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On an integral variant of incremental input/output-to-state stability and its
use as a notion of nonlinear detectability

Julian D. Schiller and Matthias A. Miiller

Abstract— We propose a time-discounted integral variant
of incremental input/output-to-state stability (i-ilOSS) together
with an equivalent Lyapunov function characterization. Con-
tinuity of the i-ilOSS Lyapunov function is ensured if the
system satisfies a certain continuity assumption involving the
Osgood condition. We show that the proposed i-ilOSS notion
is a necessary condition for the existence of a robustly globally
asymptotically stable observer mapping in a time-discounted
“L?-to-L°°” sense. In combination, our results provide a gen-
eral framework for a Lyapunov-based robust stability analysis
of observers for continuous-time systems, which in particular is
crucial for the use of optimization-based state estimators (such
as moving horizon estimation).

I. INTRODUCTION

The concept of incremental IOSS (i-IOSS) was originally
proposed in [1] as a more appropriate notion of nonlinear
detectability than IOSS (which can merely be viewed as
“zero-detectability”). Introduced in an “L°°-to-L°°” sense
(where we adopt the terminology from [2]), it has been
shown that a continuous-time system must necessarily satisfy
the i-IOSS property to admit a robustly stable observer, and
its discrete-time analogue has become the standard in the
field of optimization-based state estimation, cf. [3]-[5].

The characterization of system properties via Lyapunov
functions linked to converse theorems that establish necessity
of their existence has turned out to be very useful for system
analysis and the design of controllers and observers. Such
results are available for, e.g., global asymptotic stability
(GAS) in [6] and (non-incremental) IOSS in [7], albeit
under the condition that external signals (e.g., time-varying
parameters, disturbances) of the system take values in a
compact set. Converse Lyapunov theorems for the incremen-
tal “L2-to-L°” versions of GAS and input-to-state stability
(ISS) were considered in [8] and [9], respectively, where
the condition of compactness could be weakened by using
a dissipation inequality in integral form along with relaxing
the requirement of smoothness of the Lyapunov function to
mere continuity.

Time-discounted variants of i-IOSS were proposed in [10],
[11] for discrete-time systems, where it was shown that
discounting past disturbances appears very natural and even
without loss of generality. A corresponding converse Lya-
punov result is provided in [11], which is structurally easier
and more intuitive to establish with such a discount factor
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than without, as is the case in, e.g., [6]-[9]. Moreover, i-IOSS
with time-discounting and its associated Lyapunov function
are crucial for recent results in the field of optimization-based
state estimation for discrete-time systems, cf., e.g., [3]-[5].

Inspired by these works, we propose a discrete-time in-
tegral (“L2-to-L°°”) variant of i-IOSS for continuous-time
systems, namely i-ilOSS (Section II). As the main contribu-
tion, we show that i-ilOSS is equivalent to the existence
of a continuous i-ilOSS Lyapunov function (Section III),
where an exponential decay can be used without loss of
generality (cf. Remark 1). Our proofs use similar tools as
in previous works on incremental integral ISS [9] and i-
IOSS in the discrete-time setting [11]; however, we point
out that the presented results do not straightforwardly follow
from them. In particular, continuity of the Lyapunov function
candidate is shown by replacing the standard local Lipschitz
assumption on the dynamics f by a global property involving
the Osgood condition [12], which is quite novel in the context
of control systems. As a byproduct, based on this assumption,
we formally prove global existence and uniqueness of system
trajectories by adapting the results from [13], [14] to the
generic class of inputs considered here.

As second contribution, we propose a time-discounted
integral “L2-to-L°°” variant of robust global asymptotic
stability and show necessity of i-ilOSS for a system to
admit a general observer mapping satisfying this property
(Section IV). Asking such a stability property from an
observer is advantageous for several reasons: first, it can
be seen as accounting for the disturbance energy under
fading memory and thus allows for a physical interpreta-
tion; second, it directly implies an L*° error bound and
thus combines the advantages of classical and integral ISS
properties. In combination, we provide a general framework
for a Lyapunov-based robust stability analysis of observers
in continuous-time. This is an essential tool in the context of
moving horizon estimation in [15], where we also provide
constructive conditions for i-ilOSS Lyapunov functions that
can be efficiently verified in practice.

Notation: Let R>( denote the set of all non-negative real
values. By |x|, we indicate the Euclidean norm of the vector
x € R™. For a measurable, essentially bounded function z :
R>¢ — R”, the essential sup-norm is defined as ||z|| =
essSup,~ |2(t)|, and for the restriction of z to an interval
[a,b] with a,b > 0 by [|z[a:0 = esssup,epq [2(2)]. We
recall that a function o : R>o — Ry is of class K if it
is continuous, strictly increasing, and satisfies «(0) = 0; if
additionally a(s) = oo for s — o0, it is of class Ku.
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II. SETUP AND PRELIMINARIES

We consider continuous-time systems of the form

$(t) = f(l‘(t), u(t)7d(t))’ (1a)
y(t) = h(xz(t),u(t), d(t)) (1b)

with states x € X C R" (0 € &), outputs y € Y C RP
(0 € )), and time ¢ > 0. The input v and the time-varying
parameter d are measurable, locally essentially bounded
functions taking values in &/ C R™ and D C R? with
0 € U,D, and we denote the set of such functions as
My and Mp, respectively. The solution of (la) at ¢ > 0
with initial state Y € X and input signals u € My and
d € Mp is denoted by x(t, x,u,d), and the output signal
by y(t, x, u,d) := h(z(t, x,u,d),u(t),d(t)).

Assumption 1: The function f : X XU x D — X satisfies
£(0,0,0) =0 and

|f(x1,u1,dy) — fx2,u2,d2)|
< k1 (|(z1, w1, dr) — (w2, u2,d2)]) 2)

for all x1,29 € X, all uy,us € U, and all dy, dy € D, where
k1 : R>g = R>¢ is continuous, non-decreasing, x1(0) = 0,

k1(s) > 0 for all s > 0, and
L ds > ds
= %0 = . 3)
/0 k1(3s) /1 k1(3s)

Assumption 2: The function h satisfies
|h(21,ur, d) = h(w2, ug, d)| < ko(|(21,u1) — (w2, u2)|) (4)

for some k9 € Kuo, for all 1,20 € X and all uy,us € U
uniformly in d € D.

Assumption 1 is essential for proving the converse Lya-
punov theorem below (the factor 3 in (3) is required for
technical reasons). It replaces the usual assumption of f
being locally Lipschitz (which is not suitable in our case,
cf. Remark 3 in the appendix) and ensures global existence
and uniqueness of solutions of (1). Inequality (2) together
with the first equation in (3) is similar to the so-called
Osgood condition, which was originally proposed in [12]
to establish local uniqueness of solutions without employing
a Lipschitz property. The second equation in (3) ensures that
these solutions exist globally in time. (A similar condition
is, in fact, necessary for the global existence of solutions
to the scalar differential equation v = kq(v), cf. [16].)
Valid functions that satisfy Assumption 1 are, e.g., s +> s,
s = sln(s+ 1), cf. also [12], [13], [16]. While especially
the second condition in (3) may be a limitation, we point
out that global existence of solutions is often assumed in the
literature and significantly facilitates the exposition.

The main properties are summarized in the following
proposition; the proof is shifted to the appendix (cf. Sec-
tion A) and requires a straightforward extension of the results
from [13], [14] by addressing the generic class of inputs
considered here.

Proposition 1: Let Assumption 1 hold. Then, (1a) admits
a unique solution defined on R forall x € X, all u € My,
and all d € Mp.

The topic of this paper is a notion of nonlinear detectabil-
ity in terms of the following notion.

Definition 1 (i-ilOSS): The system (1) is incrementally
integral input/output-to-state stable (i-ilOSS) if there exist
some @, 0y, Qry, @y € Koo, and A € [0,1) such that

a(lza®)) < aa(lxahX’

+ [N @ullualr)) + oy (ua(rD)dr S
0

for all t > 0, all x1,x2 € X, all u;,us € My, and all
d € Mp, where zp = z1 — z3 for z = {x,z,u,y} with
zi(t) = x(t, Xi, i, d) and y;(t) = y(t, xi, w4, d), i = 1,2.

We additionally propose the following equivalent (cf. The-
orem | below) Lyapunov function characterization.

Definition 2 (i-ilOSS Lyapunov function): A function U :
X x X — Rxg is an i-ilOSS Lyapunov function if it is
continuous and there exist functions o, az, 0,0y € Koo
and a constant A € [0, 1) such that

(6a)
(6b)

N (ou(fua(m)]) + oy (lya(r))))dr

for all ¢ > 0, all x1,x2 € X, all uy,us € My, and all
d € Mp, where za = 21 — 2o for z = {x,x,u,y} with
xi(t) = x(t, x4, us, d) and y;(t) = y(t, x5, wi, d), i = 1,2.

The integral form of (5) and (6b) together with the conti-
nuity of U is motivated by [8], [9], originally employed to
allow for a non-compact input set D, where smooth converse
Lyapunov theorems usually fail, cf. [8, Rem. 2.4], [6, Sec. 8].
The exponential decrease in (5) and (6b) is motivated by
recent results in the discrete-time literature, where this is
crucial to develop full information and moving horizon esti-
mation schemes with suitable stability properties, cf. [4], [5].
In [15], we showed that this carries over to the continuous-
time setting, where we also provide sufficient conditions for
the construction of i-ilOSS Lyapunov functions for special
systems classes.

Remark 1: Considering an exponential decrease in Lya-
punov coordinates is without loss of generality; one can
straightforwardly show that (6b) is equivalent to a dissipation
inequality in the form of U(x1(t),z2(t)) — U(x1,x2) <

t )

Jo (—as(jza(r)))+ou(lua(r)))+oy(Jya(r)]))ds with as €
K, which follows by application of the standard compari-
son lemma and [17, Prop. 13], similar to, e.g., [1, Lem. 10].

Remark 2: A key advantage of the discrete-time i-IOSS
counterpart is that discounted summation and discounted
maximization are in some sense equivalent, cf. [10], [11].
This does not carry over to the continuous-time setting (the
discounted integral in (5) could indeed be transferred to
a discounted L°°-norm bound, but not vice versa, unless
strong regularity assumptions on v are enforced). As a result,
the proposed notion from Definition 1 implies i-IOSS in an
“L*>-to-L*°” sense with time-discounting (similar to [11,
Def. 2.4]) and without discounting [1, Def. 22], cf. [15,
Prop. 1]. Investigating some converse implications may be
subject of future research.

ar(lxal) < U(x, xz2) < az2(|xal),
U(z1(t), z2(t))
< Ulaoe + [
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III. CONVERSE LYAPUNOV THEOREM FOR I-IIOSS

We now show equivalence between the proposed i-ilOSS
characterizations from Definitions 1 and 2.

Theorem 1: Let Assumptions 1 and 2 hold. The system (1)
is i-iIOSS if and only if there exists an i-ilOSS Lyapunov
function.

Proof: Part I (Sufficiency): The implication follows by
applying the bounds (6a) to (6b), which directly yields (5).

Part II (Necessity): The proof uses and combines similar
arguments as in previous converse theorems and Lyapunov
function constructions, in particular [11], [18]; continuity
of the Lyapunov function is proven in a different fashion
invoking Assumptions 1 and 2, cf. Claim 1 below and
Appendix B.

For arbitrary y1,x2 € &, we consider the following
i-iI0SS Lyapunov function candidate'

U(le X2)

= sup
t>0,u1,uz,d

- /Ooo NTT20, (Jug (7) — ug(7)|)dr

)\_t/2 (a(|l‘(t7xl7u17d> - .’E(t,X2,u2; d)l)

t
*/ AtiTOéyﬂy(taXl,Uhd)*Z/(t7X27U27d)|)d7) (N
0

and start by establishing the bounds (6a). For the term
a(lz(t, x1,u1,d) — z(t, x2,u2,d)|) in (7), we can directly
use the estimate from i-ilOSS (5), which yields
Ulxix2) < sup ax(lxa — x2)A? = aa(lxa — xal),
t>0,u1,usz,d

i.e., the upper bound in (6a) with ay = ... The lower bound
follows by considering the candidate inputs u; = wuo and
t = 0, leading to ; = « in (6a).

The following claim is proven in Appendix B.

Claim 1: The function U in (7) is continuous on X x X.
It remains to establish the dissipation inequality (6b). To this
end, consider (1,(s € X, uy,us € My,d € Mp, yielding
the trajectories z;(t) := (¢, (;,u;,d) with j = 1,2 for ¢t > 0.
We obtain

U (21 (t), 2(t)) ®)
= s AT (alo(f 20, @, d) - a(f 2(0), @, )

t>0,u1,u2,d

~ /°° A2y (Ja () — 2 (7))
0

= [ Ay (0,51.d) =yl 22(0). 7 ) ).

For two functions @,u defined on [0, 00), let @f:u denote
their concatenation at some fixed time ¢ > 0, i.e.,

_ _Juln), 7€ [0,1]
heu(r) = {U(T —t), 7€ (t,00).
Hence, in (8), we can infer that
a(|z(t, 21 (t), 41, d) — z(t, 22(t), U2, d)]|) 9)

=zt +t,C1, urfiur, dipd) — (T + ¢, Co, Uallus, did)]).

IThe inputs w1, u2, d in (7) are maximized over the sets My and Mp,
respectively, which is omitted throughout this paper for brevity.

Similarly,
/ N="200, (|1 (7) — fia (7)) dr

0
_ / )\{+t_72au(|ﬂ1ﬁtul(7) — a2ﬂt11/2<7')‘)d7—

0

t

_ / N To0 ([us (7) — ua (7)) dr (10)

0

and

/O )\E_Tay(|y(7', 21 (t)7 Uy, CZ) - y(T7 22 (t)7 Uz, g)‘)dT

t+t B B
:/ N Tay (Jy(F +t, Gyt feus, difed)
0
_y(f—’—t7€27a2ﬁtu27dutd)|)d7 (11)

t —
_/ Ao (Jy (7, Cuyua, d) — y(7, G2, uz, d)])dr.
0

Now define 7 := £ + t. Consequently, U(z;(t), 22(t)) in (8)
can be bounded using the substitutions from (9)—(11) and the
fact that A < VA €[0,1) as

U(z1(t), 22(t))

< swp ACE2(a(lo(l G, d) - 2l Gy, d)))

£>0,i1,a2,d

- [ N2 - aa(r)har
0
_ / Ny (y(E, Gy, d) — o Goy i, d) )7 )

+ / AT (20 (Jun (1) — ua (7))
+ay(|y(7—7claulvd)_y(TaC%u??d)D)dT
VAU + [ VA o) - o)

+ ay(':U(T, Cla u, d) - y(T, C27u27d)|))d7-7

which establishes the dissipation inequality (6b) by a suitable
redefinition of A and hence concludes this proof. [ ]

IV. NONLINEAR DETECTABILITY

In this section, we establish necessity of i-ilOSS for the
existence of an observer mapping satisfying an ISS-like
robust stability property in a time-discounted “L2-to-L>”
sense. In this context, we let u include all unknown signals
(such as process disturbances and measurement noise) and
d known exogenous signals (such as control inputs). Let the
set My contain all measurable, locally essentially bounded
functions defined on [0, 0o) taking values in . For a function
z defined on [0,00) and any ¢ > 0, we denote by z; the
truncated signal given by z:(7) := z(7),7 € [0,t) and
zt(7) = 0,7 € [t,00).

Definition 3 (State observer): The mapping

PZRZOXXXML{XMDXMJ/—)X

is a robustly globally asymptotically stable (RGAS) observer
for the system (1) if there exist functions 3, 8z, By, By € Ko
and a constant 1 € [0,1) such that the estimate

i'(t) = P(ta)_(7ﬂtadtvgt)7 i(O) = )2

(12)

13)
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satisfies

ﬁ(lfﬂ(f) —a(t)]) < Bullx — XD’

+ / 0T (Bu(lu(r) — a(r)]) + By (|y(r) — 4(r)]))dr

for 311[1)520, all x,x € X, u,u € My,de Mp, ye My,
where (1) = z(7, x, u,d), y(7) = y(71, X, u,d), T € [0,1].
Definition 3 implies that at any time ¢ > 0, P causally
reconstructs the state of system (1) using (the past values
of) some nominal disturbance @, some measured signal g,
the parameter d, and some initial estimate Y. Considering
y # y provides an additional degree of robustness and
accounts for the case where the output model h in (1b)
is not exact, e.g., when the data are first transformed or
traverse additional networks not captured by h, cf. [10]
for a more detailed discussion. Note that for the classical
case with & = 0 and y = y, the estimate (14) reduces to
B(lz(t)=2(1)]) < Bu(lx—Xn'+Jy 0~ Bullu(r)|)dr. The
integral term in this bound can be viewed as the energy of
the true disturbance signal u under fading memory and thus
has a reasonable physical interpretation, compare also [2],
[17]. Moreover, the discount factor permits a direct derivation
of an “L°°-to-L°°” error bound (cf., [15, Prop. 1]) and
thus combines the advantages of classical and integral ISS
properties: it is applicable for both unbounded disturbances
that have small energy and persistent, bounded disturbances
with infinite energy, and furthermore, directly implies that
|z(t) — &(t)] — 0 if |u(t)] — 0 for ¢ — oo. Note
also that the mapping (12) covers full-order state observers,
but in particular observers that do not admit a convenient
state-space representation, such as moving horizon and full
information estimators, cf. [15] and compare also [11] for a
similar discussion in a discrete-time setting. The following
proposition proves necessity of i-ilOSS for the existence of
an observer mapping (12) satisfying (14).
Proposition 2: The system (1) admits an RGAS observer
mapping in the sense of Definition 3 only if it is i-i[OSS.
Proof: This proof follows similar lines as in [11,
Prop. 2.6], [10, Prop. 3]. Consider xi,x2 € X, uj,us €
My, and d € Mp yielding x;(t) = x(t, X, us,d) and
yi(t) = y(t, xi, ui,d), ¢ = 1,2 for all ¢ > 0. Suppose that
the observer P (13) is designed to reconstruct the trajectory
To using ¥ = X2, 4 = ug, ¥ = yo. By application of (14),
it follows that o, (|x2(t) — &(¢)|) = 0 for all ¢ > 0. Now
assume that this certain design of P is used to reconstruct
the trajectory x;. Then, since Z(t) = z2(t) for all t > 0,
the estimate (14) directly yields (5) with o = 3, a, = B,
Q= Pu, ¢y = By; because x1, x2,u1, U2, d were arbitrary,
system (1) is i-ilOSS, which finishes this proof. [ ]
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APPENDIX
A. Proof of Proposition 1

stability,”

Hoboken, NJ: John

We first derive a bound on the difference of trajectories on
a fixed time interval by adapting the results from [13], [14].
This will also be crucial in proving Claim 1 in Section B.
Lemma 1: Let Assumption 1 hold. Then, there exists
some p € K such that for each x1,x2 € X, ui,us € My,
and di,ds € Mo, there exists 7' > 0 such that
|(t, X1, u1,d1) — 3(t, X2, Uz, d2)| < p~ ' (p(c)e)
for all t € [0,T") with
¢ = [x1—Xz| + Tr1(3[|ur—uzllo.7) + Tr1(3||d1—dz2]lo:7)-
(16)
Proof: Consider arbitrary x1, x2 € X, ui,us € My,
dy,dy € Mp. The existence of the trajectories x;(t) =
x(t, X4, uiydi), t € [0,t;(xi,us,d;)) is ensured for some
ti(xi, ui,d;) > 0,4 = 1,2 by continuity of f (Assumption 1)
and Peano’s existence theorem (cf., e.g., [19, Th. 2.1]). Let
T := min;eq 2{t:(xi, wi, d;)}. Then, for all ¢ € [0,7T), the
trajectories 1 and zo satisfy

z1(t) — 22(t) = x1 — X2

+/ (f (@1(7), ur (1), di (7)) — f(2a(7), ua(7), da(7)))dr.
0

15)
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Define v(t) = |z1(t) — 22(t)|, ua = u1 — uz, and da =
d1 — do. By applying (2), the triangle inequality, and the
fact that k1 is positive definite and non-decreasing, we can
deduce that

v(t) <v(0) +/O (R1(v(s)) +R1(Jlua(s)]) + R1(lda(s)]))ds

a7
with 71 (s) := k1(3s). Note that
/0(Rl(IUA(S)I)+R1(|dA(S)D)d8
< T(F1(l[uallor) + Fa(ldallor))- (18)

By combining (17), (18), and the definition of ¢ from (16),
we obtain

¢

u(t) < ch/ R1(v(s))ds. (19)
0

We first assume that ¢ > 0. Denote by U(t) the right-hand

side of (19). Then, U(0) = ¢ and

U(t) = 1 (v(t) < Ra(U(2))-

Now consider G(s) := [ Efl(TT) for s > 0. By Assumption 1,
lim, .o+ G(s) = —oco and lim,_,», G(s) = co. Furthermore,
from the Leibniz integral rule, it follows that

d d Y a4 U
@)= ﬁ/ M) - m )

The combination of (20) and (21) yields £G(U(t)) < 1. An
integration on [0, ¢] leads to

GU(t) — GU(0)) <t = VD) < LUONE - (22)

Now define p(s) := e%() for all s > 0 and p(0) := 0. It
follows that p € Ko, (and thus p=! € K). Since v(t) <
U(t) for all ¢ € [0,T) and U(0) = ¢, from (22) and the
definition of p we can conclude that v(t) < p~!(p(c)e?) for
all t € [0,T).

It remains to show that (15) also applies for ¢ = 0.
Performing the same steps as before with € > 0 instead of
c leads to v(t) < p~1(p(e)et). Letting € — 0 recovers (15)
for ¢ = 0 and thus concludes this proof. [ ]

Proof of Proposition 1: Proposition 1 is an immediate
consequence of Lemma 1. First, we claim that solutions
exist globally in time. Indeed, suppose not. Then, there exist
x € X, u € My, d € Mp, and some finite time 77 > 0
such that lim;_, 7, |x(t)| = oo, where z(t) = z(t, x,u, d).
Applying Lemma 1 with x; = x, vy = u, dy = d, and
X2 =0, uz =0, do = 0, (15) yields |z(t)] < p~(p(|x| +
Tl(R1(||uH0;T1))+R1(||d||0:Tl))et) fort € [07T1). The right-
hand side is bounded for ¢ — T}, which contradicts finite
escape time and hence implies that solutions exist globally
on Rx>g.

It remains to show uniqueness of solutions. To this end,
assume that z1(t) = z(¢, x,u,d) and z5(t) = (¢, x, u,d)
represent two solutions of (la) on the interval [0,7%] for
T> > 0 with the same initial conditions x € X and inputs
u € My and d € Mp. It follows that ¢ = 0 in (16) and
|z1(t) — 22(t)] = 0 for all ¢ € [0, Ts] by (15), which proves
uniqueness of solutions on [0, 73] and hence concludes this
proof. [ ]

(20)

ey

B. Proof of Claim 1

To prove continuity, we first need an additional lemma.

Lemma 2: Let Assumptions 1 and 2 hold. For every
T,ry,ry > 0, there exist constants R, (T, ry,r,) > 0 and
R(T,ry,ry) > 0 such that

|m(t7X17u17d) - x(t7X27u25d)| S Ri(Tv Txvru)v

|y(t7 X1, U1, d) - y(t, X2, U2, d)| < Ry(T7 Txs TU)
forallt € [0,T], all x1,x2 € & satisfying |x1—x2| < ry, all
uy, uy € My satisfying [ n~*a(|ui(s) — uz(s)])ds < r,
for some o € Koo with a(s) > k1(3s) for all s > 0 and
n€0,1), and all d € Mp.

Proof: For i = 1,2, let z;(¢t) = =(t, xi,u;,d) and
yi(t) = x(t, x4, ui,d), t > 0, where we note that Proposi-
tion 1 applies due to satisfaction of Assumption 1. Define
ua = u1 —ug. We can invoke the same arguments as in the
proof of Lemma 1, where (18) can be replaced by

[ melustois < [ uralustss <.

0
exploiting that =% > 1 for all s > 0. Consequently, we

obtain ¢ = r, + r, in (16), which by (15) implies that
|$1 (t) - 1‘2(t)| < p_l(p(rx + Tu)eT) = Rw(T7 Txv""u)

uniformly for all ¢ € [0,7]. For the second part, the
application of (1b) in combination with Assumption 2 leads

y1(8) = y2(B)] < ma(|(z1(8), ua () — (22(t), ua())])
< R (2] () — 22 (t)]) + R2(2lua (t) — uz(t)])

< ko(2R4 (T, ry, 7)) + £2(2ry) =: Ry(T, 1y, T0)
for all ¢ € [0, 77, which finishes this proof. u

Proof of Claim 1: The proof uses mostly similar
arguments as in [11, Th. 3.5], with variations due to the
continuous-time setting and the class of inputs considered (in
particular, Lemmas 1 and 2). It consists of two parts. First,
we show that choosing (x1,x2) in a compact set implies
that the right-hand side of (7) is the same when restricting
t, (u1,us) to suitable sets; then, we use this property to
establish continuity of U.

Part I. Define B(C') := {(x1,x2) € X xX :1/C <|x1—
Xz2| < C} for C' > 1 and consider (x1,x2) € B(C). Then,
for any € > 0, there exist inputs u§,us € My, d° € Mp,
and a time ¢¢ > 0 such that

a(lxal) = U(xa, x2)
< e+ A2 (alle(t, X, uf, d°) — 2t xa, u, d°)))

- /°° AT 200, (| (1) — us (7)) dr

0

(23)

.
= [Ny x5 d) — (e s ) e

0
< e+ A7 (a(Ixa A"

- /OO A7 g (Ju (7) —u§(7)|)d7), 24)

0
where xaA = x1 — X2 and the last inequality follows from
i-iIOSS (5). Consequently,

a(lxal) < €+ A2a,(xal). (25)
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Choose € < &) := a(1/C)/2 and recall that 1/C <
Ixa] < C. Thus, (25) yields a(1/C)/2 < AX'/2a,(C),

which leads to
a(l/C)
€< 21 =T
£ = Zlog, <2am(C)) (©),

where 0 < ;Xéi/(gg < 1. From (24) and the fact that e < €(C),

we also obtain

/O°° AT ag ([ () = () |)dr
1
2

(26)

< a (O)A — Za(1/C)N/? < a,(0).

Since t¢ € [0, T(C)], it follows that A\*" > AT(®); hence,

/ooo A o ([ug (1) —us (1) dr < an(CA T =1, (C).

As a result, we can infer that (u§,u§) € B,(C) :=
{(u1,u2) € My x My [ AN Taw([u () — us(7)|)dr <
ru(C)}.

Part I1. Now consider some Y1, X2 € X with Y1 # Xo. Set
C = 2max{|x1 — x2|, 1/|X1 — X2|} > 1. From the first part
of this proof, for (x1, x2) € B(C), there exist € € (0,&(C)],
(ug, us) € B,(C), d° € Mp, and t¢ € [0,T(C)] such that
(24) holds. Define

x1(t) := z(t, x1,ui, dY), x2(t) := x(t, x2, us,d°),
T1(t) = a(t, X1, ul, d),  Z2(t) == x(t, X2, uj, d°),
yi(t) =yt x1,u1,d9),  ya(t) == y(t, X2, up, d°),
G1(t) =yt X1, ui,d9),  G2(t) = y(t, Xo, ub, d°)

for all ¢ € [0, T(C)]. The trajectories 1 (t) and Z2(t) satisfy

U1, Xe) = A7 (i (1) = &2(t9)) @)

AT 20 ([u () — ug(r) )dr
0

-/ N a1 (r) - all)dr)

The combination of (23) and (27) yields
(28)
— Z2(t)|)

n / N (@ (11 (1) =52(7)) — gl ()= (7)) )

Ulxisx2) — U(xa, Xa)
< et A2 (e (1) = 22 (19)]) — i ()

Without loss of generality, we assume that® o, (s) >
k1(3s) for all s > 0. By Lemma 2, there exist R, Ry > 0
such that

max{|z1 (t)—z2(t)], [T1(t)—22(1)[} < R (T(C), C,ru(C))
=: Rf,

max{[y1 (1) —y2()], |51 (1) =72 (1) [} < Ry(T(C), C,ru(C))
=: Rg

21f this is violated, simply replace c, in (5) by a suitable &, € Koo
that majorizes both o, and k1(3s).

uniformly for all ¢ € [0,7(C)]. Recall that o, in (28)
are continuous; hence, they are uniformly continuous on the
compact sets [0, RS] and [0, RS, respectively. From [20,
Prop. 20], there exist &, &, € K such that
|a(s1) = als2)| < alls1 — s2l), 1,52 € [0, RS, (29)
|y (s1) — ay(s2)] < Gy(|s1 — s2]), 81,82 € [O,Rff]. (30)
Evaluating the absolute value of the right-hand side of (28),
using the triangle inequality, applying (29) and (30) followed
by the reverse triangle inequality and then the standard one
lead us to
Ulxi,x2) —U(xa, X2)

< et A2 (d(\m(m — F1 ()] + |za(t) — Z2(t9)])

N / N (G (1 () = 51 ()] + Lo () = 2(7)])) )

By applying Lemma 1 and similar steps as in the proof of
Lemma 2, it follows that

€2y

(1) — 2] < p~ (p(Ixi — Xa)eT D), i = 1,2, (32)
lyi () — 5 (8)] < w2(p™ (p(xi — Xal)e™ D)) i = 1,2
(33)

for all ¢ € [0,7(C)]. Hence, from (31), using that a(]a +
b)) < a(2a) + «a(2b) for any o € K and a,b > 0 in
conjunction with the bounds from€(32) and (33) and the facts
that A\=*/2 < A~T(O/2 and [} A\“~Tdr < ~1/In ), we
can infer that there exist 7,7y, € K satisfying

Uxi,x2) —UX1,X2) <e+v(Ixa —x1]) + 72 (Ix2 — x2l)
+y(Ix1 = X1l) + 7 (Ix2 — Xal)
<e+y(xa—xal) +v(x2 — xal)

where Y(s) 1= v (s)+7y,(s) forall s > 0. Letting e — 0 and
applying a symmetric argument (recall that (y1, x2) € B(C)
by the definition of C) lets us conclude that

U (X1, x2) =U(X1s X2)| < v(Ixa=xa)+y(Ixz=xzl). (34)

Since B(C) contains all pairs (21, x2) within a neighborhood
of (X1,X2), (34) implies that U is continuous at each
(X1,X2) € X X X for X1 # Xo. It remains to show that
U is also continuous at (i, X). To this end, consider any
(x1,Xx2) € X x X; since U(x, x) = 0, it follows that
[U(x1,x2) = U X = Ulx, x2) < aallx1 —x|)

< g (xa =X+ [X=xz2l) < aw (2Ixa—xX1) + a2 (2[x2—x1),
which implies that U is continuous at (¥, X). Hence, U is
continuous on X x X, which finishes this proof. [ ]

Remark 3: Part I of the proof of Claim 1 gives rise to the
fact that (u§,us) € B,(C), ie., the inputs uj and u§ are
such that the weighted “energy” of its difference is located
in a ball of radius r, centered at the origin. However, this
implies no information about the absolute range of u; and
uo, Which prevents the use of a local Lipschitz property of f
to bound the evolution of the difference of state trajectories
in the proof of Claim 1 below (28) and in (32). In contrast,
the global nature of Assumption 1 allows the derivation of
such a bound, and the conditions in (3) ensure that it is finite
for any finite .
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