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Euclidean Contractivity of Neural Networks with Symmetric Weights
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Abstract— This paper investigates stability conditions of
continuous-time Hopfield and firing-rate neural networks by
leveraging contraction theory. First, we present a number of
useful general algebraic results on matrix polytopes and prod-
ucts of symmetric matrices. Then, we give sufficient conditions
for strong and weak Euclidean contractivity, i.e., contractivity
with respect to the /2 norm, of both models with symmetric
weights and (possibly) non-smooth activation functions. Our
contraction analysis leads to contraction rates which are log-
optimal in almost all symmetric synaptic matrices. Finally, we
use our results to propose a firing-rate neural network model
to solve a quadratic optimization problem with box constraints.

I. INTRODUCTION

Continuous-time recurrent neural networks (RNNs) are
dynamical models widely studied in computational neuro-
science and machine learning. Recent interest has focused on
establishing the contractivity properties of RNNs. Contract-
ing dynamics are robustly stable, feature computationally
friendly methods for equilibrium computation, and enjoy
many other properties. Motivated by optimization [17], [2]
and neuroscientific applications [15], [7, Chapter 17], this
paper focuses on symmetric synaptic interactions.

While a comprehensive contractivity analysis with respect
to /1 and /-, norms was recently presented in [5], the corre-
sponding analysis with respect to weighted Euclidean norms
is not complete yet. A recent breakthrough in this direction
was obtained by [10]; this work extends and complements
these results (a detailed comparison is offered below).

Two common models of RNNs are the firing-rate neural
network (FNN) and Hopfield neural network (HNN); the
main difference being the order by which the activation
function acts. Under mild assumptions, FNNs are positive
systems and, arguably, more biologically-plausible. HNNs
are relevant in optimization and machine learning [17],
[2], [15], [20]. For certain synaptic matrices and initial
conditions, FNN and HNN are known to be equivalent
via an appropriate change of coordinates and input trans-
formation [13]. However, the understanding of this partial
correspondence is not complete and, as we will show below,
their contractivity properties are not exactly coincident.
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a) Related literature: RNNs naturally emerge when
modelling neural processes [7]. Critical questions when
studying RNNs are related to finding conditions that guar-
antee stability and robustness of the network. For example,
sufficient conditions for the stability of HNNs are given in [6]
based on the use of Lyapunov diagonally stable matrices.
Stability and robustness can be simultaneously established
using contraction theory. Indeed, contracting systems exhibit
highly ordered transient and asymptotic behaviors that appear
to be convenient in the context of RNNs. For example: (i)
initial conditions are exponentially forgotten [12]; (ii) time-
invariant dynamics admits a unique globally exponential
stable equilibrium [12]; (iii) contraction ensures entrainment
to periodic inputs [16] and (iv) enjoy highly robust behavior,
such as input-to-state stability [19]. (v) Moreover, efficient
numerical algorithms can be devised for numerical integra-
tion and fixed point computation of contracting systems [9].
Recently, non-Euclidean contractivity of RNNs is studied
in [5] and in [4], where stability properties of HNN and
FNN with dynamic synapses undergoing Hebbian learning
are proposed. Euclidean contractivity is studied in [11]
to analyze the stability of RNNs with dynamic synapses
and in [10], where a number of contractivity conditions
are proposed. Finally, the design of norms minimizing the
logarithmic norm is reviewed in [3, Section 2.7].

b) Contributions: our main results are a set of suffi-
cient conditions characterizing strong and weak infinitesimal
contractivity properties (see Section II for the definitions)
of FNNs and HNNs with symmetric weights and possibly
non-smooth activation functions. We also establish a lower
bound on the contraction rate and, remarkably, demonstrate
that the bound is log-optimal in almost all symmetric weight
matrices. One of the main benefits of our approach to the
study of FNNs and HNNS is that, with just a single condition,
it ensures global exponential convergence, along with all
the other useful properties of contracting systems. The main
results leverage a number of general algebraic results, which
are interesting per se and are also a contribution of this
paper. With these algebraic results, we: (i) determine a
weighted ¢5 norm for matrix polytopes which is log-optimal
for almost all synaptic matrices; (ii) give a lower bound
on the spectral abscissa of matrix polytopes; (iii) provide
optimal and log-optimal norms for the product of symmetric
matrices. Finally, we leverage our sufficient conditions for
contractivity to propose a FNN solving certain quadratic
optimization problems with box constraints.

Our results for strong infinitesimal contractivity of the
FNN and HNN models with symmetric weights are based on
and generalize [10, Theorem 2]. Specifically, (i) we provide



the explicit expression of the matrix weights for which the
models are contracting. The matrices we find are different
for the two models, highlighting the importance of choosing
the appropriate model based on the properties being studied;
(i) we address the weak contractivity case, i.e., when the
contraction rate is 0, making it applicable for, e.g., systems
that enjoy conservation or invariance properties; (iii)) we
handle weakly increasing and (iv) locally Lipschitz activa-
tion functions, allowing us to consider common activation
functions such as the rectified linear unit (ReLU) and soft
thresholding functions.'

II. MATHEMATICAL PRELIMINARIES

Define (-)+: R = Ry by (2)+ =2zif 2 >0, (2)+ =0
if z <0. Given z € R”, let [z] € R™*" denote the diagonal
matrix with diagonal entries equal to . Vector inequalities of
the form x < (>) y are entry-wise. Let 1,,, 0,, € R™ be the
all-ones and all-zeros vectors, respectively, I,, be the n x n
identity matrix, and S™ be the set of real symmetric nxn ma-
trices. For A € R"*™, let spec(A), p(A) := max{|A| |\ €
spec(A)} and a(A) := max{R(A)| A € spec(A)} denote
the spectrum, spectral radius and the spectral abscissa of
A, respectively; here $(\) denotes the real part of \. For
A € S, let Apin(A) and Apx(A) denote its minimum and
maximum eigenvalue, respectively. Given A, B € S™, we
write A =< B (resp. A < B) if B— A is positive semidefinite
(resp. definite). The Moore—Penrose inverse of A € R™*"
is the unique matrix A" € R™*™ such that AATA = A,
ATAAY = AT, with AAT, ATA € S*. When clear from the
context, we omit to specify time dependence of functions.

1) Norms and induced norms: Let ||-|| denote both a norm
on R™ and its corresponding induced matrix norm on R™*",
Given A € R™*™ the logarithmic norm (log-norm) induced
by || - || is pw(A4) := limy_,o+ M. For an ¢, norm,
p € [1,00], and for an invertible Q € R™*", the Q-weighted
¢, norm is ||z||p,0 := ||@Q||,. The corresponding log-norm
is pp.o(A4) = pp,(QAQ™1). For two invertible matrices Q,
Q2 € R™ ™ it holds

Ip,0:05 (A) = 1p.0, (Q2AQ5 ). (1)

Given f: R>oxC — R", with C C R" open and
connected, we denote by osL(f;) the one-sided Lipschitz
constant of f; := f(t,-). For continuously differentiable f;
and convex set C it holds osL(f;) = sup,cc n(Df(t, x)),
where Df(t,x) := Of(t,z)/O0x is the Jacobian of f with
respect to x. We write osL, o(f;) to specify that the one-
sided Lipschitz constant is computed with respect to a Q-
weighted ¢, norm.

We refer to [3] for a recent review of those tools.

2) Contraction theory for dynamical systems: We start
with the following

Definition 1. Given a norm, a function f: R>qo x C' — R",
with C CR™ f-invariant, open and convex, and a constant

ISee https://arxiv.org/abs/2302.13452 for an extended
technical report.
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¢ > 0 (¢ = 0) referred as contraction rate, f is strongly
(weakly) infinitesimally contracting on C' if

osL(fi) < —c, for all t € Rx,
or, equivalently for differentiable vector fields, if

w(Df(t,x)) < —c, forall z € C and t € R>o.  (2)

The next result [5, Theorem 16] allows using condition (2)
for locally Lipschitz function, for which, by Rademacher’s
theorem, D f (¢, x) exists almost everywhere (a.e.) in C.

Theorem 1. Consider a norm, a function f: R>oxC — R"
locally Lipschitz on C C R™ open and convex set. Then for
every c € R the following statements are equivalent:

(i) osL(f) < forall t € R,

(i) w(Df(t,x)) <c forae. x € C andt € Rx.

3) Hopfield and firing-rate continuous-time neural net-
works: We are interested in the following continuous-time
FNN and HNN models defined, respectively, as:

Tp = —ch+<I>(W:vF + uF) = fF(l'FauF)v
iy = —ag+W®(zy)+un := fu(rn, un),

3)
“4)

where: xp, xy € R™ are neural activation vectors, ®: R™ —
R™ is a nonlinear and diagonal activation function, i.e., for
x € R", (®(x)); = ¢(x;), where ¢: R — R. W € R**"
is the synaptic matrix, with W;; € R being the synaptic
weight from neuron j to neuron ¢. Finally, up, ug € R" are
the external stimuli in the FNN and HNN, respectively. The
models (3) and (4) assume homogeneous dissipation rates;
we leave the heterogeneous case to future work.

Remark 2. When the activation function is non-negative
the positive orthant is forward-invariant for fg in (3) and
xE Is interpreted as a firing-rate. Instead, in (4) xy is sign
indefinite and is interpreted as a membrane potential.

III. MAIN RESULTS

First, we give algebraic results on weighted /5 norms of
certain matrix polytopes. Then, we use those results to give
sufficient conditions for the strong infinitesimal contractivity
of the FNN and the HNN with symmetric weights with
respect to weighted Euclidean norms.

Assumption 1 (Symmetric synaptic weights). The synaptic
matrix W € R™*" s symmetric.

Under Assumption 1, the eigenvalues of W are real,
a(W) = Apax(W) and W < «(W)I,,. Moreover, W can
be decomposed as

W =UAUT, 5)

where U € R"*" is the orthogonal matrix whose columns

are the eigenvectors of W, and A = [\] € R™*" is diagonal

with A € R” being the vector of the eigenvalues of W.
Given b > 0, we define 6;: |—00, b] — [2b, +00] by

0y(2) :==2b(1++/1—2z/b), Vze€]—-00,b. (6)



it is useful to denote 6;(A)
Also, we introduce Qg € R™"*"

For our derivations,
[(eb()‘l)a cey eb()‘n))]

Qrp :=Ub,(MUT =0, (7)
and, when W is invertible, Qu € R"*™ is defined as
Qup = QrpW 1 =Ub(A)A'UT = 0. (8)

A. Results on Euclidean log-norms of matrix polytopes

First, we give the following definition for polytopes.

Definition 2 (Log-optimal and log e-optimal norms for
matrix polytopes). Given Ay, ..., A, € R™*", consider the
polytope P = {3771, BjA;|B; > 0,27, Bj = 1} and a
scalar € > 0. We say that the norm || - || is

(i) logarithmically optimal (log-optimal) for P if
1(Aj),

max a(A) = max

je{1,....m}
(ii) logarithmically e-optimal (log e-optimal) for P if
A

max 7

el w(

max a(4) <

) <maxa(A) +e.
AEP AcP

We are specifically interested in the matrix polytopes
Pr:={[dW|d € [0,1]"} and Py := {W][d] |d € [0,1]"}.
Namely, in Theorem 3 we give algebraic results on the
Euclidean log-norm of matrices in Pr and Py (the proof is in
Section IV, together with a number of instrumental results).

Theorem 3 (Euclidean log-norm of matrix polytopes). Given
a symmetric synaptic matrix W (Assumption 1), the following
statements holds:

(i) if a(W) >0, then || - [|2,5. 0wy With Qpaw) € R™*"
defined in (7), is log-optimal for Pg, i.e.,

W)

dg[loa,bﬁn a([dW) = a(W).

max

d
de[o,1]™ MQ’QFMW)([ ]

In addition, if W is invertible, then || - ||2,Q, . w,» With
Qu,a(w) € R " defined in (8), is log-optimal for Py,

ie.,
e 12,Quocw) (Wd]) = 0 a(W[d]) = a(W);

(it) if a(W) =0, then for each € > 0 the norm || - ||2,q; .,
with Qg € R™™" defined in (7), is log e-optimal for
PF, i.é’.,

< max a[d]W) +e=c¢;
de[0,1]™

max

dw
defo, 1] #2,Qy.. ([d]W)

(iii) if (W) <0, then || - |5, (_wy1/2 is log-optimal for Pg
and Py, i.e.,

Jax g, (—wyr2 ([dIW) = e a([dW) =0,
e fig (—wyr/2(Wd]) = e a(W[d]) =0.

Remark 4. Theorem 3 applies to polytopes of the form
al,+[d|W and al,+W|[d), for a € R, via the translation
property: for all A € R"*™, u(A+ al,) = u(A) + a.
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B. Contractivity of recurrent neural networks

Next, we consider the neural network dynamics for the
FNN in (3) and for the HNN in (4).

Assumption 2 (Slope-restricted activation function). The ac-
tivation function ¢: R — R is Lipschitz and slope restricted
in [0,1].

Assumption 2 ensures that ¢'(z) € [0, 1] a.e. in R. Many
common activation functions, including ReLUs and sig-
moids, satisfy Assumption 2, possibly after rescaling. In fact,
if ¢(-) is slope restricted in [0, d], with d > 0, then our next
results still hold by redefining [d] := D®/dand W :=d - W.

a) Contractivity of firing-rate neural networks: We now
provide an upper bound on the /5 one-sided Lipschitz con-
stant and sufficient conditions for the Euclidean contractivity
of FNNs with symmetric weights.

Theorem 5 (Euclidean one-sided Lipschitz constant of the
FNN). Consider the FNN (3) satisfying Assumptions 1, 2,
(i) if «(W) >0, then osLa g, w (fF) < —1+a(W), with
Qr,aw) € R™*" defined in (7);
(ii) if «(W) = O, then for each ¢ > 0, osLs g, (fF)
—1+¢, with Qg € R™™™ defined in (7);
(iii) lfO((W) < 0, then OSLQ’(,W)l/z (f]:) < -1

<

Proof. Regarding part (i) note that for almost all x € R™ we
have D fp(z) = —1, + D®(Wz + u)W and

(De(x)) < 100X 112y~ -+ [A]W)

—14a(W),

H2,Qk, o (w)

where the last equality follows by the log-norm translation
property and part (i) in Theorem 3. The proof follows
by applying Theorem 1. Parts (ii) and (iii) can be proved
similarly, using parts (ii) and (iii) in Theorem 3. O]

The next result follows from Theorem 5.

Corollary 6 (Euclidean contractivity of the FNN). Under

the same assumptions and notations from Theorem 5,

(i) if (W) = 1, then the FNN is weakly infinitesimally
contracting with respect to || - [|2,qc . w5

(ii) if 0 < (W) < 1, then the FNN is strongly infinitesi-
mally contracting with rate 1 — a(W) > 0 with respect
fo || : ”ZQF,Q(W);

(iii) if (W) = 0, then for any 0 < & < 1 the FNN is
strongly infinitesimally contracting with rate 1 —e > 0

with respect to || - ||2,qQp..;
(iv) if (W) < 0O, then the FNN is strongly infinitesimally
contracting with rate 1 with respect to || - ||5,_y1/2.

b) Contractivity of Hopfield neural networks: We first
provide an upper bound on the Euclidean one-sided Lipschitz
constant and sufficient conditions for the /5 contractivity of
HNNs with non-singular symmetric synaptic matrices. Then,
we give sufficient conditions for the {5 contractivity with
singular symmetric synapses. This latter result is proven in
Section I'V: differently from our analysis on FNNS, it requires
a distinct mathematical approach.



Theorem 7 (Euclidean one-sided Lipschitz constant of the
HNN with non-singular symmetric weights). Consider the
HNN (4) satisfying Assumptions 1, 2 with non-singular
weight matrix W,

(i) if «(W) > 0, then osla q, . (fu) < —1+a(W),
with Qu ow) € R"*" defined in (8);
(ii) lfOé(W) < 0, then OSLQ’(,W)l/z (fH) < -1

Proof. Regarding part (i), for almost all x € R™ we have
Dfu(z) = —I, + WD®(z) and p2,qy ., (Dfu(z)) <
maXge[o,1]» M2:QH,O(W>(_I’”’ + W[d]) —1+a(W), where
the last equality follows by the log-norm translation property
and part (i) in Theorem 3. The proof then follows by applying
Theorem 1. Part (ii) can be proved similarly, using part (iii)
in Theorem 3. O

Corollary 8 (Euclidean contractivity of the HNN with
non-singular symmetric weights). Under the same assump-
tions and notations as in Theorem 7,
(i) if «(W) = 1, then the HNN is weakly infinitesimally
contracting with respect o || - [|2,Q . w)>
(ii) if 0 < a(W) < 1, then the HNN is strongly infinitesi-
mally contracting with rate 1 — a(W) > 0 with respect

fo ” : ||27QH,a(W)"
(iii) if a(W) < 0, then the HNN is strongly infinitesimally
contracting with rate 1 with respect to || - ||5,_y1/2.

Finally, we give sufficient infinitesimal contractivity con-
ditions of the HNN with singular symmetric synapses (see
Section IV for the proof).

Theorem 9 (Contractivity of the HNN with singular sym-
metric weights). Consider the HNN (4) satisfying Assump-
tions 1, 2 with W having kernel K # {0,}, and such that
a(W) < 1. Then, for each € € 10,1 — o(W)[ the HNN is
strongly infinitesimally contracting with rate |1—a(W)—¢|.

IV. PROOFS AND ADDITIONAL RESULTS

We now present the proofs of Theorems 3 and 9 and
additional algebraic results on matrix polytopes and sym-
metric matrices. First, note that since the spectral abscissa is
a continuous function, the maximum value over a polytope
is greater than or equal to the value at one of its vertices.
That is, for any W € R™"*",

max o([dW)>a(W),,

dejo,1]n max o(Wld]))>a(W)4. (9)

delo,1]™

We now give the proof of Theorem 3. To enhance clarity we
prove its parts one by one. Lemma 10 and parts (i) and (ii) in
Theorem 3, are based upon and extend the treatment in [10,
Theorem 2] — see our statement of contributions.

Lemma 10 (Splitting upper-bounded symmetric matrices).
Consider W satisfying Assumptions 1. Assume W =< bl,,
for some b > 0 and let 6,(-) and Qrp be defined in (6)
and (7), respectively. Then,

1
W = Qpp—

5Ok (10)
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Proof. By definition of the function 6,(-), for all \; < b,
i€ {1,...,n}, it holds that

1

Ai = 0p(Ni)——05(N;)*. 11
b(Ai) 1 b(Ai) 1D

Equation (11) implies A = 6,(A)—-:6,(A)?. Equality (10)

then follows by multiplying by U and U T to the left and to

the right, respectively, with U defined as in (5). O
First, we prove part (i).

Proof of part (i). First, we prove that || -
optimal for Pr and dn[lax] a([d]W)
elo,1]n

|2>QF,Q(W) is log-
a(W). To this

purpose, define P := WQ%Q(W) >~ 0. Lemma 10
implies W = Q ow) — P. Next, pick d € R" satisfying
0, < d < 1,, so that [d] is diagonal and invertible. Then

1
2a(W)P—§Q§7a(W) =0 (12)

1
== 2O‘(W)P7§QF,04(W)[d}QF,a(W) =0
= 20(W)P=Qp o(w)|d]P(2P[d|P) ™" P[d]QF o(w) = 0.
Since P[d]P > 0, we can apply the Schur complement to
this LMI to conclude that

2a(W)P —QF,aw)[d] P
—P[d]|Qp,a(w) 2P[d|P

T y >0, Yy € R*".

(13)
Setting y = (y1,y1) for arbitrary y; € R™, (13) implies

W= Qe i Py PIAW < 2a(W) P
= Qo [AWAWAIQF ) = 20(W)QE L wy- (14)

Hence, we showed that the weak LMI (12) (independent of
d) implies the weak LMI (14) for all 0 < d < 1,,. By weak
LMI, we mean that the inequality is not strict. It is known [8,
Theorem 6.3.5] that the eigenvalues of a symmetric matrix
are continuous functions of the matrix entries. Therefore, the
LMI (14) holds also for 0,, < d < 1,,. Finally, note that the
LMI (14) is equivalent to fi2 ;. .y, ([d]W) < (W) for all
d € [0,1]™. The proof follows from (9).

Next, assume that W is invertible. We need
to prove that |- |l2,Q, ., Iis log-optimal for Py
and  that it holds  maxgep 1 (W[d]) = a(W).
We have MaXge (0,1 H2,Qu. ) (W1d]) =

—~
=

maxge(o,1r H2,Qeqwyw— (W1d]) =
MaXge(o,1]m 12,Qr. o (w) ([dW) a(W), where the last
equality follows from the log-optimality of || - for
Pr. The proof again follows from (9).

2,QF, 0 (W)

The proof of part (ii) of Theorem 3, follows the same
reasoning as that of part (i) by considering € > 0 instead of
a(W). Hence, we omit it here for brevity.

Finally, we prove part (iii). To do so, we give the following
algebraic result.

Lemma 11 (Optimal norms for products of symmetric
matrices). Let A1 = SQ € R™"™ " and Ay = QS € R**"
where S, QQ € S™, with Q > 0. Then, for each i € {1,2},



(i) spec(A;) is real and has the same number of negative,
zero, and positive eigenvalues as S;

(ii) the norm || - ||3.1/2 is optimal for the matrix A;, i.e.,
[Ailla, g1z = p(As);
(iii) the norm || - ||y gi/2 is log-optimal for A i.e.,

to gz (Ai) = a(Aq).

Proof. Let i = 1. Ay is similar to Q'/25Q'/? € S™, hence
spec(Ay) is real. Part (i) then follows from Sylvester’s law
of inertia. Regarding part (ii), we compute

HA1||§7Q1/2 = AmaX(QilAlTQAl) = AmaX((SQ)Q) = P(SQ)2

where the last equality follows from the fact that (SQ)? has
the same eigenvectors as S and real eigenvalues equal to

the square of the real eigenvalues of S(@). Finally, to prove
QALQ '+4/ ) _
2

part (iii) we compute 115 g1/2(A1) = )\max(
)\max(QS) = )\max(QAlQil) = )‘maX(Al) = a(Al)' The

proof for ¢ = 2 follows the same reasoning. O

Proof of part (iii). Pick d € R” satisfying 0,, < d <
1,, and consider the matrices [d]W and Wd]. Lemma 11
with S :=[—d] and Q := —W > 0, implies that the spec-
trum of the product matrices [d]WW = ([—d])(—=W) and
Wd] = (=W)([—d]) is real and has the same number of
negative, zero, positive eigenvalues as [—d]. Therefore,

<0 ifd>0,,
Ha (—wyrz([d]W) = a((d]W) { <0 otherwise (15
<0 ifd>0,,
Hz, (-2 (Wld]) = e (Wld]) { <0 otherwise. ®
Maximizing over d € [0, 1]"™ we get part (iii). O
Proof of Theorem 9. Let r be the number of

non-zero  eigenvalues of W. Without loss of
generality, we reorder the elements in A€ R"™ and
UeR™™ so that A = (A\,...,A\,0,...,0) and
U = [ui,...,Ur,Ups1,...,Uy], where u; € R™ is the
eigenvector of \; € R. Next, let K* :=span{ uy,...,u, },
ny i=dim(K*), £ = span{tpq1,...,un}, nL =
dim(K), and define Uy := [uy,...,u,] € R™ ",

UL = [urg1,...,u,) €ER™™, 50 that U= [U; U]
Wehave R*"={zeR" |z e K*}@a{zeR" |z L}
Therefore, given =z € R™ we can always define
x) = U”T:c eK*and z, = UIJE € K. We note that UTU =
I, implies U[Uyj = Iy, ULUL =I,,, ULUj =0y, xn,
and  UfUL =0y xn,. Also, W=UAUl and
Qp’a(w) = U@a(W) (A)UT = UHHHU\F_FULQLUI’ thus
Qp| = UHTQRa(W)UH = 0. From Corollary 6 we have

02 120 (—In,+U AU A)) < =14a(W).  (17)
Moreover, we get:

wiy = —aig i = fir (v, uip), (18)

xgl = _CL‘IUI"‘A\IUHT(I’(CL’H)‘*‘UEI = }u(mH,uIH{), (19)

where (18) was obtained by multiplying (4) by

UI, while (19) was obtained by multiplying (4)
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by UHT. Equation (18) 1is contracting with respect
to any norm in the subspace K with osL(fg)=—1,
being u(Dfi)=—1. For (19) we first note that
QHH = U‘FQRQ(W)WTU“ = 9”./\[1 and Dflll =
—In +A U [d]U). Thus, we have osls g, ( <
an
maxge(o,1]» M2*9HA[1 (—InH JrA”U‘Ir [d]UH) =
maxgeo,1]» 42,0, (—In”-‘rU”T[d]U”AH) < —1+a(W).
Hence (19) is strongly infinitesimally contracting in X*
with respect to || - [|q,, with rate 1—a(WW).
Finally, we note that at fixed || and ¢, the map x| — f is
Lipschitz with constant L, := (). We can now construct
the gain matrix (see [3, Theorem 3.23])

_ | -1 0 2x2
P=lam) —14am)| €8 (20)
whose eigenvalues are Ay = —1,A\y = —14a(WW). The

fact that I # {0, } implies «(W) > 0. In turn, since by
assumptions a(WW) < 1, we have Ao € [—1,0[. Thus, T is
Hurwitz and (') = —1 + a(W). Now, from [3, Theorem
3.23] it follows that, for each € € 0,1 — a(WW)[, the HNN
is strongly infinitesimally contracting with rate |« (I") + €.
This concludes the proof. O

V. USING EUCLIDEAN CONTRACTIVITY TO SOLVE
QUADRATIC OPTIMIZATION PROBLEMS

We now apply the results to propose a FNN solving
certain quadratic optimization problems with box constraints,
inspired by the widely cited work [2].

Given A = AT = 0, an input w € R, and p < v € R”
the quadratic optimization problem with box constraints is

1
min (JA’u(y) = —y ' Ay — uTy), st.pu<y<wv (21)
yER™ 2

Note that J4 ,(-) is strongly convex and the constraints are
convex, thus (21) admits a unique global optimal solution.

We propose the following FNN model to solve (21).
Given a single-layered neural network of n neurons, the state
x € R™ evolves according to

&= —z+sat,, (I, — A)z+u), (22)

with output y = x. The activation function sat,, , (-): R" —
[, v] == [p1, 1] X - - X [, vy ] is defined as (sat,, ,(z)); =
saty, v, (x;), where sat,, ,,(-): R — [p;, ;] is defined by
saty, v, (¢;) = min{max{y;,x;},v;}. Note that sat,, ,,(-)
satisfies Assumption 2. To simplify the notation we use the
same symbol for both the scalar and vector forms. Next, we
use Corollary 6 to give sufficient conditions for the strong
infinitesimal contractivity of (22). Then, we show that the
equilibrium of (22) is the optimal solution of (21).

Lemma 12 (Strong infinitesimal contractivity). Let A =
AT = 0 in (22). The FNN (22) is strongly infinitesimally
contracting with rate ¢ > 0 with respect to || - ||2,p, where
(D) if dmn(4) < 1, then ¢ = IAnn(4)
P = Qr1-xu,(a) With Qr1-x,,(a) defined in (7);
(ii) if Amin(A) =1, then forany 0 <e <1l,c=1—-e >0
and P = Qg, with Qg defined in (7);

and



(iii) if Amin(A) > 1, then ¢ = 1 and P = (A — I,,)"/2.

Proof. The result follows by applying Corollary 6 noticing
that A > 0 implies W = I,—A < I, thus (W)
1—Amin(A4) < 1, and sat,, ., (-) satisfies Assumption 2.

O

An immediate consequence of Lemma 12 is that (22)
admits a unique equilibrium point. Next, we prove that this
equilibrium point is the optimal solution of (21).

Lemma 13. The vector x* € R" is the global minimum
for (21) if and only if x* is the equilibrium point of (22).

Proof. Let z* € R™ be a global minimum for (21), thus
x* € [, v]. Then it follows from the KKT conditions that,
forallie {1,...,n},

>0 if o] =,
aajA,u (I*):(Ax*)zfui =0 if i < x’: <v; (23)
i <0 ifzf=u.

Note that z* is an equilibrium of (22) if, for all 7, we have

—x; +saty, ., (x] —(Az");+u;) = 0. (24)

If o7 = p;, let 2* = (Az");|,._,, —u;. By definition of
saty, v, (+) it holds —p; + satm,;i (1i—=*) > 0. Moreover,
from the KKT conditions (23), and being sat,, ., (-) mono-
tonically non-decreasing, we get the reverse inequality. Thus
x; = p, verifies (24). Similarly it can be proved that (24)
holds for p; < z} < v;, and z} = v;.

Vice versa, let z* € R” be an equilibrium of (21), i.e., (24)
holds. If =} < p;, then (24) implies ] = sat,, ., (1ti—2%).
By definition of sat,, ,,(-) we get that z} € [u;,v;], thus
x; = p;, and p;—2z* < p,;, which implies z* > 0. Similarly,
if p; < a2 < w;, then 2z* = 0, while if ] > v;, then 2} = v;
and z* < 0. This ends the proof since we have shown that
the KKT conditions (23) hold for all <. O]

VI. CONCLUSION

We presented sharp conditions for strong and weak
Euclidean contractivity of Hopfield and firing-rate neural
networks with symmetric weights together with a number
of general algebraic results. Specifically, we analyzed the
Euclidean log-norm of matrix polytopes, proposing norms
that are log-optimal for almost all matrices, and provided
optimal and log-optimal norms for the product of symmet-
ric matrices. We considered networks with (possibly) non-
smooth activation functions, which allows us to consider
common activation functions such as ReLU and the soft
thresholding function. Finally, to demonstrate the practical
implications of our results, we proposed a FNN to solve
quadratic optimization problems with box constraints.

As future work, it would be useful to (i) extend our results
to arbitrary synaptic matrices (as opposed to only symmetric)
and heterogeneous dissipation matrices, (ii) establish higher-
order contractivity properties [18] and consider stochastic
models [1], and (iii) apply these results to neuroscience
and machine learning problems. For example, we plan to
study sparse reconstruction networks (inspired by [15]) and
implicit learning models (e.g., see [14]).
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