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A Unified Non-Strict Finsler Lemma
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Abstract—In this paper, we present a unified general non-
strict Finsler lemma. This result is general in the sense that
it does not impose any restrictions on the involved matrices
and, thereby, it encompasses all existing non-strict versions of
Finsler’s lemma that do impose such restrictions. To further
illustrate its usefulness, we showcase applications of the non-
strict Finsler’s lemma in deriving a structured solution to a
special case of the non-strict projection lemma, and we use
the unified non-strict Finsler’s lemma to prove a more general
version of the matrix Finsler’s lemma.

Index Terms— Matrix inequalities, semi-definite program-
ming, optimization

I. INTRODUCTION

INSLER’S lemma was first introduced in [1] and is
stated as follows (the adopted notation is explained at
the end of this introduction).

Lemma 1. Let M and N be symmetric matrices. Then, the
following statements are equivalent:

(S1) there exists a € R such that M + aN > 0;
(S2) 2" Mz > 0 for all x € R™\ {0} with " Nz = 0.

Since its introduction, Finsler’s lemma (Lemma 1) has found
application in many optimization and control problems.
This includes, for example, the analysis of piecewise linear
systems with sliding modes, where Lemma 1 is used for
formulating tractable conditions in the form of linear matrix
inequalities (LMIs) that guarantee the decrease of a quadratic
function on the sliding surface [2]. A related example comes
from the stability and performance analysis of projection-
based controllers, where some of the controller states are kept
into constraint sets by means of projection. There, Lemma 1
is crucial for analyzing the closed-loop system behaviour
on the boundary of the constraint set, see, e.g., [3], [4]. In
the optimization literature, Lemma 1 is used, for instance,
in the analysis of augmented Lagrangian algorithms. There,
the matrix M corresponds to the Hessian of the Lagrangian
and N typically relates to the active constraint normals.
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Other noteworthy applications include data-driven and model
predictive control [5], [6], robust controller synthesis [7],
[8], and observer design [9]. All in all, Finsler’s lemma
has proven to be an indispensable tool in optimization and
control theory.

In its original form, Lemma 1 deals with strict inequalities
only. Hence, in the remainder of this paper, we refer to
Lemma 1 as the strict Finsler’s lemma (SFL). Considering
strict inequalities only, however, may be limiting in many ap-
plications. While the implication (S1)=-(S2) still holds in the
non-strict case, i.e., when we replace the strict inequalities
(>/>) by their non-strict counterparts (=/>), the converse
is no longer true, as illustrated in the example below.

Example 1. Consider the matrices M = [(1) ,01] and N =
[11]. Observe that N = 0 and, thereby, any x € {£ € R? |
€T NE = 0} satisfies © € ker N. For any x € ker N, we have
x=[B —B]" for some B € R and thus " Mz = 0. Hence,
it is clear that the non-strict version of (S2) holds. However,
the non-strict version of (S1) is infeasible, as there exists no
a € R for which M 4+ aN = 0 since det M + aN = —1.

Although several extensions of Finsler’s lemma to the non-
strict case are available in the literature, their focus lies on
specific settings, e.g., when N is indefinite [10, Thm. 2.3]
or when N is positive semi-definite [11, Thm. 4.2], and
their respective proofs do not allow the inclusion of the
other settings straightforwardly. This may be problematic in
situations where it is hard to determine a priori whether N
is (in)definite, e.g., when N includes decision variables in
an optimization problem. Therefore, it is valuable to have a
single result and proof that covers all cases, i.e., applies to
arbitrary symmetric matrices M, N.

The main contribution of this paper is a unified non-
strict Finsler lemma (NSFL) that is general in the sense
that it encompasses all existing results and applies to any
symmetric matrices M and N, for which it provides nec-
essary and sufficient conditions for the feasibility of the
non-strict version of (S1). The key challenge in doing so
is to devise an additional condition that () together with the
non-strict version of (S2) implies feasibility of the non-strict
version of (S1), and (47) is itself implied by feasibility of
the non-strict version of (S1). Interestingly, the non-strict
projection lemma [12, Thm. 1] also features such a condition,
which serves as inspiration for our non-strict Finsler lemma.
To establish that our main contribution truly generalizes
the SFL, we show that this additional condition is trivially
satisfied when (S2) holds. We also investigate how our
unified non-strict Finsler lemma relates to several important
existing results, and, in fact, we show that these existing



results are special cases of our result. To further illustrate
the usefulness of our results, we apply the NSFL to obtain
a structured solution to a particular instance of the non-
strict projection lemma [12]. Additionally, we derive a more
general version of the matrix Finsler’s lemma in [5] using
the NSFL, and illustrate that our results are less conservative
compared to those in [5]. We envision that our results may
be used to reduce conservatism in other contexts where non-
strict inequalities are used.

The remainder of this paper is organized as follows. Sec-
tion II gives a short survey of existing non-strict extensions of
Finsler’s lemma for specific cases. In Section III, we present
our (unified) non-strict Finsler lemma. We showcase several
applications of the non-strict Finsler’s lemma in Section IV.
Finally, we provide some conclusions in Section V and all
proofs can be found in the Appendix.

Notation. The sets of real numbers, non-negative real
numbers, n-dimensional real vectors and n-by-m real ma-
trices are denoted, respectively, by R, Ry, R™ and R™*"™.
The set of n-by-n symmetric matrices is denoted by S™ =
{A € R | A = AT}. For any vectors u € RP and
v € RY, we denote (u,v) = [u’ vT]T. The symbol I is
an identity matrix of appropriate dimension. For a symmetric
matrix S € S", S>=0,5 =0, 5 <0 and S < 0 mean that
S is, respectively, positive definite, positive semi-definite,
negative definite, and negative semi-definite. For a positive
semi-definite matrix S = 0, S 3 %= 0 denotes its unique
positive semi-definite and symmetric square root such that
S§328% = S. We use the symbol x to complete a symmetric
matrix, e.g., [4 2] = [BAT g] For a matrix A € R"*™,
imA = {z € R" | z = Ay for some y € R™} denotes
its image, ker A = {r € R™ | Az = 0} its kernel, and
AT its (Moore-Penrose) pseudoinverse. The annihilator A
denotes any matrix whose columns form a basis of ker A.
For a subspace S C R"™, S+ denotes its complement.

II. EXISTING NON-STRICT FINSLER’S LEMMAS

In this section we provide a brief survey of existing non-
strict extensions of Lemma 1. We consider two important
extensions of Lemma 1 to non-strict inequalities that con-
sider, respectively, the case where (a) N is indefinite, and
(b) N is definite. Together, this covers all possible matrices
N and M (because no constraints are imposed on the latter).

A. The indefinite case

First, we consider the case where N is indefinite, which
is covered by the well-known result found in [10, Thm. 2.3].

Lemma 2. Let M, N € S™ and suppose that N is indefinite.
Then, the following statements are equivalent:

(11) there exists o € R such that M + aN = 0;
(I12) "Mz >0 for all z € R™ with " Nz = 0.

The above result has proved useful in several applications
such as for analyzing trust region algorithms [10]. Unlike
Lemma 1, however, Lemma 2 only applies when the matrix
N is indefinite. According to [10], this indefiniteness of N is

even necessary in the non-strict case. However, as illustrated
by Lemma 3 in the next section, there are cases where the
matrix N is not indefinite but still (I1) and (I2) both hold.

B. The definite case

A non-strict extension of Lemma 1 that does not require
indefiniteness of [V is found in [11] and repeated below.

Lemma 3 ( [11, Thm. 4.2]). Let M, N € S™ be symmetric
and suppose that N = 0. Consider the following statements:

(D1) there exists o € Ryq such that M + aN = 0;
(D2) "Mz >0 for all € R"™ with x" Nz = 0;
(D3) ker NTMN, =ker NT M2N, (L ker MN,).

If (D2) holds, then (D1) holds if and only if (D3) holds.

In its original publication in [11], Lemma 3 is stated with
N « ATA, for some matrix A € R" ™, and with
AIM A, = 0 instead of (D2). However, both formulations
are equivalent. To see this, note that such A exists if and only
if N %= 0 and, for any B € R"*™, we have [13, Thm. 7.5.8]

ker B' B = ker B. (1)
Moreover, if N =0,
{eR" | 2" Nz =0} =ker N D Ker A.

Hence, (D2) is equivalent to AIM A, = 0. We also note
that [11] only shows that (D2) and (D3) imply (D1), however,
the converse also holds. To see this, observe that, since
NN, =0,

0N/ (M+aN)N, =N/ MN,.

While Lemma 3 only deals with the case where N = 0, the
case with N < 0 follows immediately by taking o < —a.
As such, Lemma 2 and 3 together cover all possible matrices
M and N, albeit across “splintered” results. To the best of
our knowledge, however, no formulation in terms of non-
strict inequalities is available in the literature that “truly”
generalizes Lemma 1 in the sense that it applies to arbitrary
(symmetric) M and N. In fact, as we will see in the next
section, it turns out to be non-trivial to come up with a unified
formulation and proof that deal with all cases simultaneously.

ITII. MAIN RESULTS
A. A unified non-strict Finsler lemma
Below, we present our unified non-strict Finsler lemma
(NSFL), which forms the main result of this paper.
Theorem 1. Let M, N € S™ and consider the statements

(NS1) there exists o € R such that M + aN = 0;
(NS2) "Mz > 0 for all x € R™ with 2T Nz = 0;
(NS3) ker NN {{ e R"| ETME = 0} C ker M.

Then, (NS1) holds if and only if (NS2) and (NS3) hold. If, in
addition to (NS2) and (NS3), it holds that N = 0 (or N < 0),
then (NS1) holds for some o > 0 (or o < 0, respectively).

Since Theorem 1 does not involve any additional assumption
on the matrix NN, it provides genuine necessary and sufficient



conditions for feasibility of the LMI problem in (NSI). In
contrast to (NS1) and (NS2), which can be equivalently
formulated as the LMI N I MN, =0, the condition in (NS3)
does not correspond to an LMI. Instead, it is a nontrivial
coupling condition on the matrices M and N that is absent
in both the SFL (Lemma 1) and Lemma 2. Interestingly,
Lemma 3 does feature a type of coupling condition in (D3),
whose relation to (NS3) we investigate in more detail in
Section III-B. The condition in (NS3) is reminiscent of the
coupling condition that is found in the non-strict projec-
tion lemma [12]. Often, (NS3) is satisfied inherently as a
consequence of the underlying problem structure. This is
illustrated in several applications in the remainder of this
and the next section and the respective proofs. We conclude
this section by revisiting Example 1, for which we found
that (NS1) was infeasible and, thus, by Theorem 1, (NS3)
must be false, as confirmed below.

Example 2. As (NS1) is not feasible for M and N in
Example 1 even though (NS2) holds, by Theorem 1, (NS3)
cannot hold. Indeed, we find

ker NN{¢€ €R? | ¢"M¢ =0} =im (1, 1),
which is not contained in ker M = {0}.

B. Discussion

Next, we elaborate on the relation between Theorem 1 and
the existing results, i.e., Lemmas 1-3. For each of these lem-
mas, the most difficult step in the proof is showing that the
LMI-based condition holds, i.e., that (S2) implies (S1), (I2)
implies (I1), and (D2) (with (D3)) implies (D1). In this sec-
tion, we illustrate that these implications are all consequences
of Theorem 1. In doing so, we also provide several examples
illustrating how the non-trivial coupling condition (NS3) can
be verified.

First, we show that the coupling condition (NS3) is
trivially satisfied if (NS2) is strict, i.e., if (S2) is satisfied.

Proposition 1. Let M, N € S™ and suppose that (S2) holds.
Then, (NS3) also holds.

By a similar perturbation argument as in [12, Cor. 1], we

can apply Theorem 1 to show the equivalence in Lemma 1.
Next, we consider the non-strict case, where, interestingly,

indefiniteness of N together with (I2) implies (NS3).

Proposition 2. Let M, N € S™ and suppose that N is
indefinite and that (12) holds. Then, (NS3) also holds.

Using Theorem 1, we can immediately conclude also that,
if (I2) holds, then (I1) must hold. In other words, Theo-
rem 1 is at least as general as Lemma 2. It also turns out
that (D3) is equivalent to (NS3), if (D2) holds, regardless of
positive/negative semi-definiteness of N.

Proposition 3. Let M, N € S™ and suppose that (D2) holds.
Then, the statements (D3) and (NS3) are equivalent.

Proposition 3 shows that the coupling condition (D3) turns
out to be stronger than initially shown in [11] and that

Theorem 1 is at least as general as Lemma 3. Proposition 3
also means that (D3) is implied by (D1) and, thus, (D3) can
be used to verify (NS3), which leads to the corollary below.

Corollary 1. Let M, N € S™. Then, (NSI) holds if and only
if (NS2) and (D3) hold.

IV. APPLICATIONS
A. Structured solution to the non-strict projection lemma

Interestingly, Theorem 1 can be used to obtain a structured
solution to the non-strict projection lemma (NSPL), which
was recently presented in [12]. While this is generally not
possible, we provide a structured solution below for the case
where either V = I or U = I (in the notation of [12]).

Lemma 4. Let U € R™*" and Q € S™. There exists X €
R™*™ satisfying

Q+UTX+X'U >0, )
if and only if
ULQUL 0, 3)
If, in addition, it holds that
kerUN{£€R™ | £TQE =0} CkerQ, 4)
then there exists o > 0 such that (2) holds with
X =al. 5)

Note that the equivalence of (2) and (3) follows immediately
from [12, Thm. 1], however, the added value in Lemma 4 is
in the provided structured solution (5) for the case where (4)
holds. The crucial step in obtaining this structured solution
consists of applying Theorem 1 with N = U'U. The
structured solution in (5) can, depending on the structure of
U itself, often be used to simplify the matrix inequality (2).

B. A matrix Finsler lemma

In this section, we derive, based on Theorem 1, a gener-
alization of the matrix Finsler’s lemma [5, Thm. 1].
Lemma 5. Let

My Mo
M1T2 Moo

Ny
N

Ny

M =
[ Noy

}eS"*m andwz{ }GS’”’"
with Nog < 0, Nip — N12N2—EN1—5 =0, My <0 and ([ —
NagN55)N{, = 0. Consider
T T
I I . I I
(M2) {Z} M {Z} = 0 for all Z with {Z} N {Z} =0.
Then, (NS1) holds if and only if (M2) and (NS3) hold.

Observe that the matrix inequality

-
I I
2] ] -0
is non-strict. Similar results have been published in [5,
Thm. 1] and [14, Thm. 4.8]. In contrast with [5, Thm. 1], we

do not require M7, = 0, but allow a larger set of matrices
M to be considered. Note also that (I — Nog NJb)NJ, =0



is equivalent to the existence of GG such that NooG = N1T2.
The latter is assumed in [5, Thm. 1] along with stronger
assumptions on G and M. This is not required here and
all assumptions are directly formulated in terms of the
matrices M and N. Instead, we exploit (NS3) to prove
similar properties, however, (NS3) is part of the necessary
and sufficient conditions and, thereby, does not impose
additional conservatism. Moreover, these observations also
mean that [5, Thm. 1] can be recovered as a special case
of Lemma 5. To emphasize that these observations render
Lemma 5 more general than [14, Thm. 4.8], we consider the
numerical example below.

Example 3. Consider the matrices

My i M| [201

MY | My|  |110
and .

N113N12 - Oi 0

Ny i Nyp| [0 -1

Clearly, ker Moy = R ¢ ker M5 = {0} so that [5, Thm. 1]
and [14, Thm. 4.8] cannot be applied here. However, we
can still use Lemma 5 to conclude that there exists o € R
such that M + oN = 0. To see this, note that Noy < 0,
Nll—N12N£;N1—|; = 0, M22 < 0 and (I—NQQNQJE)N;; = 0.

Moreover,
T -
2 -
z z

implies that z = 0 and, thus,

T -
HRHEEED
4 z

Hence, (M2) holds. Finally, we have ker N = im (1,0) and
ker NN{¢ € R? | ¢TM¢ =0} = {0} C ker M, thus, (NS3)
holds. Using Lemma 5, we conclude that, indeed, (NSI)
holds.

The unified matrix S-lemma and Finsler’s lemma in [14,
Cor. 4.13], on the other hand, requires that My; +aNy; = 0
for some o € R, due to the the parameter S > 0 in [14,
Cor. 4.13]. The example below illustrates that this may also
be conservative.

Example 4. Consider the matrices

My | !
M = ,,,1,1,,;,M,,1,2, ,0,,;,,0,,
M12 } M22 0 } -1
and .
Nip ' N 0: 0
N = ,,,1,1,+,,,1,2, = [--4----

Clearly, My1 4+ aNy1y is never positive definite, so [I14,
Cor. 4.13] does not apply. However, we can still use Lemma 5
to conclude that there exists o € R such that M + aN = 0.

To see this, note that Nog < 0, Ni1 — N12N2+2N1—'; =0,
Mas < 0 and (I — NagN55) Ny = 0. Moreover,

EIRER

implies that z = 0 and, thus,

] -ooe

Hence, (M2) holds. Lastly, we have ker N = im (1,0)
and ker N N {¢ € R? | ¢TM¢ = 0} = im(1,0) =
ker M, thus, (NS3) holds. Using Lemma 5, we conclude that,
indeed, (NS1) holds.

The above examples illustrate how, by using the necessary
and sufficient version of the non-strict Finsler’s lemma,
derivatives such as the matrix Finsler’s lemma can be ob-
tained that do not impose (additional) restrictive conditions
on the matrices M and N.

V. CONCLUSIONS

In this paper, we presented a unified non-strict Finsler
lemma that encompasses important existing non-strict ex-
tensions of Finsler’s lemma. It turns out that, in order
to do so, an additional non-trivial coupling condition is
needed that, combined with the standard (but now non-
strict) conditions of Finsler’s lemma, provides necessary and
sufficient conditions for arbitrary (symmetric) matrices. We
showed that this coupling condition is trivially satisfied in
the context of the original strict Finsler’s lemma and that
our novel non-strict Finsler lemma generalizes the existing
results. Finally, we used this non-strict Finsler lemma to
construct a structured solution for a specific instance of the
non-strict projection lemma, and to prove a more general
matrix Finsler lemma, for which we show by example that it
is less conservative than existing versions. We envision that
the necessary and sufficient conditions provided in this paper
provide insights in and guidelines for reducing conservatism
in other non-strict inequalities that are useful, e.g., in the
context of data-driven control.
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APPENDIX
A. Proof of Theorem 1

Necessity: Suppose that (NS1) holds. Then, (NS2) fol-
lows by substituting " Na = 0. Next, we show that (NS3)
holds as well. Let = € ker N N {¢ € R™ | ¢T M¢ = 0} and
S € S™ such that S2 = M + aN, then

|Sz||? =2 (M +aN)x =2 Mz =0.
It follows that
0= Sz =5%=(M+aN)z= Mz,

whereby (NS3) holds.

Sufficiency: Suppose that (NS2) and (NS3) hold. Let
T € R™*™ be a non-singular matrix, whose columns in the
partition T' = [Tl Ts Tg} are chosen to satisfy

imT5 = ker N Nker M, (6)
im [T7  Tz] = ker N. (7)

It follows that (NS1) is equivalent to
Y =TT (M +aN)T 0. (8)

Using (7) and (6), we partition W := TTMT and V =
TTNT in accordance with T to obtain

Wi 101 Wis 0:01 0
W=10 100 adV=10:0: 0
W1T330§W33 030.3‘/33

Due to (NS2), we have W7, = TlTMTl = 0, and, by (NS3),
Wi = 0. 9

To see this, take = = (21,0, 0) with 2 such that z{ Wy 2, =
0. Observe that ' Wz =0 and Vz = 0, i.e.,

rekerVN{€eR" | ME=0}.

By (NS3), we infer that x € ker W. It follows that z €
ker W Nker V and, hence, x; = 0, whereby W77 > 0.

Using the non-strict Schur complement [15, pp. 8, 28],
Y = 0 if and only if

Wi — Wi5Wi ' Wis + aVas = 0. (10)

We now prove that there exists a € R satisfying (10). To this
end, let Q = Wiz — W\5W;'Wi3 and Q,, == Q + (1/n)I
for n € N. Observe that, using (7), Va3 is full rank, and
that, by (10), @,, satisfies (S2) for all n € N. Hence, by
Lemma 1, for any n € N, there exists a(n) € R such
that @, + a(n)Vzz > 0. We now distinguish three cases:
Firstly, if a(n) — oo as n — oo, then it follows from
a(n)Vas = —@Q,, that Vi3 = 0. Since V33 is also full rank,
we have V33 > 0. Hence, any & = —Anin(@)/Amin(V33)
satisfies (10). Secondly and similarly, if a(n) — —oo as n —
oo, then V33 < 0. Hence, any o < —Apmin(Q)/Amin(Vss)
satisfies (10). Thirdly, if neither a(n) — oo nor a(n) — —oo
as n — oo, then {a(n)},— 00 is bounded so a subsequence
converges to some « € R, and, as Q, + a(n)Vzz = 0,
@ + aVis = 0. Hence, (NS1) holds. Finally, we note
that, if N = 0, then (NSI) holds with a < & for any
a > min{0,a}. Similarly, if N < 0, then we can take
any @ < max{0,a}. In the above, we assumed that T} is
nonempty. If 77 is empty, W11 and Wi3 are empty and (8)
is equivalent to W33 + aVa3 = 0, for which the proof holds
mutatis mutandis. ]

B. Proof of Proposition 1

By (S2), x "Mz > 0 for all = € ker N\ {0}. It follows
that ker N N {¢ € R" | ¢TM¢ =0} = {0} C ker M. O

C. Proof of Proposition 2

We proceed by contradiction. To this end, suppose that (I2)
holds (and NN is indefinite), but that (NS3) does not hold.
Then, there exists © € ker N with ' Mz = 0 but z =
Mz # 0. We can find some y with y "' Ny = 0 and =" My #
0. If z satisfies 2" Nz = 0, we can simply take y = z since
y" Mz = ||z||?> > 0. If 2 satisfies z' Nz > 0, however, we
can find, by indefiniteness of IV, some d with d"Nd < 0 and
dTz >0 (note that, if d" z < 0, we can take —d). Consider
the quadratic function

f@t) = (z+t(d—2))"N(z+t(d - 2)).

Since f(0) = 2" Nz > 0 and f(1) = d"Nd < 0, f has a
root o € (0,1). Since d'z > 0 and to < 1, we infer

(z+to(d—2)) "2 = (1 —to)||z]|* + tod"2 >0

and take y = z-+to(d—z), which satisfies y ' Mz =y "2 > 0
and y' Ny = f(to) = 0. Similar arguments apply if
2Nz <0.

Using y' Ny = 0 and « € ker N, we find

(ty+z) " N(ty+2) =ty " Ny+2ty "Nz + 2" Nz =0
for all ¢ € R. Then, due to (I2), we find that
g(t) = (ty +a) " M(ty + x) = t>y My + 2ty Mz >0



for all ¢ € R. However, since g(0) = 0 and
g'(0) =2y Mz #0,

g(t) < 0 for some ¢t € R, which is a contradiction.
Thus, (NS3) holds. L]

D. Proof of Proposition 3

(D3)=-(NS3): Suppose that (D3) holds. Let x € ker N be
such that z T Mz = 0. It follows that x = N y for some y, so
that yTNIMNLy = 0. By (D2), NIMNL >= 0. It follows
that [|[(NTMN)2y|? = 0 and, thereby, N[ MN,y = 0.
Thus, y € ker NIMNL, which, by (D3), implies that y €
ker NIM2NL. Using (1), we conclude that y € ker MV .
Since z = N, y, we have x € ker M, whereby (NS3) holds.

(D3)<«=(NS3): Suppose that (NS3) holds. First, we show
kerNIMQNJ_ C kerNIMNJ_. Let x € kerNIMQNJ_. It
follows, using M = M " and (1), that 0 = | N M2N, z|| =
|MN,z| and, thus, N/MN,z = 0. We conclude
that ker N[ M2N, C ker N MN,. Next, we show
ker N/ M2N, D ker NJMN,. Let + € ker N] MN,.
Then, 0 = 2" N/ MN,z = y "My with y = N,
Since y € ker N and y' My = 0, it holds, using (NS3),
that y € ker M and, thus, z € ker M N, . Finally, using
M = M7 and (1), we conclude that = € kerNIMzNJ_,
whereby ker N M2N| D ker N M N, holds. O

E. Proof of Lemma 4

Since the equivalence in Lemma 4 follows immediately
from the non-strict projection lemma [12, Thm. 1] with V =
I, we focus on constructing the structured solution in (5).
Suppose that (3) and (4) hold and let M = @ and N =
UTU. It follows, using that ker N = ker U due to (1), that

)
ker NN {¢ € R" | ¢ ME =0} C ker Q = ker M,

whereby (NS3) holds. Next, we show that (NS2) holds. To
this end, let € R™ be such that z " Nz = 0. It follows that
zTUTUz = |Uz|? = 0 and, thus, Uz = 0, i.e., € ker N.
Then, there exists n such that x = U, n and we find that

(3)
"Mz =n"U[QULn >0,

which shows that, indeed, (NS2) holds. Hence, by application
of Theorem 1 and N = 0, there exists o > 0 such that

M +2aN =Q+2aU U = 0,
which is (2) with X = aU and completes our proof. O

FE. Proof of Lemma 5

Necessity: Suppose that (NS1) holds. It trivially follows
that, for all Z € R™" with [ ZT|N[I 27| =0,

T T

1 1 I 1

o] e o] ] e
Hence, (M2) holds. We complete the necessity part of the
proof by noting that, by Theorem 1, (NS1) implies (NS3).

Sufficiency: By Theorem 1, (NS1) holds if and only
if (NS2) and (NS3) hold. Hence, it suffices here to show

that (M2) and (NS3) imply (NS2). Suppose that (M2)
and (NS3) hold. By assumption, Z = — N, N;}, satisfies

" [r
[Z] N [Z] = Ni; — NiaNLNL = 0. (11)
First, we show that ker Nos C ker Mss and ker Noy C
ker Mya. By (I — NogN,5)N{5, = 0, we have im N}, C
im Nos and, equivalently, ker Nog C ker Nio. Let £ €
ker Noso. By (11), it follows that
I TN 1] =0
Z+&nT Z+&n"|
for any n € R™. Thus, by (M2), we have
T - -
I I
M = 0.
[Z + §7}T] Z+&nT | 0
Since Msy < 0, it must hold that ker Noo C ker Moo, It
follows that

-
M M [é} + Misgn +mE M, =0, (12)
for any n € R™. Take £ € ker Noo. Since we have (12) for
any 17 € R™, it must hold that M0 T +n¢ T M}, = 0 for all
n € R™. Hence, M;5£n " is skew-symmetric for any n € R”.
Let n = (1,m2,...,Mn) and v = (v1,ve,...,v,) = Mi2&.
Then, for any 7 € R™, the diagonal elements of M2én' =
v€T must satisfy v;n; = 0 due to the skew-symmetry. It
follows that v; = 0 for all ¢ € {1,2,...,n} and, thus,
v = Mi126 = 0. We conclude that £ € ker M7, and, thus,
ker Noo C ker Mys.

Next, we show that (NS2) holds. To this end, let z €
R™™™ be such that ' Nz = 0, and let T = [L9],
such that z = Tq for some ¢ = (q1,q2) € R™™™. Since
r" Nz = 0, we find, using Ni; — NjoN,b N, = 0 and
(I — NoogN;H)N,, = 0, that ¢TTTNTq = q9 Naago = 0.
Since Nao < 0 by assumption, it must hold that g5 € ker Noo
and, thus, gs € ker M15 and go € ker Mos. It follows that

-
T I (M2)

' Mz =q] {Z} M{Z} aq = 0. (13)

Thus, (M2) and (NS3) indeed imply (NS2). O]



