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Interval Observers for Hybrid Dynamical Systems with Known Jump Times

Tarun Pati, Mohammad Khajenejad, Sai Praveen Daddala, Ricardo G. Sanfelice and Sze Zheng Yong

Abstract— This paper proposes a novel asymptotically stable
interval estimator design for hybrid systems with nonlinear
dynamics and observations under the assumption of known
jump times. The proposed architecture leverages the concepts of
mixed-monotone decompositions to construct a hybrid interval
observer that is guaranteed to frame the true states (i.e., is
correct) by construction. Moreover, using Lyapunov analysis
and the positive system property of the framer error dynamics,
we propose two approaches for computing the observer gains to
achieve asymptotic stability of the error system based on mixed-
integer semidefinite and linear programs. Further, our observer
design incorporates additional degrees of freedom that may
provide some advantages similar to coordinate transformations.
Finally, we demonstrate the efficacy of the proposed hybrid
observer design using two illustrative examples.

I. INTRODUCTION

Hybrid systems, which combine continuous and discrete
system dynamics, are prevalent in cyber-physical systems
(CPS) due to their ability to model complex behavior and
interactions between physical and computational elements.
State estimation is a crucial problem in these CPS applica-
tions such as autonomous vehicles and power systems, either
for the purpose of monitoring, fault diagnosis or control and
decision making. Interval observers are one such class of
state estimators that provide interval-valued state estimates,
which are especially useful when the distributions of the
initial state uncertainty and/or noise signals are unknown.
Literature Review. The design of set-valued/interval ob-
servers for various system classes, including linear, nonlinear,
mixed-monotone, and cooperative/monotone/Metzler dynam-
ics, has been extensively researched, e.g., in [1]-[3]. The pri-
mary idea in most interval observers is to design appropriate
observer gains to ensure that the observer error dynamics
are both Schur/Hurwitz stable and positive/cooperative. For
certain classes of systems, interval observers were designed
by leveraging interval arithmetic approaches [4], by applying
state transformations [2] or by transformation to positive
systems [5]. Moreover, for more general nonlinear systems,
bounding functions have be leveraged to pose the observer
design as a semidefinite program [2], [6]-[10]. Further,
to tackle infeasibility problems in such observer designs,
coordinate transformations or additional degrees of freedom
were introduced in [11]-[13].

On the other hand, the design of observers for hybrid
systems is more challenging because hybrid systems combine
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both continuous/flow dynamics and discrete/jump dynamics.
An asymptotic observer design framework was introduced
for hybrid systems with (approximately) known jump times
in [14], [15]. Moreover, hybrid interval observers were
designed for specific classes of hybrid systems such as linear
impulsive systems [16]-[19], switched linear systems [19]—
[21] and switched nonlinear systems [22] under various
potentially conservative simplifying assumptions.
Contributions. Inspired by the design of interval observers
for general nonlinear continuous- and discrete-time systems
in [11] and the construction of (non-interval) observers
for certain hybrid systems with approximately known jump
times in [14], [15], we propose a novel interval observer
design for general nonlinear hybrid systems with known
jump times. Specifically, we leverage the concept of mixed-
monotone decompositions [6] in the design framework to
construct a hybrid interval observer whose framers are guar-
anteed to upper and lower bound the true hybrid system state,
i.e., the hybrid interval observer is correct by construction
without imposing any additional positivity constraints. Ad-
ditionally, in this framework, we propose additional degrees
of freedom that can be simultaneously synthesized with the
observer gains. Further, we utilize Lyapunov analysis with
quadratic and linear Lyapunov functions to design two ob-
server variants for computing the observer gains to guarantee
asymptotic stability of the error dynamics of the proposed
hybrid interval observer using mixed-integer semidefinite and
mixed-integer linear programs, respectively, which can be
solved using off-the-shelf optimization solvers.

II. PRELIMINARIES

Notation. The p-norm of a vector v € R”™ is given by
vll, £ O, lv;|P)7, and for a matrix M € R"P, the
element in ¢-th row and j-th column is denoted by M;;. The
element-wise signum function of a matrix M is denoted by
sgn(M), and M® £ max(M,0,x,), M® = M® — M,
and [M| £ M® + MP® is the element-wise absolute value
of M. The diagonal matrix with the diagonal elements of
a square matrix M € R™ " is denoted by MY, while
M™ £ M — MY is the matrix with only its off-diagonal
elements. The “Metzlerized” matrix M™ = M4+ |M"| is a
square matrix in which all the off-diagonal components are
non-negative. All matrix and vector inequalities are element-
wise inequalities, and the matrices of ones and zeros of
dimension n X p are denoted by 1,,,, and 0,,x, respectively.
Further, an interval Z = [2,Z] C R": is a set of vectors
z € R™ satisfying z < z < Z. A corresponding definition
applies to intervals of matrices.

First, we review some mixed-monotonicity theory basics
that will be leveraged in our interval observer design.
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Proposition 1 (Jacobian Sign-Stable Decomposition [9,
Proposition 2]). If a mapping f : Z C an — RP has

Jacobian matrices satisfying J7(z) € [J' }for all z € 2

with lf,jf € RP*"= f can be decomposed into the additive
remainder-form

f(z) = Hz + u(z), Vz € Z, (D
where the matrix H € RP*"= satisfies
Hij:l’orHJ_szv v(iaj)epran7 (2

and p(-) and Hz are nonlinear and linear Jacobian sign-
stable (JSS) mappings, respectively, i.e., the signs of each
element of their Jacobian matrices do not change within their
domains (J};(-) > 0 or JY(-) <0, v(z) € {u(2), Hz}).

Definition 1 (Mixed-Monotonicity and Decomposition Func-
tions). [23, Definition 1], [24, Definition 4] Given g : X —
R™ with X C R", a function g5 : X x X — R" is a mixed-
monotone decomposition mapping of g for
1) the discrete-time (DT) system v+ = g(z) if i) gs(z, z) =
g(x) for all x € X, ii) g5 is monotone increasing in its
first argument, i.e., & > © = gs(&,2") > gs(x, ') for
all ', and iii) g5 is monotone decreasing in its second
argument, i.e., £ >x = gs(2', %) <gs(a',x) for all '.
2) the continuous-time (CT) system & = g(x) if i) and iii)
hold as in item 1, and ii’) gs is monotone increasing
in its first argument with respect to “off-diagonal”
arguments, i.e., V(i,j) € N, x N, such that i # j,
;> w8 =2 = g5:(%,2") > gs,i(z, ") for all &'.

Proposition 2 (Tight and Tractable Decomposition Functions
for JSS Mappings [9, Proposition 4]). Suppose i : Z C
R" — RP is a JSS mapping on its domain. Then, for each
wi(-), 1 € Ny, its tight decomposition function® is given by:

ps.i(21, 22) = pi(D'zy + (In, — D%)z3), 3)

for any ordered z1,zo € Z, with a binary diagonal matrix
D? that is determined by the vertex of the interval |21, 2]
that minimizes the function p; (if z1 < z3) or the vertex of
the interval [zo, z1] that maximizes |u; (if zo < z1), given by
D' = diag(max(sgn(7%), 01.,.)).

Consequently, by applying Proposition 2 to the Jacobian
sign-stable decomposition obtained using Proposition 1, a
tight and tractable remainder-form decomposition function
can be obtained. Further details can be found in [9].

Definition 2 (Embedding System). [10, Definition 6] Given
g: X CR" = R” and a pair of mixed-monotone decom-
position functions, g s and §j;, respectively, the embedding
systems associated with the CT system & = g(x) and the
DT system x+ = g(x) are 2n-dimensional systems given by,
respectively,

. +
sl (-G
T s ('/E77) €z 95(

“A  decomposition function ps of the function p is tight if

maXzﬁ{zEZ\ggzgf} w(z) = ps(Z; z) and minzé{zEZ\gSzﬁE} p(z) =
1 (2, %).

z)
’)] (DT). (4

Then, by [6, Proposition 3], the embedding systems in (4)
have a state framer property, i.e., the solution ¢ — x(t) to the
CT system in (4) starting from [z(0)" E(O)T}T satisfies
z(t) < z(t) < z(t) for all ¢ > 0.

III. PROBLEM FORMULATION

Consider a hybrid system H as in [25] with flow and jump
dynamics characterized by mappings f. : R® — R" and f; :
R"™ — R™, respectively and output mappings h, : R" — Rl
and hy : R™ — Rl as follows:

& = fe(x zeC,

)
. x+ = fa(x) x €D, .
)
)

r e,
x €D,

he(z
—hd(

with an uncertain initial state 2(0,0) satisfying x(0,0) €
Xy £ [2(0,0),7(0,0)] C &, where 2(0,0) and Z(0,0) are
known, while z € R™ is the state and y = (y.,yq) is the
output with 9. € Rl and yg; € Rle. The sets C C R”
and D C R” represent the flow set and the jump set of H,
respectively.

Additionally, a solution x of the hybrid system H is given
by a function defined on a hybrid time domain denoted by
dom z C R>¢ x N such that for any (7,J) € dom z, 3
0=ty <t; <--- <ty that satisfy:

dom = N ([0,7] x {0,1,..., J}) = U=y ([t 41, 5)-

Further, domy(z) and dom;(z) represent the projection of
dom 2 in its first and second dimension, respectively. We
will also require the following assumption:

Assumption 1. The system jump times, as well as the outputs
Y. during flows and/or yq at jumps, are known.

We are ready to state the hybrid interval observer synthesis
problem as follows:

Problem 1. Given the hybrid system H in (5), under the
assumption of known jump times (cf. Assumption 1), design
a hybrid interval observer that computes the lower and upper
Sframers, x(t, j),T(t, j), that frame each solution x to H from
2(0,0) € Xy (with known x(0,0),7(0,0)), ie, z(t,j) <
x(t,7) < T(t,j) for all (t,j) € dom z = dom T = dom z
(such an observer is called correct) such that the framer
error dynamics for e(t, j) = T(t, 7)—x(t, j) is asymptotically
stable, i.e., 3 0 > 0 and v > 0 such that for any given
£(0,0) £ 7(0,0) — z(0,0),

le(t, 5)| < 7]2(0,0)]e™ D W(t,j) € dom z.  (6)

IV. HYBRID INTERVAL OBSERVER

In this section, we describe the construction of the pro-
posed hybrid interval observer as well as analyze its correct-
ness and asymptotic stability properties. Note that in the rest
of the paper, for brevity we drop the explicit dependence on
the hybrid time (¢, j) unless explicitly necessary.
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A. Interval Observer Design

Inspired by our work on interval observers for discrete-
and continuous-time systems in [11], we begin by deriving
an equivalent representation of the system dynamics for the
hybrid system H in (5), under the following assumption.

Assumption 2. The mappings fc, fi,he, hq are known
and differentiable w.rt. x with a priori known lower
and upper bounds for their Jacoblan matrices W.rt. z,
Jf*,,] Jla e ron | ghe TM ¢ Rlexn gpg
Jhe T g € Rldxn, respectively.

Lemma 1 (Equivalent System). Consider the hybrid system
H in (5) and suppose that Assumption 2 hold. Let L., N. €
R™ b Ly Ng € R™*2 and T,,T; € R" ™ be arbitrary
matrices that satisfy T.+ N.H. = I, and Ty+ NgHy = I,.
Then, the hybrid system dynamics (5) can be equivalently
written as
r=&+ Neye,
(= Tyz — Ngtba(),
§= (TCAC_LCHC_NCA%)@ + Ncyc)
+TC¢L(I) - Ncpc(m)_LCwC(x)—’—Lcycv (7)
T = C + Ndyd7
¢t =(TaAg—LaHi—NgA2q)(C + Naya)
+Ta¢a(x) — Napa(r)— Laba(x)+ Laya,
§+ = Tc(Ad-'I; + (bd(x)) _Nc'(/)(:(Adx + ¢d(x))a
where &,( are auxiliary states of the equivalent system,
while y.,yq and x can be viewed as its inputs and output,
respectively. Further, A., Ay € R™"™, C., Ay, € RI*™,
and Cyq, Ay € R2X™ are chosen such that the following
decompositions hold for all x € X (cf. Proposition 1):

z eC,

xz €D,

fc(x) :Acm+¢c(x)a fd(x) :Ad$+¢d<$),
) hc(ﬂf) = H.x + wc(ﬂ?)’ hd(x) = Hqx + ¢d(.13), (8)
We (2) fo(x) = Aset + pe(2), Ya(fa(x)) = Asqz + pa(z),

such that (bca ¢d7wca¢dapc7pd are JSS.

Proof. We begin by defining auxiliary states ¢ = z —
Ne(Hex 4 v.(2)) and ¢ 2 x — Ny(Hgzx + 1hg(z)), where,
from (5) and (8), & x — Noy. when x € C and
( = x — Ngyq when =z € D. Moreover, since N. and
Ny satisfy T, + N.H. = Ty + NgHy = I,, we obtain

& = T.x — Npe(x) and ¢ = Tyx — Ngpg(z) that have
the following dynamics:
é = Tc(Acx + ¢c(x)) - NC(AQCx + pc(l‘)),
¢t =Ty(Agx + ¢a(x)) — Na(Azqx + pa(x)),

where we applied the decompositions in (8). Finally, adding
‘zero terms’ L (y. x — Pe(z)) = 0 and Lg4(yq —
Hyx — 9q(x)) = 0 (cf. (5) and (8)) to each of the above,
respectively, yields (7), where = can be recovered from the
definitions of ¢ and (, while £ can be found from the

definition of £ = 2 — N.(H.x + t.(x)) = Tex — Nobo(x):
¢t =Tt — Nape(at),
with 2+ = Agx + ¢q(x). ]

Then, using the equivalent system in (7), we propose a
hybrid interval observer H based on the construction of an

embedding system (cf. Definition 2; see Appendix for details
on the construction) to address Problem 1:
z —£+Ncyc, T =&+ Neye,
(=Tiz-T;%
—Nd Va,5(T, ) + NS bas(z,T),
(=TT - Tz
. _N(?¢d,6(£a T) + Ndewd,t?(fvg)v
€ = (M + MM®)E — MO
+(Lc + Mch)yc
AT be5(x,T) =T Ge,5(T, )
—L&%es(T,x) + LT %e,s(2,T)
. —NEpes(T z) + N2pes(x,T),
€ = (M + M®)E-MS¢
+(Lc + Mch)yc
+TL be5(T, 1)~ T2 be,s(2, T)
—L&%es(x,T) + LI %e,s(T, z)
y 7N§ch,5(£’ T) + Ncepcﬁ(jv g)v
z=(+ Naya, T=C+ Naya,
(F=MF(-M7 C+ (Lg+ MaNa)ya
+T% ¢a,5(z,T) —T5 da,s(T, )
—L5Yas(T,2) + LG as(z, T)
—N$ pas(T,z) + N5 pas(z,T),
=MF M (+ (La+ MaNg)ya
17 ba s (@, )= Ty dpas(z,T)
—L3%as(2,T) + LTas(T, x)
=N pas(z,T) + N pas (T, z),
f = (T Ad)®$ — (T Ad)ex
+TP¢a,s(2,T) — TE ¢a,s(T, 2)
_N?¢C,5< 7Z) +Nce¢c,6(§75),
—(
z) —

when H

flows,

9

+

¢
when H
jumps,

&' = (T.A0)%T — (T.A4)%z
+TE¢a s (T, x) — TS Ppas(z, T)
_Nc wcﬁ(éuz) NcewC,(S(Evg)a

where T,z € R™ are upper and lower framers of the state x,
respectively, £, &, (, ¢ € R™ are auxiliary framers and

Mc = T(:Ac - L(:Hc - N(:AQCa
My £ T4Aq— LaHg — NqAsza,
£ A% — ATT + das(2,T),
L AT — ATz + ¢as(T, z).

The hybrid Interval observer # is initialized with £(0,0) =
Z(0,0) — Neye(0,0), £(0,0) = 2(0,0) — Neye(0,0) when
H begins with a flow and ¢(0,0) = 7(0,0) — Nay4(0,0),
€(0,0) = 2(0,0) — Ngy4(0,0) when H begins with a jump.
Note that we know when 7 flows or jumps by Assumption
1; hence, H is well defined.

Further, ¢c,6a¢d,6 R R™, ¢c75,pc75 : R?" — Rk
and tas,pas : R*™ — R are tight mixed-monotone
decomposition functions of ¢., ¢4, Ve, pe, Va, and pq, re-
spectively (cf. (5), Definition 1), which are JSS and thus, can
be computed using (3). Finally, N., L. € R"*l Ny, L, €

Z
z
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R"™*! and T,,T; € R™*" are the observer gain matrices to
be designed that satisfies T.+ N . H. = Tg+NyH; = I,,. The
detailed properties of correctness and asymptotic stability of
the observer design H are proven in the next subsections.

Remark 1. Note that the above observer design is inspired
by [7] and [16] and involves six observer gains, N, T, L.,
Ny, Tyq and Ly, which provide additional degrees of freedom
when compared to existing hybrid observer designs, e.g., in
[14], which often only have two degrees of freedom with
gains L. and L4. These extra gains function as surrogates for
coordinate transformation, but as discussed in [11, Remark
1], coordinate transformations can still be helpful to make
the observer gain design problem in Theorem 2 and 3
feasible. This can be done in a straightforward manner
(omitted for brevity), as detailed in [2, Section V] and [26].

B. Hybrid Observer Correctness

In this section, we demonstrate that by construction, the
hybrid interval estimator H proposed in (9) for the hybrid
system H is correct, i.e., its framers bound the true states.

Theorem 1 (Correctness). Suppose Assumptions 1-2 hold
for the hybrid system H in (5) and let H be its correspond-
ing hybrid interval observer built according to (9). Then,
their respective solutions x and [z, T"|" satisfy z(t,j) <
z(t,7) < E(t,5),VY(t,j) € dom z = dom T = dom g, i.e.,
the hybrid interval observer H functions as a correct interval
framer for the hybrid system H.

IA

Proof. We start by considering the base case, z(0,0)
z(0,0) < %(0,0), which is trivially true because of the
assumption on the initial condition x(0,0) € Xp
[2(0,0),7(0,0)] C X. Next, assuming that z(¢,j)
z(t,j) < T(t,j) holds for some (¢,7) € dom z with
tj <t < tjy1, we will show that z(¢,j + 1) < z(t,j +
1) < Z(t,j5 + 1) holds for (¢,5 + 1) € dom z with
tjy1 < t < tjy2. By construction, the continuous-time
embedding system during flow in (9) guarantees the framer
properties by [6, Proposition 3], i.e., z(t',j) < x(t',j) <
T(t',j), V' : t <t < tj;1. Then, by the construction of
the discrete-time embedding system during jumps in (9) and
[6, Proposition 3], we have z(t;41,7+1) < z(tj41,j+1) <
Z(tj+1,5 + 1), (tj+1,5 + 1) € dom z. Finally, by [6,
Proposition 3] again for the flow, we obtain z(¢,5 + 1) <
z(t,7+1) <Z(t,j + 1) for each (¢t,j + 1) € dom x with
tjy1 <t < tj40. Thus, by the principle of mathematical
induction, the theorem holds. ]

(1>

IN

C. Stable Observer Design

In addition to proving correctness, it is essential to en-
sure the stability of the proposed hybrid framer. Thus,
we propose two variants for designing the observer gains
T.,T4,N.,Ng, L., and Ly to asymptotically stabilize (cf.
(6)) the error dynamics of the hybrid interval observer under
the following assumption:

Assumption 3. There exists a closed subset I of R>q such
that any maximal solution to H in (5) satisfies:

. tj+1(x)7tj($) S V] € {1, ,j(fﬂ) — ].} zfj(x) <
+00 or Vj € N>g if J(z) = 400,
e 0<t—tj(x) <supZ, Y(t,j) € dom z,

where t;(x) is the time stamp corresponding to the j-th jump
and J(z) £ sup dom;z.

1) Q-Hybrid Interval Observer: First, we outline the first
variant that is based on the use of a quadratic Lyapunov
function to prove asymptotic stability.

Theorem 2 (Q-Hybrid Interval Observer). The hybrid inter-
val observer H in (9) for the hybrid system H in (5) is such
that the framer error dynamics for € & T—x is asymptotically
stable if Assumptions 1-2 hold and there exist ac,aq € R,
T., T, € R*™™" N, L, € R"e Ny Ly € R and a
diagonal matrix P >~ 0 such that:

' +T < a.P, (10a)

P Q
[QT pau P] =0, (10b)
ac.T+aqg <0, Vrel, (10c)
T.+ N.H, =P, (10d)
T,+ NyH, = P, (10e)

where T' 2 (T.A.— L.H. NAQC) +\T|F¢c+\L [Fy.+
NP, Q 2 |TyAq — LaHy — NgAog| + |TulFy, +

|La|Fy, + |Na|F,, T _satisfies Assumption 3 and Yy €
{bcs Ve, Py bd, Va, pa}, F . are computed from the JSS func-

tions . with Jacobian matrices J* € [J*,J"] as follows:
Fy 2 (7° +(2)°.

Furthermore, the observer gains in (9) can be obtained as
T, £ P~'T,, N. £ PN, L. 2 P~'L,, T, £ P'T,,
Ny 2 P~'Nyand Ly 2 P~'L,.

Proof. From (9), the dynamics of the framer error e =7 —2x
isgivenby ¢ =T —% = £— «fanda"’—x —x+—§ ¢t
Then, the hybrid framer error dynamics H and its comparison
system can be obtained as

¢ =(T.Ac— L H. — N Ay )™e hen X
when
T AL 4 | LAY +| N | A%
) < Ee flows,
H - (11)
E+ = |TdAd—Lde —NdA2d|6
ba Ya pd when H
HTu| AF* + | Lal A +|Nal Af -
< By jumps,

where we define A¥ £ 5(T,z) — ps(z,7) for all p €
{¢c, a; pes pa, e, ba}. By [9, Lemma 3], Af satisfies
AY < Fue; hence, ¢ < Ece and et < Fge with ¢ > 0
by the correctness property in Theorem 1 as well as £, =
(TcAc —L.H:— NcA20)m + |T0‘F¢>c + ‘LAFVJC + |]\£|Fﬂc
and Ed £ |TdAd —L4gH,— NdAQd‘ =+ ‘Td‘F% + |Ld‘F1/)d +
|N d |F pd*

Consequently, by applying [14, Theorem 3.1] (that uses
a quadratic Lyapunov function) to the linear comparison
hybrid system in (11), the error dynamics is global asymp-
totically stable if there exists a positive definite matrix P €
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R™*™ and scalars a4 and a. such that:

E'P 4+ PE. < a.P, (12a)
EYPE; < %P, (12b)
a.T+aqg <0, Vrel. (12¢)

Moreover, since P is diagonal (by assumption), then it can
be trivially shown that PM™ = (PM)™ and P|M| = |PM|
for any matrix M. Given this, as well as defining I" and €2 as
in Theorem 2, (12a) can be written as in (10a), while (12b)
can be represented as

QTpP=1Q < ep. (13)

Then, by applying the Schur complement, (13) is equiv-
alent to (10b). The conditions in (10d) and (10e) can be
recovered by left multiplying the two linear transformations
T.+ N.H. =Ty + NgsH; = I,, introduced in the hybrid
observer design in (9) with the matrix P and defining M £
PM,vVM € {T.,T.,N., Ny}. Hence, the feasibility of the
constraints (10a)-(10e) prove the asymptotic stability of the
error comparison linear hybrid system in (11). Consequently,
the hybrid framer error dynamics in (11) of the hybrid
interval observer in (9) are asymptotically stable according
to the Comparison Lemma [27, Lemma 3.4]. [ ]

2) L-Hybrid Interval Observer: Next, we introduce the
second variant that is based on the use of a linear Lyapunov
function by leveraging the fact that our hybrid framer error
dynamics are positive systems (i.e., the set of non-negative
states is left invariant by the dynamics [28]) by design.

Theorem 3 (L-Hybrid Interval Observer). The hybrid inter-
val observer H in (9) for the hybrid system H in (5) is such
that the framer error dynamics for € £ T—x is asymptotically
stable if Assumptions 1-2 hold and there exist ac,aq € R,
T, T; € R"™" N, L. € R*™ Ny L; € R"4 and a
positive vector z € RZ such that:

r’ 1ox1 < aez, (14a)
Q1,01 < ez, (14b)
ac.T+aqg <0, Vrel, (14c)
T.+ N.H, = P, (14d)
T,+ NyH; = P, (14e)

where P = diag(z ) (a diagonal matrix with z as its diagonal
elements), T 2 (T, A. — L H, — NeAgo)™ + |T.|Fy, +
|L ‘Fw + |N |F L, 0 = |TdAd — LgHy; — NgAsg| +
Tu|Fy, + |Ld|F,/,d + |Nd|de, I sansﬁes Assumption 3
and Yy € {¢e, Ve, pes @dy Va, pat, F are computed as
described in Theorem 2.

Furthermore, the observer gains in (9) can be obtained as
T.2 P 'T, N.2 P 'N,, L. 2 P~'L., Ty £ P~'T,,
Ng2 P 'Nyand Ly 2 P~ 'L,

Proof. The proof follows similar steps as the proof of
Theorem 2. Since the flow dynamics and jump dynamics
of our proposed hybrid interval observer in (9) are correct
by construction according to Theorem 1, it can be easily seen
that the linear comparison hybrid system of the hybrid framer

error dynamics in (11) are positive systems (i.e., the framer
errors remain non-negative [28]) by construction. Hence,
by [28, Propositions 1 and 2], a linear Lyapunov function
V(e) = 2z "¢ can be considered. Consequently, by applying
[25, Proposition 3.29] to the linear comparison hybrid system
in (11), the error dynamics is globally asymptotically stable
if there exists a vector z > 0 and scalars a4 and a. such that:

2TE. <a.z', (15a)
2T Eg<etz', (15b)
ac.T+aqg <0, Vrel. (15¢)

Moreover, defining P = diag(z) and therefore, z = P1,x1,
it can be trivially shown that for any matrix M, we have
M™P = (MP)™ and |M|P = |MP)|, and defining I" and
Q as in Theorem 3, inequalities (14a) and (14b) can be
obtained from (15a) and (15b), respectively. Further, similar
to the proof of Theorem 2, the constraints (14d) and (14e) are
consequences of left multiplying the linear transformations
T.+ N.H. = Ty + NgHy; = I,, with the matrix P and
defining M 2 PM, VM e {T.,T.,N.,Ns}. Hence, the
linear hybrid system in (11) and by the Comparison Lemma
[27, Lemma 3.4], the framer error dynamics in (11) of the
hybrid interval observer in (9) are asymptotically stable. W

Remark 2. Note that the presence of absolute value terms®

|M| and “Metzlerization” M™ = M9 + |M™| results in
mixed-integer optimization problems in Theorems 2 and 3.
Additionally, due to the presence of the term e in inequal-
ities (14b) and (10b), the optimizations in Theorems 2 and 3
are non-trivial. However, by (line) searching over a. and aq
that satisfy a.T+aq < 0,7 € Z, the optimization problems
in Theorems 2 and 3 can be simplified to mixed-integer
semidefinite programs (MISDP) and mixed-integer linear
programs (MILP), respectively, which can be solved using
off-the-shelf tools. If desired, extra positivity constraints can
be imposed (i.e., by setting M > 0, M"™ > 0 and replacing

(2) and the MILP in Theorem (3) can be further simplified
to semidefinite programs (SDP) and linear programs (LP),
respectively, that are often more computationally amenable.

V. ILLUSTRATIVE EXAMPLES
A. Bouncing Ball

Consider a bouncing ball with gravity coefficient g > 0,
restitution coefficient A > 0 and (nonlinear) drag coefficient
B > 0, modeled as system (5) with

_ T2 _ Z1
fC(IE) - {—g—ﬁxﬂ@d 7fd(:c) - {_)\xJ )
C=RsoxR,D = {(x1,22) € R* : 2y = 0,22 < 0},

with output h.(z) = hg(x) = 1, where state x; represents
the position (above ground) and x, represents the velocity.
Next, we consider two cases where the minimum dwell time
Tm 18 zero (A < 1) or non-zero (sufficiently large \).

bNote that absolute values are internally converted into a mixed-integer
formulation in off-the-shelf tools, e.g., YALMIP [29], where a binary
variable is introduced to indicate if || = z or |z| = —=.
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Fig. 1: Linear Bouncing Ball (6 = 0) with 7,,, = 0: State x2, its
lower and upper framers ., Z2 and normalized Lyapunov function
Vv (e(t, 5)) £ V(e(t,))/V(€(0,0)) of both observer variants.
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Fig. 2: Nonlinear Bouncing Ball with 7,,, # 0: State xo, its

lower and upper framers z,, T2 and normalized Lyapunov function
Vi (e(t, 7)) 2 V(e(t,5))/V(€(0,0))) of both observer variants.

1) Zero minimum dwell time: First, we consider the case
of the linear (8 = 0) bouncing ball problem with \ =
0.8, i.e., the overall the system loses energy and exhibits
Zeno behavior. Hence, for this case, we have minimum
dwell time 7, = 0. In this scenario, from Fig. 1, it can
be observed that the MILP approach (using Theorem 3)
estimates the unmeasured velocity xo faster than the MISDP
approach (using Theorem 2). Moreover, from the analysis
of normalized Lyapunov function values (normalized by the
initial value) from Fig. 1, both the observers have comparable
performance in asymptotically stabilizing the framer errors.

2) Non-zero minimum dwell time: Next, we consider the
case of a nonlinear bouncing ball problem with 8 = 0.02,
i.e., the system loses energy during flow due to nonlinear
drag forces, but due to a sufficiently large coefficient of
restitution A = 1.09 (such a system can be realized in
practice by considering an actuated table), the system gains
more energy than it loses during flows. Hence, the system
has a non-zero minimum dwell time 7,,, (no Zeno behavior).
From Fig. 2, similar to the zero dwell time case, the velocity
z9 using the MILP approach converges faster to the true
values than the MISDP approach (using Theorems 3 and 2,
respectively). Moreover, from Fig. 2, it is evident that both
variants have comparable performances in the sense of their
normalized Lyapunov function values.

B. Power Control with a Thyristor

Consider a electric thyristor circuit from [25] with re-
sistance R, inductance L, capacitance Cy and capacitor
impedance Rj, modeled as system (5) with

T
— _ vo—Rip, _ _wo Z1 AL
fc(x) = |:U)ZQ, W21, 4= ' " CoRe + CoRo 00707 1,

]T

fd(x) = [Z1722a7:L7U()7 1- q70

)

Y z}!15PP) — MILP

I 08 - -MISDP
= -3
Soof o0

$05 Tl A

= N
~ v

0 1 e A 0.03

0 30 70 w ° 3

0 4y 0 30 4y 70 100

Fig. 3: Power Control with a Thyristor: State x3, its lower and upper
framers z,, T3 and normalized Lyapunov function Vi (e(t,5)) 2
V(e(t,4))/V(£(0,0))) of both observer variants.

he(x) = hyg(z) = [21,22,vo,q,T}T,

C2{z:q=0,7 < a/w,ir=0}U{x:q=1,i; >0},

DE{x:q=0,7>ajw,v >0}

U{z:q=1,ip <0,v9 <0},

with state = = [z1, 20,41, v0,¢, 7] ', sinusoidal input voltage
z1, output voltage 2o, load current iy, capacitor voltage v,
binary variable ¢ € {0, 1} (to indicate whether the thyristor
is on (¢ = 1) or off (¢ = 0)), and trigger state 7 (used to
model the firing event). Additionally, the parameter values
used for simulation are angular frequency w = 0.5, firing
angle o = 20w, R = 0.5, L = 0.5, Cy = 10 and Ry = 0.25.

In this example, if we only compare the framers of the
unmeasured load current x5 = ¢y in Fig. 3, they converge
exponentially fast to the true value in both MISDP and MILP
variants (using Theorems 2 and 3), i.e., in this case, they have
comparable performance in estimating the unmeasured state.
On the other hand, if we look at the overall performance
of the observers by comparing the normalized Lyapunov
function Vi (e(t,7)) values in Fig. 3, the MILP variant
converges much faster than the MISDP variant.

In summary, both observer variants in both examples
show comparable performance (note that we only computed
feasible gains). However, the main advantage of the MILP
variant over the MISDP one is that MILP is a much “easier”
class of optimization problem to solve than MISDP in terms
scalability to larger systems and availability of fast solvers.

VI. CONCLUSION AND FUTURE WORK

In this work, we proposed a novel interval observer
design framework for hybrid systems with known jump times
and nonlinear dynamics and observations. Specifically, by
construction, the error system of our proposed observer is a
positive system; thus, the observer is correct by construction
without any additional positivity constraints. This is achieved
by leveraging the ideas of mixed-monotone decompositions
and hybrid embedding systems. Additionally, using Lya-
punov analysis, we introduced two observer variants that
are asymptotically stable. Our proposed observer designs in-
volve solving mixed-integer semidefinite programs or mixed-
integer linear programs (leveraging the positive system prop-
erty of the error dynamics) to compute the observer gains,
including the additional degrees of freedom from a system
transformation. Finally, we successfully demonstrated the
effectiveness of our hybrid interval observer framework using
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simulation examples of a bouncing ball and an electric
thyristor. In our future work, we will extend our proposed
framework to consider noisy/uncertain hybrid systems with
unobserved discrete modes and unknown jump times.
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APPENDIX
A. Construction of Hybrid Interval Observer

From the equivalent system in (7), we can design an
embedding system by formulating the corresponding de-
composition functions gg,ﬁg and g?,gg for flow and jump
dynamics, respectively. First, note that the component of the
flow/jump dynamics that is affine in = (with known y. and
ya), ie., gh(x) = (T, A, — L,H, — N,Ag,)x + (M,N, +
L)y, & Myzx + (M,N, + L,)yu, p € {c,d}, admits a
tight continuous-time decomposition function (cf. Definition
1 and [11] for details):

95,6@17502) = ngl - Mim + (MMNN + L/t)y/u

where M} £ MMO, M & M4+ MM® and M) 2
M, M T 2 M 39. Next, the nonlinear flow/jump dynamics
9 (@) = Tuou(x) = Nupp(z) — Lypu(x), p € {c.d}
(treated as a disturbance signal) admits the following de-
composition function:
G5 (@1, 02) =T by (w1, 02)~T,7 by 6 (w2, 21)=NT pu,s (a2, 1)
+Nuepu,5($1v‘r2)7LS¢M75(:L'27$1)+LS¢H,5($17x2)7
based on the discrete-time decomposition functions for
du(x), Yu(x), pu(x) and non-negativity of 7,2, T2, N2,
NM@, Lf‘f, and LS. Then, it can be easily demonstrated
that the sum of the decomposition functions of individual
constituents is also a decomposition function of the sum of
the constituents. Hence, g% (z,7) = g, 5(z, %) + g, ;(2,T)
and g5 (T, z) = g, 5(T, z) + g1, 5(T, ), p € {c,d}.
Moreover, the embedding system for £T = T.(Agx +
¢a(x)) — Nebe(Agz + ¢a(x)) in (1) can be similarly con-
structed using both its affine and nonlinear components
(omitted for brevity) using discrete-time decomposition func-
tions to obtain its framers (T and Z+ as in (9). Finally,
from z = & 4+ Noy. and ( = Tyz — Ngbg(x) when
x € C and ¢ = ( + Ngyq when =z € D in (7), we
can obtain T = £ 4+ Neye, £ = & + Noy. as well as
¢ = TPz —T7T — Nivas(T,z) + Nevas(z,T), ¢ =
TPz —Tyz— N§as(z, )+ N 1ha,s(T, z) when H flows
and T = ( + Ngyq, z = ¢ + Ngyq when H jumps, by
leveraging discrete-time decomposition functions.
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