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Connectivity-Preserving Formation Tracking for Multiple Double
Integrators by a Self-Tuning Adaptive Distributed Observer

Zini Pan and Ben M. Chen

Abstract—1In this letter, we study the distributed formation
tracking problem for multiple double-integrator systems with
connectivity preservation over a state-dependent communica-
tion network. In particular, we employ an adaptive distributed
observer for the leader system that can estimate both the state
and the system matrix of the leader. As a result, unlike the
existing results, we do not require all vehicles to know the
system matrix of the leader. Furthermore, the adaptive dis-
tributed observer incorporates a self-tuning dynamic observer
gain, which eliminates the need of computing the observer gain
in advance. The effectiveness of our approach is illustrated by
an example.

I. INTRODUCTION

Communication plays a crucial role in the cooperative
control of multi-agent systems. Due to the limited range
of communications, the validity of the communication link
between each pair of agents may depend on their dis-
tance. Thus, a communication network is inherently state-
dependent. For this reason, it is of practical interest to study
the cooperative control problems of multi-agent systems over
state-dependent communication networks. Furthermore, it
calls for the investigation of how to preserve the connectivity
of a state-dependent communication network in cooperative
control problems.

In fact, preserving the connectivity of a state-dependent
communication network has been taken into account in
various cooperative control problems, such as the rendezvous
problem, which is also referred to as the flocking problem.
The rendezvous problem for multiple double-integrator sys-
tems has been studied for both the leaderless case in [11]
and the leader-following case in [2], [3], [13]. Specifically,
edge-based strict Lyapunov functions were proposed in [11]
to achieve velocity synchronization. A position feedback
control law was designed in [13] to synchronize the velocities
of multiple double-integrator systems while maintaining the
connectivity of the network. A dynamic distributed state
feedback control law was proposed in [2] to achieve leader-
following rendezvous with connectivity preservation. Later,
the result in [2] was enhanced in [3] from full-state feedback
to position-only feedback.

In addition to the rendezvous problem, connectivity preser-
vation has also been considered in both the leaderless [6],
[8], [9], [12] and the leader-following [10], [15], [16] for-
mation control problems. In particular, a distributed control
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law was developed in [9] such that multiple nonholonomic
agents can form a desired formation configuration while
preserving the connectivity of the communication network.
A class of Lyapunov-like barrier functions were proposed
in [8] to make a group of unicycles converge to their
desired destinations while preserving the connectivity of the
network. Considering uncertainties in the communication
network, the leaderless formation control problem for mul-
tiple nonholonomic agents was addressed by a distributed
gradient-based controller in [6]. The connectivity-preserving
leaderless consensus-based formation control for high-order
nonlinear multi-agent systems with limited-range measure-
ments and output constraints was investigated in [12]. The
connectivity-preserving leader-following formation control
problem of multiple nonholonomic mobile robots with a
time-varying leader was investigated in [15]. The result in
[15] was further extended in [16] to handle agents with non-
uniform communication ranges. The leader-following forma-
tion tracking problem for multiple n-dimensional double-
integrator systems with connectivity preservation was studied
in [10], where a distributed position feedback control law
was proposed to steer the vehicles to track a leader with
prescribed offsets.

However, the result in [10] still has the following lim-
itations. First, the design of the distributed observer for
the leader system in [10] relies on the knowledge of the
system matrix of the leader. In other words, all followers are
assumed to know the system matrix of the leader. Second,
the observer gain of the distributed observer in [10] needs to
be larger than some threshold that depends on the Laplacian
matrices of all possible connected graphs associated with
the multi-agent system. As a result, it is time-consuming to
compute such a threshold for the observer gain when the
number of agents is large. Furthermore, the observer gain
needs to be recalculated once the number of agents in the
network changes.

To overcome the aforementioned limitations, we further
study the connectivity-preserving distributed formation track-
ing problem for multiple double-integrator systems by a self-
tuning adaptive distributed observer. In comparison with the
distributed observer in [10] which requires all followers to
know the system matrix of the leader system, the self-tuning
adaptive distributed observer eliminates such a requirement.
Unlike the observer gain of the distributed observer in [10]
that is computed offline based on the knowledge of the Lapla-
cian matrices of all possible connected graphs associated
with the multi-agent system, the dynamic observer gain of
the self-tuning adaptive distributed observer is governed by
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a self-tuning law and does not rely on the knowledge of the
Laplacian matrices. The main contributions of this letter are
summarized as follows:

1) We establish a distributed position feedback control
law for multiple double-integrator systems to asymp-
totically track a moving target with desired offsets
while preserving the connectivity of the communica-
tion network.

2) By employing the self-tuning adaptive distributed ob-
server, we remove the assumption that all followers
know the system matrix of the leader system and
eliminate the need of computing the observer gain
offline.

Compared with the existing results on the cooperative
formation control problem in the literature, our result has
the following distinct features. i) Unlike [10], [15], [16]
that assumed all followers have the exact knowledge of the
leader, we use an adaptive distributed observer to estimate the
system matrix and the state of the leader for each follower. ii)
Unlike the result in [10] that required the offline computation
of the observer gain, the adaptive distributed observer in this
letter uses a self-tuning dynamic gain. iii) The leader in this
letter can generate a large class of reference trajectories,
including polynomial functions with any coefficients and
sinusoidal functions with any amplitudes, frequencies, and
initial phases, and their finite combinations. In particular, the
leader can generate a reference trajectory with an unbounded
velocity that cannot be handled by the approaches in [15],
[16].

The rest of this letter is organized as follows. We first
provide some preliminaries and formulate our problem in
Section II. We then present our main result in Section III.
In Section IV, we use an example to illustrate our approach.
The letter is concluded in Section V with some remarks.

Notation. ® denotes the Kronecker product of matrices.
||z|| denotes the Euclidean norm of a vector x. For column
vectors a;, i = 1,...,s, col(ay,...,as) =[af ...al]". 1y
denotes an N-dimensional column vector with all elements
being 1.

II. PRELIMINARIES AND PROBLEM FORMULATION
We consider a multi-agent system with N followers and

a leader. The dynamics of the followers are described by
Gi=wu;+di, i1=1,...,N (D

where, for i = 1,...,N, ¢; € R", u; € R”, and d; € R"”
are the position, the input, and the external disturbance of
the ¢th follower. It is assumed that, for : = 1,..., N, d; is
generated by following exosystem:

wi = Qiwi, di = Djw; 2)

where w; € R%, and Q; € R**% and D; € R™"*% are
constant matrices. Without loss of generality, we assume that
the pair (D;, Q;) is detectable [5].

The dynamics of the leader system is as follows:

fCO = Sol‘o (3)

where xy = COl(qO,po) with qo,po = o € R™ and So =
Oéloz: SIOZle with S()Ql, Soo2 € R™*™,

Like in [10], we also introduce the following design

parameters:

1) h e R*", ¢ =1,..., N, is the desired offset between
the ith follower and the leader. Let hy = 0 and h =
max; j=o,1,....N, i#j [|hi — Iy

2) r € R is the maximum sensing range of the followers.

3) e € (0,7) is to introduce the effect of hysteresis.

Given the multi-agent system composed of (1) and (3),
let us define a digraph G(t) = (V,&(t)) where V =
{0,1,..., N} is the node set with node O associated with
the leader (3) and node 7, 7 = 1,..., N, associated with the
ith follower of (1), and £(t) C V x V is the edge set.

In what follows, we define the state-dependent communi-
cation graph as in [2], [10]. Given any r > 0 and € € (0, 7),
for any t >0, E(t) = {(i,4) | i,j € V,i # j} is such that

D E(0) = {(@4) | 6(0) =g O)] < (r—e)i,j =

S NHUL0,5) | llg0(0) = g (0)]] < (r—€),j =

1,...,N} B

2) if [lgi(t) — ¢; ()] = 7, then (i, j) & E(t);

3) fori=1,...,N, (:,0) ¢ E(t);

4) fori =0,1,...,N,j =1,...,N,if (4,j) ¢ E(t)
and ||¢;(t) — q; ()| < (r —¢), then (i, j) € E(t);

5) fori = 0,1,...,N,j = 1,....N, if (i,5) € &(t7)
and ||g;(t) — (t)|| <, then (i,7) € E(t).

Let A(t) = [a,!( Ni—g € RWNFDX(VHL e the adja-

t

cency matrix of G(¢t). For i = 1,...,N, j = 0,1,..., N,
and i # j, let a;;(t) = 1 whenever (j,i) € E(t) and
ai;(t) = 0 otherwise. At time ¢, the graph G(t) is connected
if every node 7, ¢ = 1, ..., NV, is reachable from node 0. For
i=1,...,N, let Nj(t) denote the neighbor set of the ith
follower at time ¢. Let G(t) = (V,&(t)) be a subgraph of
G(t) where V = {1,...,N} and £(t) C V x V is derived
from £(t) by removing all the edges between node 0 and
the nodes in V. Hence, G(¢) is undirected. Fori = 1,..., N,
we denote the neighbor set of the ith follower at time ¢
with respect to V by N;(t) = N;(t) (V. Let the Laplacian
matrix of G(t) be L(t) and let H(t) = L(t) + A(t) where
A(t) = diag(aio(t),...,ano(t)). By [14, Lemma 1], for
any time instant ¢+ > 0, if G(¢) is connected, then H(t) is
positive definite. We consider a control law of the following
form:

Cl:gl (ql7cl)<]7j€M(t))7 Z:175N
where (o = (S0, 90,4o), and, for i = 1,..., N, I;(-) and

gi(+) are some sufficiently smooth functions to be specified,
(; is the state of the distributed dynamic compensator.

We describe the leader-following formation tracking prob-
lem with connectivity preservation as follows.

Problem 1: Given the multi-agent system composed of
(1) and (3). For any r > 0, € € (0,7), and h; € R", i =
0,1,...,N,suchthat h < 5. design a distributed control law
of the form (4) such that, for any initial conditions ¢o(0),
do(0), w;(0), ¢;(0), ¢:(0), ¢;(0), ¢ = 1,..., N, that make
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G(0) connected, the closed-loop system has the following
properties:

1) G(t) is connected for all ¢ > 0.

2) limy00(qi(t) = (qo(t) + hi)) =0,7=1,...,N.

3) limi0o(qi(t) — go(t)) =0,i=1,...,N.

We make the following assumption for the solvability of
Problem 1.

Assumption 1: Sy has no eigenvalues with positive real
parts.

Remark 2.1: Under Assumption 1, the leader system (3)
can generate a large class of reference trajectories, including
arbitrary polynomial functions, multi-tone sinusoidal func-
tions, and their combinations.

III. MAIN RESULT

Like in [3], [10], we make use of the output regulation
theory to deal with external disturbances. For this purpose,
we rewrite the system (1) into the following form:

&; = Azx; + Bu; + F;w; (5a)
y; = Cx; (5b)
e,;:z,;f(:z:oJr{ofilD,izl,...,N (50)

where, for i = 1,..., N, z; = col(¢;,p;) with p; = ¢;,
y; € R™, and e; € R2™ are the state, the measurement output,
and the regulated output of the ¢th follower, respectively;
and A = (§3] 0 L, B = (] @ L, B = [
C=[1 0]®I,.

Remark 3.1: Let A; = [Osfizn gl} C; = [C Onxs,].
Then we can assume without loss of generality that the pair
(Ci, A;) is detectable since (C, A) is observable [5]. Hence,
there exists a L; = col(L;1, Liz) with L;; € R?"*" and
L;o € R%*™ guch that Al + LZ-CA’i is Hurwitz. Furthermore,
there exists a positive definite matrix P, such that (fli +
Llél)—rpl + pZ(Al + Lléz) = _IQn-Q—s,i-

We perform the following coordinate transformations:

_— 4| o h; .
T; = Laj =x (mo—l—[onxj), i1=0,1,...,N (6a)
w; = u; — Spaxog + Dyw;, i=1,...,N (6b)

}, and

where Sgo = [5021 5022}. Then, system (5) becomes the
following double-integrator system without disturbance:

&G =pi, Di=1u; i=1,...,N. N

Let us define the potential function as follows:

1 _
= ,0<s<r—h. 3
Y (T

Motivated by [4], [10], we propose a distributed position
feedback control law as follows:

wi=—a Y Vet (la -l
JEN(¢)

= Y ai(t) (o — &;) + Siami — Dyt
JEN(¢)

(9a)

& = A& + Bu; + Eg; + Lt (C& — ;) (9b)
W; = Qith; + Lo (C& — i) (9¢)
S; =1 Z (S; —Si) (9d)
JEN;(t)
o= S+ Y as(t)yi(t) (n; — ;) (%)
JENI(T)
Aij = kigagg(t) (0 — ;)" (i — ), (99
i=1,...,N, j=0,1,...,N, i #

wherea,ﬁ>0;k‘ij :kji >O,i,j:1,...,N,i7éj,ki0 >
0,i=1,...,N; S; = 051_;(1" S’{-Zz} with Sj21, Sjos € R™¥™,
and S;o = [Sigl Sioo|; for i = ].,...,N, n; € RQn, w; €
Rsi, fi = 001(611‘, 621‘) with 611‘, 621‘ S Rn, Li = COl(Lil, ng)
is as defined in Remark 3.1; ng = x¢ and &9 = pg; for
it=1,...,N,j=0,1,...,N, ¢ # j, vi; € R. Note that
vij = i for 4,5 =1,...,N, i # j. Thus, the control law
(9) is in the form of (4) with {; = (&, @i, S, iV, €
Vi # j). )

Remark 3.2: Suppose G(t) is connected for all ¢ > 0.
Under Assumption 1, by [1, Lemma 1], for any S;(0), ¢ =
1,..., N, the solution S;(¢) of (9d) is bounded for all ¢ > 0,
and satisfies lim;_, o, (5;(t) — So) = 0 exponentially.

Remark 3.3: The control law in [10] used a conventional
distributed observer of the following form:

JEN(t)

where + is the constant observer gain that needs to be greater
than some threshold depending on the Laplacian matrices of
all possible connected graphs with N +1 nodes. By contrast,
the control law (9) uses an adaptive distributed observer
(9d)—(9f) with a self-tuning dynamic gain -y;;(¢). Unlike the
distributed observer (10) that requires all followers to know
the system matrix Sy of the leader system, the self-tuning
adaptive distributed observer (9d)—(9f) does not impose this
requirement on all followers. Furthermore, in contrast to the
observer gain v of the distributed observer (10), which is
computed offline based on the knowledge of the Laplacian
matrices of all possible connected graphs associated with
the multi-agent system, the dynamic observer gain +;;(t) of
(9d)—(9f) is governed by the self-tuning law (9f) and does
not rely on the knowledge of the Laplacian matrices.
Remark 3.4: Suppose a new edge (i,7) is added to the
graph G(t) at some time instant t, > 0, that is, (4,7) ¢
E(t7) and (i,7) € &(t.). By the definition of G(t), we
have ||g;(ts) — q;(t)ll = llai(ts) —q;(ts) —hi + hyll <
lai(t.) — ;e[ + By — hll < v — € + h. Since ()
is strictly increasing on (0,7 — h), noting that h <
we have 0 < w([g(t.) = gy(t)]) < v(r — e+ h)

2Ry —(r—eth)?)  2@r—o(e2m) =

For: = ].7...,N,j :0,1,...,N,7;7éj,16t’%j = Yij =7
with some unknown v > 0. Let gig = S;9—502, gz =& -,
Wi =w;—w;t=1,...,N,and 1; = n; — o, Si =.5;— S,
& = & —pi, i = 0,1,...,N. The closed-loop system

£
29
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composed of (7) and (9) is as follows:

@i = P (11a)

pi = —a Z Va v (la — 4ll) — Z (pi — py)

JEN() JEN;(D)
- Z (§oi — &25) + aio(t)é2; + Diw;
JEN(t)
+ Siafi + So2ii + Sizo (11b)
{ﬂ (A +LC) [5} (11c)
W; Wy
Si=8 > (8 -5) (11d)
JEN(t)
i = Sifli + Sofli + Siwo + Z Yij (75 — 1) (11e)
JEN;(¢)
g = kijay () @ — ;)" (7 — 1) (111)
i=1,...,N, j=0,1,....N, i #J.
HH®L, 2B 2z
For t > 0, we let P(t) = | al® g oszNn]
Z1 Oannx. Y()

where A(t) = [Onnxnn H(t)®1I, block diag(D1, ..., Dy)],
t=2Nn+s1+ -+ sy, 41 = —lIN(X)SOQ, 0 is some

S(]Jrs

positive real number, and Y (t) = vH (t) @ I, — [y @ 22520
with v being some positive real number.
The solvability of Problem 1 is summarized as follows.
Theorem 3.1: Under Assumption 1, Problem 1 is solv-
able by the distributed position feedback control law (9).
Proof: The proof consists of four parts.

Part I: Let 7 = col (71,...,7n), ¢ = col (q,...,qn),
A I RS
col (&;,@;), = SN, wo = col(pa,...,uN)s
v o= 1(’}’10,:-7’7N07f)’127;~-,71N171N,--~77(N N )
and o = COl(5117...,le,fgl,...752N,ﬂ}1,...,wN) =

Tp with T being some orthogonal matrix satisfying
(T-HTTr-1 =1,
Consider the following energy function:

V(@D 1,77, 1)
|
52 Z (@ — a;ll) + 2cain(t)y (4l
i=1 JENG (t
1
+p, i + 20, P | + 5 Z;ﬁjm
1 V% ¥
- 1 t 10 12
ta2 | 2 g Tmelp (12)
=1 \jeN(t)
with 157;,72' =1,..., N, being defined in Remark 3.1.
Let S = block diag(Si,...,Sy) and S = block

diag(S12,...,Sn2). The time derivative of (12) along the
trajectories of the closed-loop system (11) is

V=—p (Ht)®L)p—p At)i—0a (T T 'q

+5 Si+p" (In®Se2)7+p' S (1y @ o)
+7 S+ 7" S (An @ x0) + 7" (In @ So) 7]

— " (H(t) ® Izn) 7
T

P(t) +7' 87

Il

|
[ R
[ R

+7'S(AN®@x)+p SG+p' S Ay @x0). (13)

For any €; > 0, let o = % Then, we have

ST+ Sy @)+ S7+5 S (1y o)

g‘;|mf+<;+gHsW)nmf+gHsaN®m@H?(M)

LInn O 0
Let Q(t) = P(t) — 0 0 0 . Then, sub-
Q( ) ( ) 0 0 (%"!‘Q”gHz)Ian

stituting (14) into (13) gives
T

. N 2
V<-— +ollsavewn)| . a5

[ R
Q
=

Es{ia Sl

By [4, Lemma 4.1], for any t, > 0, if G(t) is connected and
G(t) is undirected for ¢ € [0,t,), then there exist positive
constants 6, v, and €; such that Q(t) is positive definite for
all ¢t € [0,¢,). Fix such 0, ~, and ;.

Part II: Next, let us show that under the control law
(9), the graph G(t) is connected for all ¢t > 0. Let V(¢) =
V(q(t),p(t), u(t), 7(t),7(¢), t). Note that, by the continuity
of the solution of system (11), there exists a 0 < t; < o©
such that G(t) = G(t;) for all t € [0,¢1). If t; = oo,
G(t) = G(0) is connected for all + > 0. If t; < oo,
G(t) = G(0) does not hold for all ¢ > 0. We assume without
loss of generality that ¢; is such that

G(t) = G(0), t€[0,t1)

G(0
G(tr) # G(0). (10

We claim that G(t;) D G(0). Since G(t) is connected for
all t € [0,¢1), by [4, Lemma 4.1], the positive constants
0, 7, and €7 are such that Q(¢) is positive definite for all
t € [0,¢1). Thus, (15) implies

V()< o HS'(t) (1y ®x0(t))‘  velo.h).

a7

Under Assumption 1, for all ¢ > 0, ||zo(¢)|| < p(¢) for
some polynomial p(t) of t. Thus, Remark 3.2 implies that
limy_, 00 S(t) (1y ® z0(t)) = O exponentially, that is, for
any S(0) and z0(0), there exist positive real numbers o;
and 7 such that, for all ¢ > 0,

|50 (1 © 20(8) | < 1| 50) (1w © zo(0)) et 18)

Then, for all 0 <t < ¢1, we have

. ~ 2
V(1) < 00 [$(0) (Ly @ wo(0))|| 7274 = ope™# (19)
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. 2
where 0 = QQ%HS(O) (1N®$0(0))H and @2 = 2.
Then, for all 0 <t < tq,
V() <V(0)+ 2 (1-e ) <V(0) + 2.
P2 P2
Now, we show G(t;) D G(0) by contradiction. Sup-
pose this is not the case, then we can find some edge
(i,7) such that (i,7) € £(0) and (i,j) ¢ E(t1). Hence,
lim,_,, [g.(t) — g, (t)| = r and tim, _, [3:(t) — ;(8)]| >
r — h. Note that [|g;(t) — g;(t)|| is a continuous func-
tion of t. Thus, there exists a #; € (0,¢;] such that
hmt_m»; 1Gi(t) — @;(t)|| = r—h. Therefore, we can conclude
that lim, o V(t) = oo, which, however, contradicts (20).
The contradiction shows that G(¢;) D G(0), and G(t;) is
connected.
If there exists a ¢t > t1 such that

G(t) = G(t1), t € [t1,t2)

G(t2) # G(t1)
then we claim that G(t2) D G(t1). In fact, since G(t) is
connected for all t € [tq,t2), by [4, Lemma 4.1], the positive

constants 6, v, and €; are such that (t) is positive definite
for all ¢ € [t1,t2). From (15), we have

(20)

2y

V(t) < QHS(t) (1y ®x0(t))’ L Vielb). @2

Then, applying (18) to (22) yields

. N 2
V(t) < 002 HS(O) 1y ® ;vo(O))H e 20t — poem¥2t (23)

Since G(t;) D G(0), there exists at least one edge
(i,7) such that (i,5) € E(t1) and (i,5) ¢ £(0). We can
assume without loss of generality that there exist 7 edges
(_7;17j1)7 ey (iT7jT) such that (Zk,jk) S g(tl) and (ikyjk:) ¢
E(0) for k € {1,...,7}, where 7 is a positive integer.
Recalling (20), by Remark 3.4, V(t1) satisfies

V(t) < V(0) + % frap(r—et+h).  (24)
2
Thus, from (23), for all ¢ € [t1,t2),
Vi) S V() + 22 (et = o)
2

<VO) + 2 4 raty (r—e+h) + Zemoh (25)

P2 P2
We also show G(t2) D G(t1) by contradiction.
Suppose G(t2) 2 G(t1), that is, there exists some
edge (i,j) such that (i,5) € &(t1) and (4,5) ¢

E(tz). Then, lim, ., [|g:(t) = g;(#)|| = r, which implies
lim,_,,— 1Gi(t) — @;(#)|| > r — h. Note that there exists a
f2 € (0,t2] such that lim, ;- |Gi(t) = g;(t)| = r —h

since ||@i(t) —g;(t)|| is a continuous function of ¢. Then,
lim, ;- V(t) = oo, which contradicts (25). Hence, G(t2) D

i
G(t). )
Moreover, note that G(¢) can only have a finite number
of edges. Hence, by repeating the above arguments, we
conclude that there exists a finite integer £ > 0 such that

G(t) =G(0), t€[0,t1)

G(t)=G(t:) DG(tim1), € [tistiyr), i=1,..., k=1
G(t) =G(tr) D G(tr_1), t € [tg,0). (26)

Thus, the graph G(t) remains connected for all ¢+ > 0 under
the control law (9). Moreover, for all t > t,

V(t) < pge™ %2t (27)

Part III: In this part, we show that lim; . (¢;(t) —
Go(t)) =0,7=1,...,N. From (27), we have
V() S V() + 22 (7ot — o)
P2
<V(tg) + 22 g—eati it > .
P2
Thus, V(t) is bounded for all ¢ > ¢, which implies that
p(t), 7(t), q(t), pu(t), 3(t), and g;(t) — q;(t), i =1,..., N,
Jj € N;(tx) are bounded over [ty,00). Note that S(¢) is
bounded since lim;_,., S(t) = 0 exponentially. From (11),
for all t >t and for i = 1,..., N, p;, [u;» N, and S; are
bounded. Hence, for all ¢ > t;, V(t) is bounded, which
implies that V' (t) is uniformly continuous over [t;, cc). By
a direct calculation,

(28)

lim [ V(r)dr = lim (V(t) =V (t))

t—o0 t t—o00
t
: — 2T 92 —paty
< lim 02€ dr < =—=e . (29)
t—o00 te SDQ

Thus, lim;_, o fttk V(T)dT exists and is finite. By Barbalat’s

lemma (see [7, Lemma 8.2]), we have lim; ., V(t) = 0.
Using (18) in (13), for ¢« = 1,..., N, we further have
limy 00 Pi(t) = 0, limy— o0 77;(t) = 0, and lim;_, o f1;(t) =
0. Hence, lim; o0 (¢i(t) — ¢o(t)) =0,i=1,...,N.

Part IV: Finally, we show that lim;_, . (g;(t) — (qo(¢) +
hi;)) = 0, i = 1,...,N. It can be verified that p;(t) is
bounded over [tj,c0). Hence, p(t) is uniformly continuous
over [t,00). By Barbalat’s lemma again,

tliglof?i(t)
. ) -ul) o
sexo ((r=h)* =g - 4,1
We let
wi(t) = { ((T7E)2*H‘jil(t)*qj(t)‘lz)27 G:d) € £1) (31)
0, otherwise.
Thus, w;;(t) is nonnegative and bounded for all ¢ > ¢;. Let
Fi(t)  —wia(t) - —win(t)
i = | 0 PO e )
—win(®) —wan(t) B ()
where f3;(t) = Z;-V:Q j+i Wij(t). From (30), we have
tlggo (H1(t) ® In) q(t) =0 (33)

As shown in the proof of [10, Theorem 3.1], H;(¢) is
positive definite for all ¢ > t;. Thus, (33) implies that
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limyoo Gi(t) = limyseo(qi(t) — (9(t) + hi)) = 0,0 =
1,..., N, which completes the proof. (|
Remark 3.5: The distributed control law (9) is more
complex than the one in [10] since (9) incorporates the
self-tuning adaptive distributed observer (9d)—(9f), while the
control law in [10] used the conventional distributed observer
(10). To overcome the additional technical challenges, we
have modified the energy function V' in [10] to its current
form (12) and employed a different approach to study the
convergence property of the closed-loop system.

1V. EXAMPLE

In this section, we provide an example to illustrate our
result. Consider system (1) with N = 3 with ¢; € R?
and the leader (3) with So = [ 04 %] ® L. For i =
1,2, 3, the external disturbance d; € R? is generated by (2)
with Q1 = [§8], Q2 = 1, Qs = [%¢§], D1 = [§8].
Dy =[}], and D3 = [} ¥]. Let 7 = 10 be the maximum
sensing range and ¢ = 4. Let hy = col(0,0.8603), hy =
col(—0.7450,—0.4301), hs = col(0.7450,—0.4301). Let
a =10000, B =1,and k;; =1,7=1,2,3, j =0,1,2,3.
We choose a L; that makes Ai + LiC’i Hurwitz.

In the simulation, we let go(0) = col(—1,2), ¢1(0) =
col(—1,—-2), g2(0) = col(—2,—7), ¢3(0) = col(4,—7.5),
and other initial conditions are randomly generated. Then, it
can be verified that a connected graph G(0) is formed with
edge set £(0) = {(0,1),(1,2),(2,1),(2,3),(3,2)}. Under
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the above conditions, the simulation results for the closed-
loop system are shown in Figs. 1 and 2. Specifically, Fig.
1 shows that the followers approach their desired positions
and their velocities synchronize with the leader’s velocity
asymptotically, that is, formation tracking is achieved. Fig. 2

shows that the distances between any two initially connected
agents remain smaller than the maximum sensing range r =
10. Thus, the connectivity of the network is preserved.

V. CONCLUSION

In this letter, we have studied the distributed formation
tracking problem with connectivity preservation for mul-
tiple double-integrator systems by a self-tuning adaptive
distributed observer. By employing the self-tuning adaptive
distributed observer, we have removed the restrictive assump-
tion in [10] that all followers know the system matrix of the
leader and eliminated the need of computing the observer
gain offline, which makes our approach more practical.

REFERENCES

[1] H. Cai and J. Huang, “The leader-following consensus for multiple un-
certain Euler-Lagrange systems with an adaptive distributed observer,”
IEEE Transactions on Automatic Control, vol. 61, no. 10, pp. 3152—
3157, 2016.

[2] Y. Dong and J. Huang, “A leader-following rendezvous problem of
double integrator multi-agent systems,” Automatica, vol. 49, no. 5,
pp- 1386-1391, 2013.

[3] Y. Dong and J. Huang, “Leader-following connectivity preservation
rendezvous of multiple double integrator systems based on position
measurement only,” IEEE Transactions on Automatic Control, vol. 59,
no. 9, pp. 2598-2603, 2014.

[4] Y. Dong and J. Huang, “The leader-following rendezvous with con-
nectivity preservation via a self-tuning adaptive distributed observer,”
International Journal of Control, vol. 90, no. 7, pp. 1518-1527, 2017.

[5] B. A. Francis, “The linear multivariable regulator problem,” SIAM
Journal on Control and Optimization, vol. 15, no. 3, pp. 486-505,
1977.

[6] D. Han and D. Panagou, “Robust multitask formation control via
parametric Lyapunov-like barrier functions,” IEEE Transactions on
Automatic Control, vol. 64, no. 11, pp. 4439-4453, 2019.

[71 H. K. Khalil, Nonlinear systems, 3rd ed. Upper Saddle River, N.J:
Prentice Hall, 2002.

[8] D. Panagou, D. M. Stipanovic, and P. G. Voulgaris, “Distributed
coordination control for multi-robot networks using Lyapunov-like
barrier functions,” IEEE Transactions on Automatic Control, vol. 61,
no. 3, pp. 617-632, 2016.

[9] H. A. Poonawala, A. C. Satici, H. Eckert, and M. W. Spong,
“Collision-free formation control with decentralized connectivity
preservation for nonholonomic-wheeled mobile robots,” IEEE Trans-
actions on Control of Network Systems, vol. 2, no. 2, pp. 122-130,
2015.

[10] Z. Pan and B. M. Chen, “Connectivity-preserving formation tracking
of multiple double-integrator systems,” in 2022 IEEE 61st Conference
on Decision and Control (CDC), pp. 3550-3555.

[11] E. Restrepo, A. Loria, I. Sarras, and J. Marzat, “Edge-based strict
Lyapunov functions for consensus with connectivity preservation over
directed graphs,” Automatica, vol. 132, p. 109812, 2021.

[12] E. Restrepo, A. Loria, I. Sarras, and J. Marzat, “Robust consensus
of high-order systems under output constraints: Application to ren-
dezvous of underactuated UAVS,” IEEE Transactions on Automatic
Control, 2022.

[13] H. Su, X. Wang, and G. Chen, “A connectivity-preserving flocking
algorithm for multi-agent systems based only on position measure-
ments,” International Journal of Control, vol. 82, no. 7, pp. 1334—
1343, 2009.

[14] Y. Su and J. Huang, “Cooperative output regulation of linear multi-
agent systems,” IEEE Transactions on Automatic Control, vol. 57,
no. 4, pp. 1062-1066, 2012.

[15] S. J. Yoo and B. S. Park, “Connectivity-preserving approach for
distributed adaptive synchronized tracking of networked uncertain
nonholonomic mobile robots,” IEEE Transactions on Cybernetics,
vol. 48, no. 9, pp. 2598-2608, 2018.

[16] S. J. Yoo and B. S. Park, “Connectivity preservation and collision
avoidance in networked nonholonomic multi-robot formation systems:
Unified error transformation strategy,” Automatica, vol. 103, pp. 274—
281, 2019.

4499



