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Learning-Based Pareto Optimal Control of Large-Scale Systems with
Unknown Slow Dynamics

Saeed Tajik Hesarkuchak, Almuatazbellah Boker, Vasanth Reddy, Lamine Mili, Hoda Eldardiry

Abstract— We develop a data-driven approach to Pareto
optimal control of large-scale systems, where decision makers
know only their local dynamics. Using reinforcement learning,
we design a control strategy that optimally balances multi-
ple objectives. The proposed method achieves near-optimal
performance and scales well with the total dimension of the
system. Experimental results demonstrate the effectiveness of
our approach in managing multi-area power systems.

I. INTRODUCTION

Large-scale systems, which encompass a wide range of
applications from power grids to autonomous vehicles, pose
unique challenges to control engineers. These systems often
exhibit complex interactions, nonlinearities, and uncertain-
ties, making them difficult to model accurately. Traditional
control strategies relying on well-defined models struggle to
address these challenges effectively. One of the traditional
methods to tackle such challenging problems is Pareto opti-
mality. The pursuit of Pareto optimality in control represents
a significant advancement in the field, as it seeks to simulta-
neously optimize multiple, often conflicting, objectives. This
concept is particularly relevant in large-scale systems, where
control actions must balance objectives such as stability,
performance, and energy efficiency.

Previous work [1] introduced adaptive control laws
through which we can learn the control of the model from
the input-output data. Over the years, the increase in the
momentum of reinforcement learning [2] has opened up the
different possibilities of learning the controller. For example
[3] enhances off-policy natural actor-critic algorithms by
establishing improved finite-sample convergence guarantees
and [4] addresses the challenge of high variance in deep
reinforcement learning algorithms focusing on enhancing
the robustness of general actor-critic methods. Adaptive
Dynamic Programming is one of the first learning techniques
in reinforcement learning. It uses an iteration method with
a change in variables to find the optimal control gain [5].
In general, learning methods such as Q-learning [6], and
Actor-Critic [7]-[9] have been effective in learning the
controller for continuous-time systems when the dynamics
of the model is unknown. Additionally, the previous works
[6], [7] mostly focus on learning the dynamics of the system
using offline data. This approach does not cope well if
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exogenous disturbances are affecting the system. To tackle
this issue, [10] proposes to train the closed-loop model on
the running data in an online fashion. However, in these
cases, they provide an insight on how to optimize the entire
system which is a challenging task for large-scale systems.
Also, [11] focuses on robust control against disturbances for
nonlinear systems with unknown dynamics, using off-policy
reinforcement learning.

In an attempt to develop scalable optimal control algo-
rithms, the work in [12] employs a singular perturbation
method to decompose the system based on time scales. In this
case, the controller is learned for the dominant slow-time-
scale dynamics, assuming that the fast-time-scale dynamics
are asymptotically stable and, hence, ignored. This resulted
in lower dimensional and computationally efficient control
systems. In this work, we follow the same spirit as [12]
and solve a Pareto optimal control problem but with the
relaxation of the assumption that the fast dynamics are
asymptotically stable. In this way, we enlarge the class
of applicable systems and simultaneously keep track of
how the slow- and fast-time scale decomposition affects the
implementation of the controller based on feedback from the
system’s original data. Moreover, our proposed approach is
based on the multi-area modeling scheme pioneered in [13],
where the decision-maker of each area utilizes a simplified
model of the whole system. However, relative to [13], we em-
ploy a learning-based approach to solve the control problem
when the coupled slow dynamics of all areas are unknown.
Overall, The contribution of the paper can be summarized
as follows: First, we propose a systematic design procedure
for control of large-scale systems when the global coupled
dynamics are not known while the local dynamics may be
unstable. Second, the proposed strategy is scalable in the
sense that the computational complexity and size of the local
controllers are not affected by the large size of the overall
system. Third, we follow a singular and regular perturbation
approach to show that the closed-loop performance of the
proposed strategy approaches that of a centralized model-
based optimal controller as the time-scale difference among
the system dynamics becomes stark and coupling among the
different local dynamics becomes weak.

The remainder of this paper is organized as follows.
Section II describes the system setup and formulation of the
problem. Section III describes the two-time scale reduction
of the original problem. Section IV outlines the offline learn-
ing algorithm to estimate the control gains of the system.
We provide a simulation example in Section V. Section VI
provides the final remarks.



II. PROBLEM FORMULATION

Consider a large-scale dynamic system with /N intercon-
nected areas, modeled in the form

N N
& =Aot+ Y Agjzi + > _ Bojuj, 2(0) = z,, (1)
j=1 j=1
€iZi =Aio® + Aiizi + Z €ijAijzj + Biiwi, 2i(0) = 2io,
J#i
2
where x € R, z; € R™ for: = 1,..., N, are state vectors,

A and B are constant matrices of appropriate dimensions
and uv; € R™ is the input. 0 < & < 1 is a small
(unknown) parameter that represents the time constants for
each subsystem, while €;; is a small (unknown) parameter
that represents a weak coupling between the subsystems.

The system (1)-(2) has strongly coupled slow (z) dynamics
and weakly coupled fast (z;) dynamics, with every area has
a decision maker u,;. This model represents many systems,
such as power systems [14] and clustered networks [15],
[16]. In this work, we assume that each decision-maker has
a full knowledge of the local dynamics but does not know
the global dynamics. More specifically, we assume that the
matrices A,, Aoj, Boj and A;; are unknown.

Consider the case that decision-makers cooperate to min-
imize a global cost function

J=mJi+ -+ + - FININ, 3)
where 1+ -+ v =1,0<y <1, fort=1,...,N,

1 o0
Jk 25/ (Y, Qryr + uj, Rrug) dt,
0
Yk =Cor + Crizi, Qr = C,Ck, Ry, > 0.

4)

Therefore, a controller uy is sought for each area &k such that
(3) is minimized under the assumption that the shares ~; of
all other controllers are known a-priori and using feedback
from the slow (global) state x and fast (local) state zj.

The optimal strategy for (1)-(2) can be obtained had all
the system matrices are known. It takes the form [17]

1
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The optimal controller (5) for each area requires knowl-
edge of the entire system. In the sequel, we will follow a
singular perturbation method to relax this requirement and
achieve a performance close to the optimal one.

ITI. SINGULAR AND REGULAR PERTURBATION-BASED
DESIGN

For a linear system consisting of k control areas, a
simplified model of the entire system can be obtained from
the perspective of the decision maker of the k*" subsystem.
For this purpose, assume that the decision maker of the
kth subsystem ignores all other fast (local) dynamics and
weak coupling with other subsystems. This implies setting
e; =0 for j # k and €;; = 0 in (1)-(2). This, in turn, leads
to the k" subsystem approximate model

Ty = Arxr + Aokzi + Bokur + Z Byjuy, (7N

J#k
€xZk = Aot + Argzi + Brruk, ®)
where Ak = AO — quék AojAj_lejo, Bk-j = Boj —
AO]AJ_J].BJ]

Assumption 1: The matrix A;; is invertible.
Under Assumption 1, system (7)-(8) is in the standard
singular perturbation form. This allows the use of the singular
perturbation method to design a control strategy for each
decision maker by solving two separate sub-problems; one
in the slow time scale and one in a fast time scale [18]. By
setting €, = 0 in (7)-(8), we get the reduced order model

N
Ty = Asxs + Z Bysugs, (ES(O) = Zo, 9
k=1
with zps = —A,;kl (Agoxs + Brrugs) and where Ay = A, —
Zz‘l\il Am'Ai_ilAio, Bys = Bk *AokA;;lekk and uyg is the
slow controller. The boundary layer model can be obtained
by using the change of variables zi; = 2 + A,;kl(Akoxs +
Byrugs) and letting 7, = t/ey to get

dzkf

= Aprzifr + Brruks, (10)

di

with uy s being the fast control.

Assumption 2: The pairs (As, Bs), where By, =
(Bis,...,Bns), and (Agg, Byy) are stabilzable.

Following this approach, each decision maker can solve
for the slow controller ups =: Ggsxs using (9) and fast
controller ury =: Girzis using (10), where G, and Gy
are controller matrices to be designed. The implementable
controller can then be taken as the composite of these two
controls, which takes the form

U = [([+ kaA;lekk)Gks + kaA;klAko]I + kazk.
(11
Notice that all area controllers affect (9), whereas (10)
indicates that the fast control problem is decoupled.
The following theorem adopted from [19] describes the
behavior of the slow (9) and fast (10) subsystems compared
to the actual system (1)-(2) under feedback control.



Theorem 1: Let Assumptions 1 and 2 hold. If upy =
G2y are designed to stabilize the subsystem (10) and
ugs =: Grsxs are designed to stabilize the subsystem (9)
then there exists a positive scalar o such that V 0 < ||g|| < o
and V¢ > 0 we have

z(t) = zs(t) + O(|lel]),
21(t) = —AL (Aro + BuGis)zs(t) + 215 (t/e1) + O(|lel)),

an(t) = —Axn(Ano + BynGs)zs(t) + 2np(t/en) + O([e]]).

12)

where ¢ is an ordered vector of all the parameters €; and
€ij withi#jandi=1,...,N.

In the following, we will follow a data-driven approach
to solve the Pareto optimal control of the slow subsystem
and combine that with a stabilizing controller for the fast
subsystem. We will show that this composite controller will
achieve a performance that converges to the one obtained
had we known the coupled models.

Notation Definitions: The notation (-)* denotes the optimal
values of the parameters. Parameters denoted by (:) are
those derived from the singular perturbation-based design.
We use (-) to represent parameters that are estimated based
on learning from the z, (assuming we have access to it), and
() to denote parameters learned using the actual x data.

IV. MAIN RESULT

To solve the control problem, we will follow the singular
perturbation method discussed in the previous section. For
the slow sub-problem and given (9), decision-makers need
to cooperate to optimize the cost function

Js = nJis +v2dos + ... + + YN INs, (13)
where
o 1 > =l ' /
Jps = 3 (2, ChsCrss + 2y Dy, Crss
0
+ ujs Rsurs)dt, — (14)
Crs = Cor — CrpAr) Ao,
Dys = —Cii Agj Bi, Rys = Ry + D}, Dys.
The solution of this problem is given as
1
ugs = — Ry (D} Crs + ,TB;'CSPS)JCS, (15)
k

with Py is the positive semidefinite stabilizing solution of
the Riccati equation

N
N ~ —1
P,As+ ALP, + — P,BisR;.' B}, P,
‘ ;:1[ ” ( (16)

which can be written in the compact form

P,A,+ A P, — P,B,R;'B'P,+Q, =0, (17)

where A
As = As - ZBiSR;SlDésCm?
i=1
Bs - [Bls BQs Bk5]7

’ (1)
Qs = Z’chz/s(l_ DisR;legs)CiS?
i=1

Rs - diag(RISVh R2sf727 ceey Rks’}/z)

The reduced order model (9) can also be written in this form
as

iy = Az + B,U, U=us+ Mz, (19)

where fls = A, — B;M, u, = [uﬂ UgTs Ugs]T’ and
Ry} DCyy

M = R2_31D/2sc2s (20)
RyADiCns

We now have the following assumption.

Assumption 3: The pairs (A;,C5), where Cs =

(Cisy...,Cns), and (Agy, Cri) are detectable.
For the fast subproblem (10), we consider the cost function
1 oo
=1 / (24 ChCinzns + s Ryug) dry. 1)
0

with the minimizing controller

Ukf = —R,;lB,;kPkfzkf, (22)

where K is the positive semidefinite stabilizing solution
of the Riccati equation

Pyt Apr + Al Py + CruCri, — Py Bre Ry, ' Bl P = 0.
(23)
Going forward, we employ Adaptive Dynamic Program-
ming (ADP) using Kleinman’s iteration [5] to learn the
controller (15). This method focuses on finding optimal
control policies by solving the Bellman equation directly and
is distinct from traditional reinforcement learning methodolo-
gies that typically rely on Markov Decision Processes [20].
By defining A7 = A, — B,K7 for the Lyapunov equation
(24) we can obtain the optimal value K, so that we have
U = —K,xz, to be used for (19). In the following algorithm
the superscript (-)7 denotes the iteration number.
Kleinmann’s Algorithm

1) Solve the Lyapunov equation below for P?:

PIAT + AV PJ + PIB,R;'B.PJ +Q, = 0. (24)
2) Update the feedback gain:
Kitl = R;1B/PY. (25)

To eliminate the dynamics of the system from (24), and
(25), First, we define an arbitrary excitation signal u, such
that the system states remain bounded [12]. By substituting
Us = Uy — Kgxs + f({lxs into the slow subsystem (19), we
get:

iy = (A7 — B.K))xg + By(uo + Klz,).  (26)



By taking the derivative of the Lyapunov function V(JI )=
T Piz, we get

Vi =il (Plx,) + 2T PI(i). (27)
By substituting reduced model (19) into (27)
V7 :[xé(/is - Bskg)T + BZ(“O + vasz)TKps]xS) (28)

+ 2T PI[(A, — BiK))xs + (uo + Kiz,)B,].
By defining e = u, + K7z, and using the definition of A7,
we can write (28) as
Vi =aT (A" P+ PIA Y, +2¢" BT Pla,.  (29)
from (25) we know BT P/ = R,KJ*!, and using (24) we
define
Qs = ~(W" Pl 4 PIAY) = —Q, — (RIP)T RSP,
(30)
Now, by substituting (30) into (29) we get
d . _
a(xSTPS]xS) =2l Qx5+ 2" RyKI M g,
Notice that the system dynamics are eliminated from (24) and
(25). Moreover, (31) is fully independent of the dynamics of

the slow sub-system. To get to the offline policy iteration we
integrate both sides of (31) on the small interval |7, 7 + 7]

xZ(T + 57)153ms(7 +07) — .I‘Z(T)pgxé(T)

T+0T o T+0T
:2/ eTRsKé+1xsdw 7/ J:Zijsdw.
T T

€2V

(32)

using (32) we can write the offline policy iteration in the
compact form below

~[ vee(P) ] -
Pt =1 .
where

12) = [Sm’v _2-’11(171 ® (RZ)TRS) - ijuo(fn ® RS)]’
= vaec(Qj),
- {xT Rzl T 2l @ 2T Tj+5T}T

T1 Tj
5 T1+6T Tj+6T
L= [ [ alwaldv, [ o ool

T1 T]‘
- T14+6T Ti+0T
Iy, = [/ ' @ uldw, ,/ zf @ uldw]”.
1 J (34)

(®) indicates the Kronecker product of two matrices and
vec(+) denotes the vectorization of a matrix.

Before proceeding further, it should be emphasized that
the learning in the above steps is based on the slow state
system x4, however, in practice, we only have access to the
original state information x. With the help of Theorem 1
[13], we will show later that the learning procedure is robust
to this variation as only the original state of the system is
used for learning.

When collecting the data for the offline policy iteration
we continue collecting z data until the [I,, I, ] matrix

reaches full rank and rank([I,, I, ]) = % +mn on
the sampling interval o7 for the period [7;, 7;] [21]. n is the
dimension of the slow subsystem and m is the number of
inputs or the number of fast subsystems.

The pseudocode for the learning algorithm is given in
Algorithm 1. After collecting enough data, the offline policy
iteration is going to check the effectiveness of the current
policy and update the policy if a pre-defined threshold is not
met.

Algorithm 1 Offline policy iteration

while rank ([fm f.m1L0]) < % + mn do
Collect the data x(¢) with the excitation signal @, = u,
Construct the matrices 0,4, Iz, and f_mo
end while
Initialize K, > 0
while | P/ — PJ+1| < Threshold do
Estimate the values of P/ and K71 through (33)
end while
U=-Kitly

When the learning is complete, we can use the learned K,
and P, to calculate U = —K,x. By utilizing the calculated
uiy and 4y = U — Mz we write the optimal learned
controller @, as

g, =[(I — Ry ' By Py Ay Bir) s

_ _ (35)
+ Ry Bl Prp Ay Aol + g g 2.

Theorem 2: Let Assumptions 1-3 hold and consider the
closed-loop system (1)-(2) with (35) and the resulting cost
functional J; we have

lim (Jp — J) =0,

llell—0

k=1,2,...,n.

where J}; is obtained by applying uy, from (5) on the actual
system (1)-(2).

Remark 1: Theorem 2 describes how the performance of
the closed-loop system (1)-(2) with (35) approximates the
performance of the closed-loop system (1)-(2) with (5) as the
perturbation parameters get small leading to a near-optimal
performance.

Towards proving Theorem 2, we will present a couple of
lemmas adopted from [21] that show relative convergence
and closeness of the leaning-based approach.

Lemma 1: At the end of the learning process, when using
the original system state x(t), the matrix PJ converges as
follows:

lim P} = P + O([e])),
J—00
where P} is the solution to the Riccati equation (6).

Lemma 2: During learning, when the reduced states x4(t)
are replaced by the original states x(t) the control system
parameters undergo perturbed changes in the form

P! = P! +O(|el).
Equipped with these lemmas, we can now proceed to the
proof for Theorem 2.



Proof: To avoid unboundedness as ||| — 0, we write
the solution to the Riccati equation (6) P* in this form.

Poo 51P01 €2P02
/
€1P10 1Py \/€1€2P12

52Pz§2 \/EITZP{Q 9 Pso (36)

By defining a;; = lim (:—]) , 1,7 = 1,2,...,N it can be
shown that

(37)
(38)

POO(O) :PS, P“(O):Szpf, PZ(O):O,
P,1.(0) = P,y (0)Ey — 1 Ep.

where Ek = (gokpkf — Aok) (Akk — Skkpkf)il s and

Ek = (A;copkf + C(’)kOkk) (Akk - Skkpkf)_l . As shown
in [13], the above solution does not depend on «;;, and the
limits of P;;(0) are uniquely defined.

Using Lemma 1 and Lemma 2, we can now rewrite the
bound of P,, as P,,(0) = Ps + O(||e]|). The limit of .J; as
lell = 0is J; = 23, M&,, where M satisfies

1
M(A—SP)+ (A~ SP)M + Qi + — PSyP = 0. (39)
Tk

Also, to evaluate the actual cost J;, we express (35) as

1 - .
u, = —— R, 'ByL# + O(||e]), (40)
Yk
where
Ps 0 0
€1P1/m EI’YIPf 0
L=

e2P5y, 0 g2 Py

and P, = PoEy — viEr + O(llell) = Pro(0) + O(|le]). When
iy, is applied to (1), we have J, = 2, NZ,, where N satisfies
the Lyapunov equation

1

2
1

N(A—SL)+(A—SL)'N+Qk+?L'SkL+O(||e||) =0. 41)
k

To get J, — J;, we calculate W) = N® _ Af®) for each
area k. Next by subtracting (41) from (39) we get

W* (A - SL)+(A—-SLYw® 4 %L’SkL - 7—12PS;€P
k k

+ M*®(S)(P—L)+ (P—L)YSM™ +0(|e) = 0.

(42)
By writing W) in the form of (36), it can be shown that
lim | —o Wi(jk) = 0. This completes the proof. [ |

V. APPLICATION EXAMPLE: TWO-AREA POWER SYSTEM

Consider a power system consisting of two automatic
load frequency control areas, which are connected with
weak tie-lines and have identical characteristics. Although
an actual power system control has multiple components and
controllers we assume that each automatic load frequency
control consists of a generator, governor and a non-reheat
steam turbine. The goal is to maintain the steady frequency
and control the tie-line flows.

The power system equations for the two interconnected
areas are given as [22], [14]

op =(ACE) = APsic, + bsAfp, (43)
Afr Z%[—Afk + %(APGk — APy — AP, )], (44)
APy =Tio(Afy — Afy), (45)
APg, :Tit[—APGk + Aay), (46)
Ady, :Tit[fAPGk + Aag], (47)

where (N = 2 and & = 1,2) and AP;s = AP, =
—APy.,. Af is the frequency error, AP, is the tie line
power flow variation and vy, is the integral of the area control
error (ACE), Aa is the turbine valve position variation,
APg is the turbine output variation and the AP, is variation
in the speed changer.

The system parameters are given as follows: inertia time
constant 7' = 20, synchronizing power flow coefficient
Tyo = 32.7, turbine time constant 7; = 0.2, and governor
time constant Tz = 0.1. Assuming a constant load distur-
bance AP; = 0 we define speed regulation r = 0.25, bias

factor by = 4.5 and D = 0.5. In addition, we define
Ta, , T:.
g; = 7111&}(( ;7’7 tl) s (48)

leading to €1 = 9 = % = 0.01, which is a small number

relative to Tz and T3 (i.e. Tg = 10g;, T3, = 20¢;). Also,
€12 = €91 = 0.
Accordingly, the slow and fast states are defined as

x = (vi,v2, Af1,Afa, APi3), (49)
Zk — (APGk,Aak), k= 1,2. (50)
The system matrices in (1) are given as:
0 0 bs 0 1
0 O 0 bs —1
A,=10 0 -5 0 —=5],
00 0 —7 Ti,
0 0 T —Ti2 0
0 0 0 0 O 0 0 O 0 0
Ao=lo 0 A o0 0}7*420—[0 00 A o)
0 0 0 0
0 0 0 0
Ao = |75 0|, Ap=| 0 0|,By=By=]0],
0 0 = 0
0 0 0 0

_ 1 1 0
A1 = Agy = { 0 _Ti] yBi1 = By = {L} :
Tg Tg

Suppose v1 = 2 = 0.5, R1 = Rz = 20, and

I5 5 O(5x2) 0(5><2)
Cor =Co2 = {0< x >] yCii = [Iax2) | ,C22 = |02x2) | -
(4x5) 0 T
(2x2) (2x2)

Following Section IV, we implemented Algorithm 1 considering
a sampling interval 7 = 0.1s, with the initial states being 0.1.
Using Qs and R, from (17) we were able to learn the controller



1 using different e; values. By writing (21) and solving the Riccati
equation (23) we get the solution for the fast subsystem as uy; =
[—0.0162, —0.0326]. Then using (35) we calculate the controller
Uk .

=== Optimal Controller

——Learning with [|e]| = 1e — 4

o 5 10 15 20 25 £ o s 10 1 2 2 £

Time (sec) Time (sec)

Fig. 1:
trollers

x1 and x3 states trajectory using for different con-

Figure 1 shows the x1 and x3 states trajectory when applying
the optimal controller (5), using the MATLAB command /gr for the
system (1)-(2), and controller based on learning (35) with different
€; values over 30 seconds. It can be seen that the state trajectories
using the learned controller get closer to the optimal controller as
|le]l decreases. It is worth stressing that the optimal controller is
designed based on a system of dimension 9. However, the learning
controller has dimension 5 as it makes use of state vector (49). In
addition, the fast controller is designed based on a subsystem of
dimension 2. So it can be seen that the proposed method achieves
comparable results while significantly reducing the complexity of
the problem and, hence, computational costs.

Control Areal Control Area2 Overall Cost
(5. 1) (J5.J3) (J*. J)
Optimal Value 0.3445 0.3472 0.3459
Learning Based Value 0.3514 0.3532 0.3523
Error Percentage 2.0077% 1.7160% 1.8613%

TABLE I: Average cost function values over 15 seconds

Table I validates the result presented in Theorem 2, where it
shows that the learning-based values .Jj get closer to the optimal
cost J; as ||¢|| decreases. With 1 = e2 = 107", the overall cost
value of the learning-based controller is within 1.8613% of the
optimal cost value.

VI. CONCLUSION

We presented a model-free learning method to solve a Pareto op-
timal control in large-scale systems with unknown slow dynamics.
This approach scales well as the size of the system gets large as the
learning is performed based on a reduced-order model and is done
on the level of each area. In addition, the proposed method leads to
a near-optimal performance. In future work, it would be interesting
to investigate the effectiveness of the proposed approach when con-
sidering nonlinear and stochastic nature of systems. Furthermore, it
is worth pointing out that this paper presents a general framework
that facilitates learning by exploiting time scale separation of the
system dynamics. This peaks interest in comparing the proposed
learning method with others in terms of computational costs.
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