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Guaranteed Cost Boundary Control of the Semilinear Heat Equation

Anton Selivanov!, Pengfei Wang?, and Emilia Fridman?®

Abstract— We consider a 1D semilinear reaction-diffusion
system with controlled heat flux at one of the boundaries. We
design a finite-dimensional state-feedback controller guarantee-
ing that a given quadratic cost does not exceed a prescribed
value for all nonlinearities with a predefined Lipschitz constant.
To this end, we perform modal decomposition and truncate the
highly damped (residue) modes. To deal with the nonlinearity
that couples the residue and dominating modes, we combine the
direct Lyapunov approach with the S-procedure and Parseval’s
identity. The truncation may lead to spillover: the ignored
modes can deteriorate the overall system performance. Our
main contribution is spillover avoidance via the L? separation
of the residue. Namely, we calculate the L? input-to-state gains
for the residue modes and add them to the control weight
in the quadratic cost used to design a controller for the
dominating modes. A numerical example demonstrates that
the proposed idea drastically improves both the admissible
Lipschitz constants and guaranteed cost bound compared to
the recently introduced direct Lyapunov method.

I. INTRODUCTION

Modal decomposition is a popular method of designing
finite-dimensional controllers for partial differential equa-
tions (PDEs). Its idea is to design a controller for the domi-
nating modes ignoring the highly damped residue modes [1],
[21, [3], [4], [5]. A common problem with modal decom-
position is spillover: the ignored modes can deteriorate the
overall system performance [6], [7], [8]. Spillover can be
studied qualitatively, where stability is guaranteed for a
large enough number of considered modes, or quantitatively,
where one specifies the exact number of required modes
and provides performance guarantees. Qualitative results
have been obtained using residual mode filters [9], [10],
[11], spectral properties of linear operators [12], [13], [14],
small-gain ideas [15], [16], and Lyapunov functionals [17],
[18], [19]. Though some of these results can be used to
estimate the required number of modes, the decay rate, or
input-to-state gains, the resulting estimates may be quite
conservative. Accurate quantitative results require a more
careful residue analysis and were obtained using Lyapunov
functionals in [8], [20], [21], [22], [23], [24]. The key step in
the quantitative Lyapunov-based analysis is to use Young’s
inequality to split the cross terms between the control input
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and the residue modes (see Section V). This paper shows
how to avoid restrictive Young’s inequality and perform a
more accurate analysis of the residue modes leading to a
drastic performance improvement.

Our results are inspired by [25], where a finite-dimensional
H, controller was designed for the Euler—Bernoulli beam.
The key idea is to consider the control signal as a disturbance
in the truncated modes with the corresponding L? input-to-
state gains. These gains are added to the control weight in
the cost for the dominating modes and the optimal controller
for the modified cost is designed. Since the modified cost
accounts for the destabilizing effect of the control signal in
the residue, spillover is avoided. This approach is inherently
more accurate than those based on Young’s inequality [8],
[20], [21], [22], [23], [24]. To demonstrate this, we use
it to design a finite-dimensional state-feedback boundary
controller guaranteeing that a given quadratic cost does
not exceed a prescribed value for all nonlinearities with a
predefined Lipschitz constant. The proposed design method
is simple: it only requires to solve a modified algebraic
Riccati equation. A numerical example demonstrates that
the L? separation method increases the admissible Lipschitz
constant and reduces the upper bound on the cost by 90%
compared to [23], where Young’s inequality was used.

Notations: Ng = NU {0}, | -] is the Euclidean norm, || - ||
and (-,-) are the norm and scalar product in L2. If P is a
symmetric matrix, P < 0 means that it is negative definite
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with the symmetric elements sometimes denoted by “x”.
II. THE SEMILINEAR HEAT EQUATION
We consider the semilinear heat equation
2t = Zgx + Q2+ f('at7 Z(7t))7
22(0,t) =0, zy(m,t) =u(t)

(1a)
(1b)

with state z: [0, 7] X [0, 00) — R, control input u: [0, 00) —
R, and reaction coefficient ¢ > 0. A continuous f : R?® — R
satisfies f(x,¢,0) = 0 and the Lipschitz condition

|f(z,t,21) — fx,t,22)| < olz1 — 22]. ()

Note that if the coefficient in front of z,, is not 1, or the
spatial domain is not [0, 7], the equation can be transformed
to the form (1) using the change of variables Z(z,t) =
z(ax — xo,bt) with suitable a, b, and z(. Furthermore,
the reaction term, gz, can be included in f increasing the
Lipschitz constant o. We keep it separated to obtain more
accurate conditions.

Our objective is to design a finite-dimensional state-
feedback control law that, for a given r > 0, guarantees

J= [ [lC0IP +ru?(®)] dt < all=(,0)1>  (3)

do > 0:



with some « > 0 (as small as possible) for system (1) with
any z(-,0) € L?(0, ) and any f satisfying (2). Note that (3)
implies the asymptotic stability of (1) in the L? norm (see
Remark 3). The key step in designing and analysing such a
controller is the modal decomposition presented next.

I1I. MODAL DECOMPOSITION OF THE
SEMILINEAR HEAT EQUATION

The eigenvalues and eigenfunctions of the operator

Ap = —¢", D(A) = {p € H*(0,7) | ¢'(0) = 0 = ¢'(m)},
are
An = n?, n € Ny,
1/V/7, n=0,
on(2) =
V2/mcosnz, neN.

The eigenfunctions form an orthonormal basis of L?(0, ).
Therefore, the state can be presented as the Fourier series

2, t) BT zapn(@), za() = (2 0), 00
The Fourier coefficients, z,, satisfy
() =(z (), on)
D zaa (1), ) + al2( 1), 00) + (£ 1, 2(1), ).

Since ¢, € D(A) and ¢!/ = —\,¢,, integrating by parts
twice, we obtain

(222 (s 1), ¥n)

= z(, ealy — 2(,)enly + Jo 2(z, )¢ (2) dz
L ou(mu(t) = Auza(?).
Therefore,
Zn(t) = (¢ = An)zn(t) + fu(t) + bpu(t), n € N,
where
fo(t) = (f (58, 2(5 1) ,on),  n €N,
bn:{u¢m n =0,
(=1)"/2/m, neN
For any vy > 0, Parseval’s theorem and (2) imply
0<vyp[o?30iozn — 0o il “)

We will design a finite-dimensional state-feedback controller
using the first N + 1 modes (n = 0,1,...,N). We take N
such that

Avi1=(N+1)2>q+o0. (5)

This condition is very natural: we consider all the unstable

modes in the control design. It guarantees that all the p,,

given in (14) below, are positive for some vy > 0.
Separating the first N 4+ 1 modes, we obtain

AN (t) = AN (t) + Bu(t) + F(t),
Zn(t) = (¢ — A\n) 2n + [n(t) + bpu(t),

(6a)

n>N, (6b)

where
ZN:[ZO""va]Tv F:[va---7fN]Ta
A =diag{qg— Xo,...,¢— An},
=/2/x[1/vV2,-1,1,..., (=DM T.

Since all the eigenvalues, \,,, are different, the pair (A, B) is
controllable, e.g., by the Hautus Lemma [26, Lemma 3.3.1].
Our objective is to find K € R'*(N+1) guch that

u(t) = —K2N (1) (7)
guarantees (3) for any f subject to (2).

IV. GUARANTEED COST CONTROL
VIA THE L? RESIDUE SEPARATION

Using Parseval’s identity, ||z(-,?)||? = Y_07  22(t), the
objective (3) can be expressed in terms of the Fourier
coefficients, 2, (¢). Our main idea is to decompose it as

J=Jy { n=0 n(t)"i_(r"’_ﬁN)UQ(t)} dt
+ o X — Pt (t)] dt < @322, 22(0),

where

n=N+1 [ 'r2l(t)

PN =D n+t1 P ®)

Given this decomposition, (3) holds if

I lﬁj 2(0) +

AOO [22(t) — puu®(t)] dt < az2(0), n > N.

(r + pn)u? ]dt<a2z , (9a)

(9b)

Our intuition is that, since the modes with n > NN are
ignored in the controller design, u(t) should be viewed as
a disturbance in these modes. Condition (9b) means that
the square of the L? gain from u(t) to z,(t) for systems
(6b) is not greater than p,. Then py, given in (8), reflects
the combined L? gain from u(t) to the residue modes. By
adding it in (9a), we guarantee that the control designed for
the dominating modes will not lead to spillover.

The remainder of this section ensures (9). First, we assume
that a > 0 is fixed and find the minimum p,, guaranteeing
(9b). Then, we calculate their sum, py, as in (8). Finally,
we find u(t) guaranteeing (9a). This idea is inspired by [25],
where the H., problem was solved for a linear beam PDE.

The main difference compared to [25] is that the con-
ditions in (9) cannot be fulfilled independently due to the
nonlinearity f in the heat equation (1). When calculating p,,
guaranteeing (9b), one needs to use the conditions on f,,
which are given in (4) and cannot be separated for each n.
We overcome this difficulty using the Lyapunov functional

V(z(-,1) = (2N () TP (t) + 30 v 2 (8)
with 0 < P € RIN+Dx(N+1) By Parseval’s theorem,

alz(, )7 < V(2(,1) < eall2( )7,

(10)



where ¢; = min{1, Apnin(P)} and ¢o = max{1, Amax(P)}
In what follows, we find the conditions guaranteeing

Vet [lz( 02 +rd’®t)] <0 (11)

for n > 0. Integrating the above from 0 to oo in ¢, we obtain
Jo~ Tl=C

O +ru?(t)] dt <~ (V(2(,0)) = V(2(,1)))
<V (z(50) <07 teal|z(L 0)]1%

Note that there is not much benefit in considering
> e N41Pnzi(t) as the second term of V' since p, has to
converge to a constant for V' to be “sandwiched” between
the L? norms of the state.

For (10) to be differentiable, we consider 2(-,0) € H' and
the corresponding classical solution. In this case, we derive
conditions guaranteeing (3). Since H' is dense in L%, (3)
remains true (by continuous extension) for z(-,0) € L2

To guarantee (11), we calculate the time derivative of V/
along the trajectories of (6) and add (4) to compensate f
(i.e., apply the S-procedure):

V)2 (. 12 + nra?(t) £ 2(:N) T P[AZN + Bu + F

+222n

n=N+1

Zn + fn +bnu}

oo
+nl2NPHn Y 2+’
n=N+1
@
< (EMNTPA+ATP + I +vp0?1)2N

+2(2 N)TPBu+2( MTPF — v FTF
+2 Z Zn Zn+fn+bu+77 Z Zn
n= N+1 n=N+1
+sz O'Z — +<m’+pNZ pn>u
n=N+1 n=N+1
(12)

The last term equals nru? in view of (8). We substitute © =
— K2V for the first N + 1 modes and keep it as u for the
remaining modes:

V+n||z(-,t)||2+nru2(t>S{Z}T[q}ﬁ1 2 Hzg]

- 5[]

S

n=N+1
where
®;, =P(A-BK)+(A-BK)'P
+ (nr + pn)K K + (n+ vpo?)l,
20— M) +n+uvpo? | 1 by,
q)n = 1 —Vf 0
b, 0 —Pn

In what follows, we find the minimum p,, > 0 guaran-
teeing ®,, < 0 (Section IV-A) and design K € R>*(N+1)
guaranteeing that the first term in the right-hand side of (13)
is negative (Section IV-B).

A. L? gain calculation for the residue
By the Schur complement lemma, ®,, < 0 follows from
+bop,t =0,

2(q—)\n)+n+yf02+u;1 n > N.

Solving this equation, we obtain
2 -1
b’ﬂ

n = - = (14)
P 2(/\71—q)—77—1/f<72—uf1 An —d
with d = ¢+ 2 + ”fo + i Since \,, = n? increases
monotonically, pn > 0 for any n > N if and only if
vio? 1
)\N+1—q—ﬂ—f7—7>0

27 2 2y
with fixed ¢ and o. This holds when vy € (v_,vy) with

_Avi—a— 3+ /Ovi—g—§)P o7

- (15)
For this set to be non-empty, we need
0<n<2ANt1—q—0), (16)

which is feasible in view of (5).

For the p,, given in (14), the series in (8) can be calculated
explicitly, e.g., using the Mittag-Leffler expansion for the
cotangent [29, Section 7.10]:

1
tmz = — 2§
meot e z+

2 2°
zZe—n
n=1

Substituting z = v/d and reorganizing the terms, we obtain
— _ [ee) _ 1 oo 1
PN = Zn:NJrl Pn =7 Zn:NJrl n?—d

_ 1 N 1
7 [ano d—nmZ

The expression with the cotangent is not defined when d is
a square of an integer, but the limit will always exist. Since
the series converges, py — 0 as N — oo, meaning that
when more modes are considered in the control design, the
destabilizing effect of the control imposed by the residue is
reduced.

14+7v/d cot mv/d
2d .

B. Controller design for the first N + 1 modes
By the Schur complement lemma,

oy | P
[P —fo]go

follows from the algebraic Riccati equation (ARE)

a7)

P(A—BK)+ (A—BEK) " P+ (nr+pn)KTK

+(n+vioe?)I + 1/f_1P2 = 0.
Following the H,, conventions, we are looking for the
controller gain in the form

K =uB'"P, p > 0.

Substituting and reorganizing the terms, we obtain

(2u —nru® — pyp®)BBT)P
+(n+ l/foz)f =0.

PA+ATP+ P(v; ' -



The maximum of 2u—nru? —pyxpu? is (nr+pn) " achieved
at u = (nr + py) L. Substituting this y, we obtain

PA+ AP+ P I —(qr+py)'BBT)P
+(n+rvpoe?)[ =0. (18)

This algebraic Riccati equation solves the H,, full-
information control problem for (6a) with the disturbance
F(t) and objective (see, e.g., [30])

Jo [+ vpa?) 2N @OF + (e + pn )u?(2)
— vy |F(t)[?]dt <0. (19)

The resulting control law is

w=—(nr+py) BT PV, (20)

In Section IV-A, we selected p,, that guarantees ®,, <0
in the second term of (13). In this section, we found P
that guarantees (17), i.e., the first term in (13) is negative.
Therefore, (11) is true, which implies the following result.

Theorem 1 (Guaranteed cost): Consider the semilinear
heat equation (1) subject to (2). Let N € N satisfy (5),n > 0
satisfy (16), and vy € (v_,vy) with vy defined in (15). If
there exists 0 < P € RIWHDX(N+1) golyving (18), then the
state-feedback control law (20) guarantees that (3) holds with
a=n"tcg = n tmax{1, \max(P)}.

Remark 1 (Number of modes and the Lipschitz bound):
When N grows, the maximum admissible Lipschitz
constant, o, cannot decrease. Indeed, 1 < 0 guarantees
that V41 = 23, satisfies

VN+1 + (7] + VfO’z)Z?V_l_l — pN+1u2 — I/ffs <0.
Integrating this from 0 to oo and taking zn4; = 0, we obtain
fooo [(n+vpo?)zh ) — pnyru® — vy f2] dt <0.

By adding this to (19), we find that (19) holds when N is
replaced with NV + 1. By [30, Theorem 6.3.6], (18) must be
feasible for N + 1.

Remark 2 (LMI formulation): By the Schur complement
lemma, (17) is equivalent to

Py P (nr+pn)KT  (n+ vio?)l
* —vyel 0 0 <
0
* *  —(nr+pnN) 0 -
* * * —(n+ VfCTz)I

with &1, = P(A — BK) + (A — BK)T P. Multiplying by
diag{P~1,1,1,I} from left and right, and denoting P =
P71 Y = KP~!, we obtain

Sy I (r+pn)YT  (1+vpe?)P
* —vyl 0 0
<0 (21
* * —(r+pn) 0 =0 @D
* * * —(1+ I/fO'Q)I

with ®;; = AP + PA — BY — (BY)". Therefore, instead
of solving (18), one can solve (21) and take K = Y P~L.
LMIs (21) take more time to solve compared to (18) because
the number of decision variables is higher and the solvers

tailored for solving (18) are more efficient than the universal
LMI solvers. However, the LMIs (21) are useful if the results
of this paper are extended to the delayed input case.

C. Exponential stability

The above L2-separation idea can be extended to guaran-
tee the exponential stability of (1) under (7) with a given
decay rate § > 0. To this end, one needs (cf. (11))

V 426V <0.

Then, the calculations (12) are modified in a straightforward
way: n = 0 and ¢ should be replaced by ¢ + J. The
corresponding L? gain for the residue is given by (14) with

yf02 1
; 4+
2 21/f
Furthermore, the ARE (18) becomes
PAs + A§ P+ P(v;' I — py' BBT )P +vp0® =0

with As = A + ¢1. Dividing by vy and defining P, =
P/vy > 0, we obtain

P, As + AP, + P,(I —ky'BB")P, +0*I =0 (23)

d=q+d+ (22)

with Ky = (ﬁNl/f)*l. Clearly, xy should be minimized to
improve feasibility. Similarly to the previous section, p,, > 0
if and only if vy € (v_,v4) with v4 given by (15) with 7/2
replaced by §. Therefore, we take

min pN(Vf ) .
vie(v_,vy) vy
Summarizing, we have the following result.

Theorem 2 (Exponential stability): Consider the semilin-
ear heat equation (1) subject to (2). Let § > 0 be a desired
decay rate. For any given N € N satisfying (cf. (5))

Avt1=(N+1)*>q+0+34, (25)

take d as in (22) and kn as in (24). Let 0 < P, €
RWN+DX(N+1) pe the solution of (23). Then the state-
feedback control law

u = fn&lBTPyzN

EN = (24)

makes (1) globally exponentially stable in the L? norm with
the decay rate 6.

Remark 3: Note that (11) implies that 1% < =26V with
0= % > 0, which guarantees the exponential stability of
(1), (7) in the L? norm.

V. GUARANTEED COST CONTROL
VIA YOUNG’S INEQUALITY

To compare our results with the approach in [23], we
extend it to system (1). Recall that for V' defined in (10),

Vel 2(, 0P+ ru? (@) L7 2(:M) T P[(A-BK) 2N +F]

+2 Z 2n[(q = M) 2n + fro — b K27
n=N+1

+ N2+ Z 22 4 nr| K2V 2 (26)
n=N+1



Young’s inequality gives

-1
ZZO:NJA 2znfn < ZZO:NH Vg Zn v oo fa—vs | FI?
@
< (vg Y vpo?) Yot Nt 2+ vpo? 2N P — | F?
and
- ZZOZNJA 2znanZN < ZZO:N+1 1/2)\”27214—

o0 lbn K=N]2 _ §moo 2, x N2
D meN+1 o = D oneNt1 Y2z, + TZ|KZ |,
(27

where vy > 0, vo > 0, and
.\ 2 _ 2 =2 N 1
XN ‘= Zn:N+l ™ oW [? - anl 772} .

Using these in (26), we obtain

N T N
vl reel< 5| S 7]
+ 2N (=2M + 2+ + I/f_l +vro? + vy )22,
where
Uy, =P(A— BK)+ (A— BK)'P
+ (nr + xnvy DK TK + (vpo? + )1
Clearly, V 4 n[]|2(-,t)||? + ru?(t)] < 0 follows from

| Y| P
\I/._{ i3 _Vfl}<0,

—2n41+ 20+ 0+ vy +vpo’ + Ay < 0. (28b)

(28a)

By the Schur complement lemma, (28a) is equivalent to

2 P K' rK' oI I
* —vel 0 0 0 0
* 0k 7;—?\/ 0 0 0
* * * 7% 0 0 < O,
* * * * —V;II 0
* ok * * * _17
n

where = = P(A— BK)+(A—BK)" P. Multiplying this by
diag{P~*,v;'I,1,1,I} from left and right, and introducing

P:P_l, Y':I(ID_l7 Vlzl/f_l, 771:77_17
we obtain
= 121 YT rY' oP P
* —vil 0 0 0 0
)
* * * —mr 0 0
* ok * * —uv1l 0
* * * * * —mlI
with 2 = AP + PAT — BY — Y'BT. By the Schur

complement lemma, (28b) is equivalent to
_2/\N+1 +2q+u1 +V2)\N+1 g 1
* —U1 0
* * T

<0.

(30)
Note that (29) and (30) are LMIs that depend on P, Y,
vy, Vg, zind n1. If (29) and (30) hold, the controller gain is
K =Y P~!. Summarizing, we have the following result.

Theorem 3 (Guaranteed cost): Consider the semilinear
heat equation (1) subject to (2). Let N € N satisfy (5).
If there exist 0 < P € RWHDX(N+1) 'y ¢ RIX(N+1)
and scalars v1 > 0, o > 0, and 71 > 0 such that
(29) and (30) hold, then the state-feedback control law (7)
with K = Y P~! guarantees (3) with a = n7le; =
m max{1, Amax(P~1)} (equivalently, minimum o > 0 such
that o« > 1, and P > na~ ).

Similarly to Section IV-C, for a given decay rate § > 0, we
let N € N satisfy (25) and arrive at V426V <0 provided

AsP+PA{ -BY-Y"BT v, YT P
* —uviI 0 0

v <0
* x —X2 0 ’
XN
* * * —uv1 1 (31)
—2AN+1+2q+20+vi+rveAny1 O
> = ] <o.

Summarizing, we have the following conditions for the
exponential stability.

Theorem 4 (Exponential stability): Consider the semilin-
ear heat equation (1) subject to (2). Let § > 0 be a desired
decay rate. For a given N € N satisfying (25), let there exist
0 < P e RWVHUX(N+L) 'y ¢ RIX(N+D) and gcalars vy > 0
and v, > 0 satisfying (31). Then, the state-feedback control
law (7) with K = Y P~! makes (1) globally exponentially
stable in the L? norm with the decay rate 4.

Remark 4: The proofs of Theorems 3 and 4 use Young’s
inequality in (27) to separate the control input from the
residue. Our approach circumvents conservative Young’s
inequality by leveraging the L?-gain ideas: the cross-terms
Zpbpu in (13) are compensated by —p,u? with p, later
added to the control weight in the cost. This leads to a drastic
improvement compared to [23], which is demonstrated by an
example in the next section.

VI. EXAMPLE

As an example, we consider (1) with ¢ = 1 or ¢ = 5, and
the nonlinearity that makes the open-loop system unstable.
First, let § = 1072 be the desired decay rate. To compare
Theorems 2 and 4, we perform linear search over o >
0 to find the maximum Lipschitz constant preserving the
feasibility of (23) with x from (24) and the LMIs (29), (30),
respectively. The maximum o for N € {1,...,6} are given
in Table I. The residue separation method developed in this
paper always leads to a larger Lipschitz constant compared to
the approach based on Young’s inequality. In particular, for
g =5 and N = 2, the Lipschitz constant increases by 26%.

TABLE I
THE MAXIMUM ADMISSIBLE 0.

N = 1 2 3 4 5 6
Thm?2 | ¢g=1 | 03763 04099 04195 04235 04256 0.4268
Thm4 | ¢g=1 | 03564 04003 04137 04196 04228 0.4247
Thm2 | ¢=5 - 0.0841  0.1119  0.1217  0.1263  0.1289
Thm4 | ¢=5 - 0.0667  0.1006  0.1142  0.1209  0.1248

Next, we consider the guaranteed cost control (3) and try
to minimize « > 0. We consider ¢ = 1 with ¢ = 0.35 and
q = 5 with ¢ = 0.06, and take r = 0.1. For Theorem 1,
we perform linear search over a > 0 and make a grid of



n € (0,2(An+1 —q—o0)) and vy € (v_,vy) with v_, vy
defined in (15) to find minimum o > n~! max{1, Apax(P)}
preserving the feasibility of (18) with P > 0. For comparison
of the results with Theorem 3, we solve LMIs (29) and (30)
with the constraints o > 7; and P> 7)104*11' to find the
minimum value of a > 0 that preserves the feasibility. The
minimum « for N € {1,...,6} are given in Table II. For
the same Lipschitz constant, the residue separation method
always leads to a smaller & > 0 compared to the approach
based on Young’s inequality. In particular, for ¢ = 5 and
N = 2, the value of « is reduced by 90%.

TABLE I
THE MINIMUM VALUE OF «.

(¢, 0)\N 1 2 3 4 5 6
Thm 1 | (1,0.35) | 22614  521.6 4259 4024 3938 390.1
Thm 3 | (1,0.35) | 254192 6999 4808 4282 4084 399.1
Thm 1 | (5,0.06) - 27408 9634 8371 8061 7945
Thm 3 | (5,0.06) - 266031 12824 9340 8511 8198

In simulations, we consider ¢ = 1, f(z) = 0.35sin(z),
and N = 6. Using the grid search, we find n = 8.8 and
vy = 496. Solving (18), we obtain the control gain

K=(gr+py) 'B'P

= [153.96,80.19, —2.60, —0.05, 0.50, —0.52, 0.46].

Fig. 1 shows J(t) = [ [|lz(s)||? + ru®(s)] ds for the
initial condition z(z,0) = SN 6, (x)2,(0) with

ZN(O) = [20(0),..., zN(O)]T
= [~86.13, —50.73,2.69, —0.83,0.33, —0.16,0.08] T x 102,

which was chosen to satisfy Pz (0) = A\yax(P)2™ (0) and
|2V (0)| = 1. The theoretical upper bound on .J from Table
I is al|z(-,0)]2 = 390.1.

2 25 3 3.5 4
t

Fig. 1. Evolution of J(¢) = fg NzC, )% + ru2(s)] ds.

REFERENCES

[1] M. Athans, “Toward a practical theory for distributed parameter
systems,” IEEE Transactions on Automatic Control, vol. 15, no. 2,
pp. 245-247, 1970.

[2] R. Triggiani, “Boundary feedback stabilizability of parabolic equa-
tions,” Applied Math. and Optimization, vol. 6, pp. 201-220, 1980.

[3] M. J. Balas, “Toward A More Practical Control Theory for Dis-
tributed Parameter Systems,” in Advances in Theory and Applications
(C. Leondes, ed.), vol. 18, pp. 361421, Academic Press, 1982.

[4] R. F. Curtain, “A Comparison of finite-dimensional controller designs
for distributed parameter systems,” Research Rep. 1647, Inria, 1992.

[5] P. D. Christofides, Nonlinear and robust control of PDE systems:
Methods and applications to transport-reaction processes. Springer,
2001.

[6]

[7]

[8]

[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]
[29]

[30]

L. Meirovitch and H. Baruh, “On the problem of observation spillover
in self-adjoint distributed-parameter systems,” Journal of Optimization
Theory and Applications, vol. 39, pp. 269-291, 1983.

J. Bontsema and R. F. Curtain, “A note on spillover and robustness for
flexible systems,” IEEE Transactions on Automatic Control, vol. 33,
no. 6, pp. 567-569, 1988.

G. Hagen and I. Mezic, “Spillover stabilization in finite-dimensional
control and observer design for dissipative evolution equations,” SIAM
J. on Control and Optimization, vol. 42, no. 2, pp. 746-768, 2003.
M. J. Balas, “Finite-dimensional controllers for linear distributed
parameter systems: Exponential stability using residual mode filters,”
Journal of Mathematical Analysis and Applications, vol. 133, no. 2,
pp- 283-296, 1988.

S. O. R. Moheimani, “Minimizing the Effect of Out of Bandwidth
Modes in Truncated Structure Models,” Journal of Dynamic Systems,
Measurement, and Control, vol. 122, no. 1, pp. 237-239, 1998.

C. Harkort and J. Deutscher, “Finite-dimensional observer-based con-
trol of linear distributed parameter systems using cascaded output
observers,” Int. J. of Control, vol. 84, no. 1, pp. 107-122, 2011.

I. Lasiecka and R. Triggiani, “Stabilization and Structural Assignment
of Dirichlet Boundary Feedback Parabolic Equations,” SIAM J. on
Control and Optimization, vol. 21, no. 5, pp. 766-803, 1983.

R. F. Curtain, “Finite Dimensional Compensators for Parabolic Dis-
tributed Systems with Unbounded Control and Observation,” SIAM J.
on Control and Optimization, vol. 22, no. 2, pp. 255-276, 1984.

Y. Orlov, “On General Properties of Eigenvalues and Eigenfunctions
of a Sturm-Liouville Operator: Comments on “ISS with Respect to
Boundary Disturbances for 1-D Parabolic PDEs”,” IEEE Transactions
on Automatic Control, p. in press, 2017.

I. Karafyllis and M. Krstic, “Small-Gain-Based Boundary Feedback
Design for Global Exponential Stabilization of One-Dimensional
Semilinear Parabolic PDEs,” SIAM J. on Control and Optimization,
vol. 57, no. 3, pp. 2016-2036, 2019.

T. Xia, G. Casadei, F. Ferrante, and L. Scardovi, “Exponential sta-
bilization of infinite-dimensional systems by finite-dimensional con-
trollers,” arXiv:2309.01934, 2023.

I. Karafyllis and M. Krstic, Input-to-State Stability for PDEs. Cham:
Springer International Publishing, 2019.

1. Karafyllis and M. Krstic, “Global Stabilization of a Class of Non-
linear Reaction-Diffusion Partial Differential Equations by Boundary
Feedback,” SIAM Journal on Control and Optimization, vol. 57, no. 6,
pp. 3723-3748, 2019.

I. Karafyllis, “Lyapunov-based boundary feedback design for parabolic
PDEs,” Int. J. of Control, vol. 94, no. 5, pp. 1247-1260, 2021.

G. Hagen, “Absolute stability via boundary control of a semilinear
parabolic PDE,” IEEE transactions on Automatic Control, vol. 51,
no. 3, pp. 489-493, 2006.

A. Selivanov and E. Fridman, “Boundary Observers for a Reaction-
Diffusion System Under Time-Delayed and Sampled-Data Measure-
ments,” IEEE Transactions on Automatic Control, vol. 64, no. 8,
pp. 3385-3390, 2019.

R. Katz and E. Fridman, “Constructive method for finite-dimensional
observer-based control of 1-D parabolic PDEs,” Automatica, vol. 122,
p. 109285, 2020.

R. Katz and E. Fridman, “Global stabilization of a 1D semilinear heat
equation via modal decomposition and direct Lyapunov approach,”
Automatica, vol. 149, p. 110809, 2023.

H. Lhachemi and C. Prieur, “Finite-dimensional observer-based
boundary stabilization of reaction—diffusion equations with either a
Dirichlet or Neumann boundary measurement,” Automatica, vol. 135,
p. 109955, 2022.

A. Selivanov and E. Fridman, “Disturbance attenuation in the Euler-
Bernoulli beam using piezoelectric actuators,” arXiv:2308.05551,
2023.

E. D. Sontag, Mathematical control theory: deterministic finite dimen-
sional systems, vol. 6. Springer Science & Business Media, 2013.

R. Katz and E. Fridman, “Global finite-dimensional observer-based
stabilization of a semilinear heat equation with large input delay,”
Systems & Control Letters, vol. 165, p. 105275, 2022.

A. Pazy, Semigroups of linear operators and applications to partial
differential equations, vol. 44. Springer, 2012.

M. R. Spiegel, S. Lipschutz, J. J. Schiller, and D. Spellman, Schaum’s
outline of Complex Variables. McGraw Hill Professional, 2009.

M. Green and D. J. Limebeer, Linear robust control. Courier
Corporation, 2012.



