
problem. In this work, we address this gap by generalizing

*: Corresponding author.

The authors gratefully acknowledge funding by the German Research
Foundation (Deutsche Forschungsgemeinschaft DFG) under project num-
ber 499435839. GP and TF are with the Institute for Energy Sys-
tems, Energy Efficiency and Energy Economics, TU Dortmund Uni-
versity, Dortmund, Germany guanru.pan@tu-dortmund.de and
timm.faulwasser@ieee.org

Copyright ©2023 IEEE

the data-driven description of stochastic linear systems based
on Polynomial Chaos Expansion (PCE) from [6], [7] towards
uncertainty surrounding the disturbance distribution.

Specifically, the present paper appears to be the first to
combine data-driven descriptions of stochastic systems via
PCE and Hankel matrices, exact convex reformulation of
Gelbrich ambiguity sets, and exact reformulation of chance
constraints towards distributionally robust stochastic optimal
control without explicit model knowledge. The main con-
tributions are threefold: (i) we present a novel formulation
of ambiguity sets for distributionally robust optimization
using PCE including an exact convex reformulation for
Gelbrich ambiguity sets. Moreover, while [4], [5], [8] use the
conditional value at risk to reformulate chance constraints,
we consider an exact reformulation applicable under distri-
butional uncertainty. (ii) in contrast to [9], which considers
ambiguity sets specified by fixed values of the first two
moments, we allow for ranges of the first two moments via
Gelbrich sets. (iii) we present mild conditions under which
a distributionally robust Optimal Control Problem (OCP)
with Gelbrich ambiguity and stated in random variables can
be equivalently reformulated as an uncertain conic program
without explicit knowledge of the system matrices. We also
propose an approach to approximate this uncertain conic
program with sampled uncertainty distributions. Finally, we
draw upon a simulation example to demonstrate the efficacy
of the proposed scheme.

Notation: Given a vector x € R™ and a matrix M €
R™*™ we specify ||z|| as the 2-norm and |M| =
\/tr(MMT) as the Frobenius norm. We denote the set of all
positive semi-definite (positive definite) matrices in R™*™ as
Sﬁl (S% ;). The principal square root of ) € S7} is written as
Q2. The vectorization of {a:k}kN:_Ol is denoted as [y y_1].

II. PROBLEM STATEMENT AND PRELIMINARIES

We first revisit the essential notions of probability theory.
For rigorous definitions, we refer to the textbook [10]. A
measurable space is a pair (2, F) where  is the sample
space and F is a c-algebra on 2. A probability measure
on the measurable space (€2, F) is a function u : F — [0, 1]
with p(2) = 1. The triple (92, F, i) is a probability space. A
random variable V is a measurable function V' : Q — R"
from the probability space (€2, F, ) to the measurable space
(R™, B) where B represents the Borel o-algebra. Moreover,
an £? random variable V' € £2(, F, u; R™) is finite in the
L2 norm, ie., |[V|? = [,V (w)"V(w)du(w) < +oo. The
random variable V induces the probability measure py on
(R™,B), e, forall £ € B, uy(€) = p{w € Q| V(w) €
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E}), denoted as the distribution of the random variable V.
For compactness, we write V' ~ py. Consider two random
variables V,V € £2(Q, F, u; R™). The expectation of V is
written as E[V] € R™, its variance is V[V] € R™, and the
covariance of V and V is denoted by X[V, V].

Definition 1 (Gelbrich distance [11]): Consider two tu-
ples of mean vectors and covariance matrices (m,I") and
(m,T), their Gelbrich distance G((m,T'), (m,T)) =d > 0
is

Nl
W=

d=\/Im —ml? + (T + T —2TITTHE). O

A. Stochastic linear time-invariant systems

We consider stochastic discrete-time Linear Time-
Invariant (LTI) systems

X1 = AXp + BU, + EWy, Xo=xin  (la)

Y, = CXy + DU + FWy, (1b)

with state Xy € L2Q,F,;R™), input U, €
L2(Q, F, u;R™), output Y, € L2, F,p;R™), and
stochastic disturbance Wy, € L£2(Q, F, u; R™) for k € N.
Note that the stochastic processes X, Y, and U are adapted
to the filtration containing all historical information, cf. [10].
In this paper, we consider a deterministic initial condition
Zini € R™ for (1) and identically independently distributed
(i.i.d.) (not necessarily Gaussian) disturbances Wi ~ pyy .

Instead of exact knowledge of uy, we model it as an
element of a given ambiguity set. The most commonly used
ambiguity sets employ the Wasserstein metric. However,
tractable reformulations of Wasserstein ambiguity sets are
limited to certain empirical distributions [1] or to ambiguity
sets comprising Gaussians [12]. As an alternative, Gelbrich
ambiguity sets include all distributions with moments that
closely match a given empirical pair (1m,') based on the
Gelbrich distance in Definition 1. Specifically, we consider
the Gelbrich ambiguity set with a given radius p € RT

- Nw NWEID(m7F)7FEO
R RIS BT
Here D(m,T) is the set of distributions with mean m € R™w
and covariance I' € S} . It is worth to be noted that
the Gelbrich ambiguity set is an outer approximation for
the corresponding Wasserstein set [11]. Additionally, we
remark that [9] considers the special case of more restrictive
ambiguity sets with fixed first two moments, i.e. D(m,T).
This corresponds to Gelbrich sets with p = 0.

Moving from distributions (or probability measures) to
random variables, we note that the ambiguity set induces
an uncertainty set for the sequence of i.i.d. random variables
Wig,n—1) with respect to N € N

Vi£k, ikel0,N—1]

W= Wypn_ . (3
{ [0,N—1] WkNMW€A7Z[Wk)7W'L]:O} ()

Note that A C (R™v, B) while W C (£2(Q, F, pu; R™ )V,

B. Model-based distributionally robust optimal control

Our analysis begins with a distributionally robust OCP
with the explicit knowledge of the system model, while
its data-driven counterpart is presented in Section IV-B.
Consider the uncertainty set (3), we have

min a (4a)
a, K, a,U,Y, X

S.t. VW[O,Nfl] eWw, Vke H[O’Nfl],
o EIYEl2 + U3 < o, (4b)
Xit1 = AXp + BUy + EWy,,  Xo = Tini, (4¢)
Y, =CXy + DU, + FWy, (4d)
Uy =, + S KiiWi,  Up = o, (4e)
Pla, Uy <1]>1—¢e,, Vi€lyn,, @)
Pla, Yy <1]>1—¢,, Vi€lyy,. (4g)

Given the uncertainy set W C (L£L2(Q, F, u;R™ )N, we
minimize the worst-case value @ € R of the objective
function over the horizon N € N in (4a)—(4b). The objective
function is the expected value of a quadratic form with
Q € Siy and R € S . We consider i.i.d. disturbances
directly entering the dynamics in (4c)-(4d). Similar to [4],
[13] we aim at affine and causal disturbance feedback. This
is encoded in (4e) and it can be written as

Upo,n—1) = up,n—1) + KuWjo,n_1),

£ 8 8
(5)
Kw — c RNnuanw.
. . 0 .
Kn-10 - KnN-1,N—20

Chance constraints are specified as individual half-space
constraints by a,; € R", i € Ij; y,}, and a,; € R"v,
i € Ij1,n,) with probabilities of 1—¢,, and 1—&,, respectively,
in (4D-(dg).

We remark that the conceptual formulation (4) poses
several challenges. First, the optimization involves infinite-
dimensional £2 random variables. Second, distributional
robustness requires (4b)—(4g) to be satisfied for all possible
random variable sequences in WV, resulting in infinitely many
infinite-dimensional constraints. To address these challenges,
we use the PCE framework to reformulate the random
variables, the ambiguity sets, and the chance constraints.

III. THE PCE PERSPECTIVE ON GELBRICH AMBIGUITY
A. Primer on polynomial chaos expansion

The core idea of PCE is that £? random variables can
be expressed as a series expansion in a suitable basis
[10]. To this end, consider an orthogonal polynomial basis
{¢7(€)}32, which spans £2(,F,j;R), ie. (¢,¢7) =
7 68 (€(w)) ¢ (6(w)) dpa(w) = 5| ¢7]|? where 57 is the
Kronecker delta. We remark that it is customary in PCE to
consider ¢° = 1.

Definition 2 (Polynomial chaos expansion): The PCE of
a random variable V € L£2(Q2, F, u; R) with respect to the
basis {¢7}52 is V = 3207 Wi with vi = (V,¢7) /]2,
where v/ is called the jth PCE coefficient. ]
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We remark that by applying PCE component-wise the
jth  PCE coefficient vector of a vector-valued ran-
dom variable V € L2(Q,F,pu;R™) reads v =
[vid v v-d] " where v¥ is the jth PCE coeffi-
cient of component V*. Moreover, we introduce a shorthand
of the matrix generated by horizontally stacking the PCE
coefficients as V0L = [V0 vi . vI=1] e RmoxL,

Definition 3 (Exact PCE representation [14]): The PCE
of a random variable V' € £2(, ]—' /,L,R" ) is said to be
exact with dimension L if V — Z vJ ¢ = 0. g

Furthermore, with Definition 3, the expectation E[V], the
variance V[V], and the covariance Y[V, V] can be obtained
from the PCE coefficients as E[V] = V°, V[V] = ZJL_II vio
VI[[¢7 |12, SV, V] = Yo7 v T]|¢7 |2, where v7 ov7 refers
to the Hadamard product [15].

B. PCE representation of disturbances

For i.i.d. (not necessarily Gaussian) disturbances Wy, k €
N, we first construct an exact PCE of finite dimension. For
starters, we denote the map V¥ : S’fr‘” — RMwXnw T
U(T) as a generalized matrix square root if it is bijective
and satisfies I' = ¥(I")¥(T) ",

Consider &, with E[¢;] = 0 and X[&,&k] = I, such
that Wy, = m + U(T')&, holds. Notice that the elements of
Ep—ie. &, 0 € I} n,j—are independently distributed and
satisfy E[¢}] = 0 as well as V[¢;] = 1. Using the basis
{0, (&r) Y520 = {1, {4}y } with polynomials of degree of

at most 1, the exact and finite PCE of W), is obtained as
Wi = m + W(D)&, = 37wl (&x), (6)

with w® = m and Wbmel = [w!, ... w] = ¥(D).
For any finite horizon N € N in OCP (4) and let the inputs
U}, satisfy (4e) the following orthonormal basis

{07 (O} = {1 {{&Hu S 0
where € = [¢],...&4 4] € L’Q(Q,]-',M;RN%) and L =
Nny,+1, allows exact PCEs for (U, Y, W, X)y, k € Ijg y—_1),
cf. [6].

Applying Galerkin projection onto the basis in (7) yields
the dynamics of the PCE coefficients
(8a)
(8b)

where 6% is the Kronecker delta [16]. Due to the i.i.d.
property of Wy, the PCE coefficients for Wy y_1; satisfy

J _ J J J Jj _ 50j
X341 = Ax + Buy, + Ewy,  xg = 07 Tini,

yi = C’X?c + l)U;C + FW‘]i) v] € H[Ofol]

1y ow’ Iy ®W[1’n“’]} W[OL 11]] &)

where W[O’Lfl] € R¥nwxL g the vertically stacked block

[0,N-1]
matrix comprising {W [0.L=1] ,JCV:_Ol.

At first glance, the PCE representation of W in (6)
seemingly resembles a usual moment-based representation.
However, using the generalized square root of the covari-
ance, we obtain a linear parametrization of Wy, which
in turn simplifies the data-driven uncertainty propagation.
Furthermore, for all W, collecting the normalized random

variables &, k € Ijg y_1j in the basis (7), we obtain the
coefficient dynamics (8). These dynamics are structurally
similar to the original dynamics in random variables (1).
Put differently, for all j € Ijg ;_1 the coefficient dynamics
(8) capture the influence of the corresponding disturbance
component. We remark that considering the explicit state
covariance propagation Y31 = (A+ BK)Xx(A+BK) " +
EX[Wy, W]ET would render it more difficult to work with
data-driven system descriptions. We refer to [7] for a more
detailed comparison of moment propagation and PCE.

C. Representation of Gelbrich ambiguity sets

The PCE reformulation of W}, in (6) suggest to translate
the Gelbrich ambiguity set A to an uncertainty set of the
PCE coefficients, i.e., translation to a set of matrices with real
numbers. Specifically, the distributions in A are bijectively
paired to the PCE coefficients matrices by the map

Iy : pw € D(m,T) — [m|¥(T)].

Notice the design degree of freedom to use any generalized
matrix square root W. As the principal square root (-)2 in
the Gelbrich metric (Def. 1) is a non-convex function, we
choose

(10a)

(10b)

The map I' +~— W(I') is bijective and it satisfies
Y(M)W()T =T. For (I') "2 to exist, we assume L' € St .
Moreover, consider the PCE coefficient ambiguity set

RE

Lemma 1 (TIy(A) = A): Given the empirical moments
(m,T) with mean m € R"™ and covariance I' € S74.
Consider [Ty from (10), the Gelbrich ambiguity set .4 from
(2), and the PCE coefficient ambiguity set A from (11). Then,
the element-wise image of A under Ily is given by A. O

Proof:  First, we show that under the map Ily,
the Gelbrich distance G in the definition of A (2)
corresponds to the norm expression in A (11). With
IIy and ¥ as specified in (10), we have w® = m,
witrmel = ¥(T) and d = G(m,T),(m.I)) =
\/HWO — m||? + tr([ + T — 202 WILnel). Moreover, with
M = Tz —WILnwl and since T' = WILnwlWiLmel T we have
d = /w0 —ml? + tx (MIMT) = Wil — [ |TH]],
where we used the properties of the Frobenius norm.

Next we prove that LzWhnel = 0 in (11) is equivalent
to T' = 0 in (2) provided W!'mw] = ¥(T) as in (10). That
is, we aim to show

W[O o c Hw[O Nw] |:
R7Lw><(7bw+1)

A= ‘ - (D

Tawltmw

Wil = g(r), 0 = 0« Trwlml -0, (12)
~The = implication holds, since REAVVIERCR
(T2IT2)z = 0. «<: since ¥ is bijective, its inverse
map U~ : ReXme 5 §he Whnel oy gt (wilnel)

exists. Thus, if the right hand side of (12) holds, we find
I'= ¢~} (Wnwl) € ST and then the left hand side holds.
|
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IIy (10) PCE coefficient
ambiguity set (11)

A C RMw X (naw+1)

Gelbrich ambiguity set (2)

A c (R™,B) Lem. 1

(©)) 13)

Random variable
sequence uncertainty set
W C (L2, F ROV (14

PCE coefficient
sequence uncertainty set
W C RN My X L

Fig. 1. Relations and maps between the sets A, A, W, and W.

Recall that the Gelbrich distance in Definition 1 is a non-
convex function of (m,T'). However, it is convex in the
PCE coefficients W[*"=] Hence the PCE ambiguity set A
from (11) is a compact and convex subset of R wX(nw+1)
Finally, we arrive at the uncertainty description for the PCE
coefficient sequences Wiy n_1j

WY Wi () o

W= 0N . (13)
wlonwl ¢ A

Ran X L

and at the PCE reformulation of WW from (3)

I
wo L | W =S5wel @ e ]
WL e W, ¢ € D(0, Inn,)

Figure 1 summarizes the relations and maps between the am-
biguity sets A, A and the sequence uncertainty descriptions
W, W.

IV. DATA-DRIVEN DISTRIBUTIONALLY ROBUST OPTIMAL
CONTROL IN PCE COFFICIENTS

The above reformulation of the ambiguity set A to W
enables us to the cast the distributionally robust OCP (4) as
an uncertain conic problem, whereby we will use a data-
driven representation in lieu of explicit knowledge of the
system matrices.

A. Data-driven representation of stochastic LTI systems
For a specific uncertainty outcome w € 2 the realization
of Wy is written as wy = Wj(w), k& € N. Likewise, the
realizations of inputs, outputs, and states are up = Uy (w),
yr = Yi(w), and 2, = X (w), respectively. Given {wy } ke,
the stochastic system (1) induces the realization dynamics

Tht1 = Az, + Buy, + Fwy,
yr = Cxg + Dug, + Fwy.

(15a)
(15b)

Ty = Tini

Assumption 1 (System properties and data): Consider
stochastic LTI system (1) and its realization dynamics (15),
we assume that (A,[B,E]) is a controllable pair, and
respectively, (A,C) is a observable pair. In addition, we
suppose the matrices (A, B,C, D, E, F') are unknown, while
measurements of past input-output-disturbance realizations
ug, Yr and wy, are available. O

Definition 4 (Persistency of excitation [17]): Let T\t €
NT. A sequence of inputs ufo,7—1] 18 said to be persistently

exciting of order ¢ if the Hankel matrix H;(up,r—1]) =
Up v UT-—t
lut;l UT.—l
Next we recall crucial insights from [6, Lem. 4, Cor. 2]
which allow to represent the PCE coefficients dynamics (8)
by previous recorded data of the realization dynamics (15).
Lemma 2 ( [6]): Let Assumption 1 hold. Consider system
(1) and a T-length realization trajectory tuple (u,w, y){0,7—1]
of its corresponding realization dynamics (15). We suppose
that (u,w)jo,r—1) is persistently exciting of order n, + ¢.
Then (U, W, Y )(9,+—1] is a trajectory of (1) if and only if there
exists G € L2(), F, pu; RT 1) such that M, (vpo,r—1))G =
Vio,¢—1) holds for all (v V) e{(uw,U), (w,W),(y,Y)}.
Moreover, (u,w,y) 0.t » J € Ijo,L—1) is a trajectory of
the dynamics of PCE! coe ﬁc1ents (8) if and only if there
exists g/ € RT "1 such that H (v, 7-1))g’ = Vfo i J €
ljo,z,—1], holds for all (v,v) € {(u, u) (w,

is of full row rank. O

w), (y,y)}. O

It is worth be remarked that the structural similarity of the
PCE coefficient dynamics (8) with (1) and (15) is at the core
of the above lemma. Note that this similarity is jeopardized
by co-variance based uncertainty propagation.

B. Distributionally robust data-driven OCP

Combining the above results, we turn to the data-driven
reformulation of OCP (4) in terms of PCE coefficients.

Assumption 2 (Data availability): Consider a given T-
length realization trajectory tuple (u,w,y)j0,7—1) of the
corresponding realization dynamics (15). We suppose that
(u,w)[o,r—1) is persistently exciting of order n, + N + Tiy
with Ti,; not smaller than the system lag of (1), cf. [6]. O

Consider Tiy; past measurements of (u,y, w)[—r,,, —1) and
a T-length realization trajectory tuple (u,y,w)o,r—1] satis-
fying Assumption 2. Let p and f denote the ranges [—T}pi, —1]
and [0, N — 1], respectively. Let #,,, and H, s be the first
Tinin, rows and, respectively, the remaining Nn,, rows of the
Hankel matrix Hx 7, (vjo,r—1)) for v € {u, y,w}. Consider
the stacked Hankel matrices as H, = [H, p,H; p,"H;Zyp]T
and Hy = [H, 1, H, ¢, H,, ¢ The uncertainty set W for the
PCE coefficient sequences (13) gives the finite-dimensional
and convex reformulation of OCP (4)

a,Kr,rcluiB,y,g « (16a)

st. YW e W, vk €l vy,
b0 Lico (IRl + ||ukHR> <a, (16b)
Hog' = 0" [uy yp swy 1T, V) € Ip.py,  (160)
Heg! = [u?Tyf WV € Mooy, (16d)
W =1+ K, Wf,uf K Wf,VJEH[lL 1, (16e)
aziuk —&—U(au)Hauz 1,L-1) || <1LViely (16f)
yzyk+g(€y)||ayzY1L 1||<1W€H1N] (16g)

where 6% is the Kronecker delta, K, collects all feedback
gains K, ; similar to (5), and o(e) = /(1 —¢)/e.

Lemma 2 justifies the data-driven representation of the
dynamics of PCE coefficients (8) in (16¢)-(16d). Note that
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6% in (16c¢) specifies the PCE coefficients of the initial con-
dition to be zero for j > 0, i.e., we consider a deterministic
initial condition. Causality and affiness of polices in (4e)
are stated in (16e). The next result gives the exactness of
the reformulation of the chance constraints from (4f)-(4g) to
(16f)-(16g).

Proposition 1 (PCEs for DRO chance constraints):
Consider a random variable V' € £2(2, F, u; R™) with its
PCE V(&) = Zf:_ol vigI (&) regarding the basis (7). For
a € R"v, the distributionally robust chance constraint

Pla"V(E) <1)]>1—¢, VEe€DOIn,,)
is equivalent to a ' v + /(1 — &) /elja "VI-E-U < 1. O
Proof: Using (7) we have V(&) = v0 + VILL—1g, and
thus the DRO chance constraint reads

PlaTVIEle <1 - aTVO} >1—¢, V¢ € D(0,Iyn,).

Since this expression is bilinear in & € £2(Q, F, u; RN™w)
and the decision variables VL~ ¢ R™*L it is equiv-
alent to o' VILETUE[E] 4 /(1 —¢)/e(aTVILE-S (g €]
VILET )2 < 16TV, cf. [18, Th. 3.1]. With E[¢] = 0
and X[€, €] = Inp,,, we conclude the assertion. |
Theorem 1 (Equivalence of OCP minimizers): Consider
OCP (4) with the random-variable uncertainty set VW (3)
and OCP (16) with the PCE uncertainty set W (13). Let
Assumptions 1-2 and the conditions of Lemma 1 hold.
Then, for any given initial condition (u,y,w);_7, 1
for OCP (16), there exists xj,; € R™ for OCP (4) such
that—provided they are non-empty—the sets of minimizers
(a*, K*,a*) of OCP (4) and OCP (16) are the same. O
Proof: The proof relies on that the PCE reformulation
of all random variables in the basis (7) is exact and the
omission of the basis from OCP (4) to OCP (16) is without
loss of information. Due to Assumption 1 the system is
observable and the measurements of (u,y,w) are exact.
Hence (u,y,w)[—r,,—1) determines a unique initial state iy
in OCP (4) given Tj,; is not smaller than the system lag.
Using the basis (7) all random variables in OCP (4) admit
exact PCEs with at most L = Nn,,+1 terms cf. [6, Prop. 1].
Replacing all random variables with their PCEs the constraint
(4b) is equivalent to (16b) due to the orthonormality of the
basis (7). With Assumption 2, (16c)-(16d) exactly captures
the PCE coefficient dynamics, cf. Lemma 2. Moreover,
(16e) expresses the causal and affine policies (4e) in PCE
coefficients. With (14) we split the uncertainty description
VW; € W into two conditions VWEO’L_” € W and
v¢€ € D(0,Iny,, ). Using the latter condition and applying
Proposition 1 the chance constraints (4f)-(4g) are exactly
reformulated to (16f)-(16g). Notice that the reformulated
objective constraint and chance constraints are independent
of the PCE basis (7). Thus, without loss of information,
we drop the basis and finally obtain OCP (16). Since the
reformulation from OCP (4) to OCP (16) is exact, the sets
of their minimizers restricted to the variables (u*, K*, a*)
coincide. |

C. Numerical implementation

Observe that OCP (16) is an uncertain conic problem.
Hence tractable reformulations are possible for specific types
of uncertainty sets [19]. In our approach, we approximate the
uncertainty set A in (11) by a polytope and than define the
approximation of W accordingly. To this end, we uniformly
sample s € Nt points 67 € R™*wtl) from A for
J € I ! We approximate A by the convex hull of
the sample points, denoted as A = Conv(d',...,6°) C A.
By linearly lifting each vertex of A via (9), we obtain W
similarly as in (13).

We denote the vertices of W by A = {Sj,j e{1,..., 5}}
which are a subset of the lifted sample points with § < s.
Replacing W with the countable set A, we obtain

a st YW e AL 16b) — (169).

min

u,K,a,u,y,g
Observe that with (16f)—(16g), (17) is a second-order
cone program whose computational complexity is
O(y/N(N, + N,)5), cf. [20]. Due to the tight page
limit, a detailed analysis of the sample efficiency of the
proposed approximation strategy is postponed to future
work. Instead, we demonstrate its efficacy numerically.

a7

V. NUMERICAL EXAMPLE

We consider the discrete-time stochastic double integrator

1 1 0.5
Xk+1=[0 1:|Xk+|:1]Uk+Wk,Yk =[1 0] Xy,

where the W) are i.i.d. with Gaussian mixture distribu-
tions. Especially, gy is the mixture of N([{:1],0.0115)
and N'([Z01],0.011;) with mean mye = [0,0]T and
covariance I'yye = [§-95 9:92]. Notice that these true values
of mean and covariance are unknown to the OCP. We specify
Tini = 2 which corresponds to the system lag. The weighting
matrices are ) = R = 1 for Y and U, and the prediction
horizon is N = 10. Chance constraints on the input require
Uik < 0.5 and Uy > —0.5 to be satisfied individually with
probability of no less than 80% for k =0, ..., 9.

To construct OCP (17) based on measured data, we first
apply 70 random inputs to the system and record the output
responses as well as the realized disturbances. Then we use
this data to construct Hankel matrices and to estimate the
moments of W as [m|T] = [§9935 | $:021% 01991 Using
[m |T] as the empirical moment pair and setting the radius
p = p-||[m|T]| for a user-chosen p € RT, we obtain
Gelbrich ambiguity sets .4 (2) and the corresponding PCE
uncertainty sets A (11). To construct A, we uniformly sample
s points from A. Subsequently, we investigate the effect of
varying radius p and the number of samples s.

We consider three cases of OCP (17) :

(I) The robust case, where OCP (17) is solved with A for
different values of p and s.

'An intuitive strategy is to sample uniformly over hypercubes which
contain A and to neglect any samples which are not in A.
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TABLE I
COMPARISON OF THE AVERAGED COST J AND THE NUMBER OF
CONSTRAINTS VIOLATION #7, FOR 1000 REALIZATION TRAJECTORIES.

5=03

J #v
24.79 68
25.15 53 25.79 24 26.65 6
25.15 53 25.79 24 26.65 6

J #v J #v
24.47 184 case III  25.04 26

5=05
J #v
25.24 27

5=0.7
J #v
25.56 11

p
s J #v
10 24.54 138

50 2458 124
100 2458 124

case II

Fig. 2.
I with p = 0.5, s = 50 (top), case II (middle), and case III (bottom). The
most constraint-violating realization is highlighted.

Input and output response for 1000 disturbance sequences of case

(I) The optimistic case, where OCP (17) is solved with
A = {[m]| \If(f‘)]} using the empirical moments esti-
mated from the 70 recorded disturbance samples.

() The ideal case, ie., OCP (17) with A =
{[Muue | ¥(Tie)]}, utilizing the true moments.

Each OCP is solved using the same initial data u,, yp, and

wp. Note that with ambiguity sets of fixed moments, cases

II and IIT are instances of the approach in [9].

Using 1000 different sampled disturbance realization se-
quence of length 10 each, Table I compares the averaged
cost J and the number of constraint violations #7y, for case
I with different values of p and s with cases II & III. We see
that increasing p and s leads to fewer constraint violations
and decreased performance. Comparing case I with cases 11
& 111, it is evident that the former provides a more robust
solution. Figure 2 shows the corresponding input and output
responses of case I with p = 0.5 and s = 50 as well as
cases II & III. Observe that the input responses of case
I violate the constraints much less frequently compared to
case II (with moments estimated from data) and still achieve
similar output responses as case III (with the true moments).

VI. CONCLUSION AND OUTLOOK

This paper discussed distributionally robust uncertainty
propagation for LTI systems via data-driven stochastic op-

timal control. We leveraged polynomial chaos expansions to
derive an exact reformulation of model-based distributionally
robust OCPs with Gelbrich ambiguity sets to data-driven
uncertain conic problems with a finite-dimensional convex
uncertainty set in PCE coefficients. A tractable approxima-
tion to convex programs has been proposed and illustrated
via an example. Future work will consider tailored sampling
strategies for the PCE coefficient ambiguity set, exact refor-
mulations for robust second-order cone constraints [19], and
the effect of the size of the previously recorded data.
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