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Abstract— This study is concerned with observer design for
a class of Lipschitz nonlinear systems. A high-gain observer
with a straightforward structure is proposed. As opposed to
the well-known high gain observers, dynamic gains obtained
are used to reduce the effect of peaking. In addition, the
injection term of the observer is passed through a linear filter
to reduce its sensitivity to noise. It is shown that the suggested
observer is peaking free with respect to the initial conditions,
while achieving the input to state stability with respect to
measurement noise, as a HGO. The analysis of the steady-
state response also shows that the proposed observer performs
better in the presence of high-frequency noise. The simulation
results compare the performance of the proposed method with
some existing observers.

I. INTRODUCTION

High-gain observers have been widely used in the nonlin-
ear dynamical control systems literature due to their simple
structure, simplicity in tuning, and robustness to model
uncertainties. In fact, it has been demonstrated that they are
able to provide a reliable estimate even when the system’s
nonlinearity is unknown [1]. For these observers, a nonlinear
separation principle is also provided [2] which allows the
implementation of stabilizing state feedback controllers for
nonlinear systems using output feedback. One caveat is the
requirement for high observer gains which results in the so-
called peaking phenomena. Even with a stabilizing controller,
peaking can destabilize the closed loop. The large gains
also affect the region of attraction. The use of saturation
functions in the control input (see section 14.5.1 in [3])
has been proposed to avoid the problems associated with
the peaking. However, a certain pre-knowledge is required
about the system’s behaviour to choose a suitable saturation
level that saturates the estimates outside a region of interest.
An alternative approach is the use of time-varying gains as
proposed in [4]-[7] which is shown to effectively eliminate
the peaking [8]. The simultaneous use of multiple observers
has been investigated in [9], [10] where a weighted average
of the individual estimates is used to produce state estimates
with reduced peaking and improved transient behaviour.
The aforementioned methods, as well as the HGO, remain
vulnerable to measurement noise. In each case, even small
noise can have a large effect on the estimates due to the use
of large gains (see Figure 6 in [4]). To reduce the sensitivity
to noise, the combination of the HGO with the extended
Kalman filters is performed in [11]. A re-design of the HGO
observers with gains powered up to 2 is proposed in [12]
that reduces the steady-state bounds on the estimates by
increasing the relative degree between the system’s output
and the estimations. Different low-pass filters have also been
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employed in [13]-[15] to achieve similar goals. Only a few
works in the literature address both the peaking and sensi-
tivity to noise. We note the method proposed in [16] where
saturation functions are used in low-power observers [12] to
avoid the peaking. As discussed above for the saturation of
control inputs, this approach requires the knowledge of the
upper-bound of the system’s states. In [17], [18], the MHGO
is combined with low-power and filtered HGOs to improve
the results. However, these observers require the tuning of a
number of parameters which can be difficult in practice.

In this manuscript, we propose an HGO observer im-
plemented with two additional subsystems. The first sub-
system is a linear filter, as suggested in [14], that reduces
the observer’s sensitivity to noise. The second subsystem
is a differential Riccati equation that determines dynamic
observer gains. The proposed observer has a simple structure
which requires no tuning, except for the choice of the initial
conditions of the observer states and a large gain parameter
that is used to arbitrarily adjust the convergence speed of the
observer.

This paper is organized as follows. Section II presents
some preliminaries on HGOs. Section III introduces the
dynamics of the observer, and investigates the convergence,
peaking, and the sensitivity to noise of the observer. In
section IV, a numerical example is used to compare the
estimations provided by the observer, a conventional HGO,
a HGO with a linear filter, and a TV HGO. Finally, we
conclude the results in section V.

II. PROBLEM FORMULATION AND PRELIMINARIES

In this paper, we consider nonlinear dynamical systems
expressed in the canonical observable form [19]:

x(t) - Anx(t) + B71¢(“L(t)7 u(t)) )

y(t) = Cpz(t) + v(t)
where x= [x1,... ,x,,,,]T € R™ is the vector of state vari-
ables, v € R and y € R are the system’s input and
output variables, respectively. The variable v(t) denotes the
measurement noise. It is assumed to be bounded, i.e., for
some positive p, we have |v(t)] < p for all ¢ > 0. The
matrices 4, € R™*" B, € R*™! and C, € R™" are
given as follows

A = O(n71)><1 In 1
0 O1x(n-1) )
T
B, = [le(n—l) ]-] aCn = []- le(n,—l)}



where I, shows the n x n identity matrix. The function
¢ (z,u), with ¢(0,0) = 0, is assumed to be locally Lipschitz
in (x,u) for all x € X CR", where X is a bounded set,
uniformly in v € & C R. That is, the following inequality
holds for = € X, u € U, and a positive constant ¢:

l¢(z,u) — ¢z, u)|| < ¢llz — 7. 3)

Note that ||.|| indicates the Euclidean norm throughout the
paper. Given the triangular form (1), it follows that the de-
signed observer for this system also performs as a numerical
differentiator since it provides estimates of the derivatives of
the first state variable. A conventional HGO for (1) is given

by

1 _
2(t) = And(t)+Bags (3(t), u(t) +- T K (y(t) - Ca(t))
@
where I'. = diag (1,6,62,...,6”’1), and K =
[k1, - .,kn]T € R™ is chosen such that the matrix A, =

A, — KC, is Hurwitz. If ¢ is globally Lipschitz, then
¢s can be equal to ¢. If it is locally Lipschitz, then ¢
agrees with ¢ on the domain of interest. It is also saturated
outside this domain, i.e., we let ¢; = satg(¢) where R
indicates the saturation level that is chosen according to the
set in which (3) holds. For the observer (4) and the system
(1), it is shown in [1] that the following bounds hold for
x(0) € Xog,u € U,z € X, where X a compact set inside X',
a small ¢, and some positive constants x1, k2, k3 independent
of e
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In the absence of noise (u = 0), the convergence rate of the
observer can be assigned by adjusting the design parameter e.
Moreover, the HGO (4) is ISS with respect to measurement
noise. Equation (5) shows that the estimation error peaks to
the order of e!~™ for the n'" state variable, x,,. However,
it does not provide a clear assessment of the sensitivity of
the HGO to noise since the analysis only considers an upper
bound for the noise. The steady-state behaviour of a HGO
is studied in more details in [20]. It is assumed that the
measurement noise is the output of an autonomous system
that generates n,, harmonics corresponding to the frequencies
. The system is given by:

— &)l < = exp(—%t)\lx(o) — &(0)[ +

ei—1

S = Sw, w € R¥™

v="Pw
where the matrices S € R?% X2 P ¢ RYXX27% gre § :=
blkdiag(Si, ..., Sn,), with S 0 wi

- 0
[0 1 01 0 1]. The analysis captures the low-

pass filtering feature of an HGO leading to the bound:

(6)

},andP.

%

s ~ pié
Jim sup|a;(t) - &:(t)] < Zn

)

for some positive constants p;. Equation (7) shows how the
ultimate value of the estimates is affected by the relative
degree between the output measurement and the estimates
for a standard HGO. There have been several attempts
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(e.g., in [12], [14], [15]) to augment the relative degree
and increase the effect of § at steady-state. Using different
filtering methods, it can be shown that higher powers of § can
appear in bounds such as (7) which indicate improvements
in the estimation since § € (0,1).

III. THE FILTERED TIME-VARYING OBSERVER DESIGN

In this section, we present the proposed observer. We also
provide an analysis of the performance of the observer in the
presence of high-frequency noise. We consider the TVHGO
initially proposed in [4], [8] that is implemented using
the filtering technique proposed in [14]. The dynamics of
the resulting filtered time-varying high-gain observer (FTV
HGO) are given as follows:

B(t) =Ap@(t) + Buds(&(t), u(t)) + T G(t)2(1)
() = — %Dz(t) 4 ;QA,TLz(t) + %C};(y —_ Chi(t)

. 1
L(t,e) = — = L(t,e) — ATL(t,¢) — L(t,e)A, + CLC,
€
®)
where the positive definite solution of the matrix L(t) in (8)
is explicitly expressed as [4]:

L(t,e) = ef%tefAZtL(O)efA"t

b T 9
+/ e et e A= T 0 o= Ant=T) g7
0
and G(t) = diag(L~1(t)CT), z(0)
0,L(0) =1, and D = 2I,,.
Theorem 1: Let the trajectories of (1) be such that z € X
for all w € U, and let the noise satisfy |v(t)] < p V¢ > 0.
For the observer (8), choose z(0) = zp € Xy C R™, 2(0)
0,L(0) = I, and D = 2I,. Then, for a small enough ¢
and some positive constants k1, kg, k3, a1, 2, Y2, 0, ¢ and
o independent of ¢, the estimation error obtained from the
observer satisfies

xro € Xo,Z(O) =

1 1
Jea(t) — )1 € yorexp(— L0 e0)] + g ot
—|—€Z.171 ;‘%3(6Xp(—%t) - exp(—%t))
(10
and
Joft) = a(0)] <07, + 5o+ 0(t. 0

(1D

0, where f(t,e) and g(t,€) satisfy

1, limsupg(t,e) = 0, lim f(t,e) = 0,
e—0 t—oo

for all ¢
HH(l) sup f(t,¢€)
€E—r 3
tlim g(t,e) = 0, and Ain(L(t,€)) denotes the smallest
— 00

>

eigenvalue of the matrix L(¢,¢).

Proof: Let us define the scaled estimation error as 1 =

?2 , where e = x—2 is the vector of state estimation error.
Considering the properties I' A, ! = ;An,I‘eAZFgl =
AT TG = G, r.cre,r-t = cre,,r.ocr
cr'r.or;-! = D,I'.B,, = € 'B,, and using (1) and (8)
we can write

1

i = M(1)

_ 1~
n+ e B+ =Cu(t) (12)
€



A, —el G(t) = [ BpAg(x, &, u)
M) = cre, —D+A£] , B= [ Onx1
. . = 0,,
A¢(x,x,u) = QZS((E,’U,) - ¢s(xvu)a C= |: C>1<"1:|

From this point forward, unless otherwise specified, we
will use L (or L(t)) to denote L(t,¢) for simplicity. We
denote the steady-state solution of (8) (i.e., L(t) 0)
L. We also denote by o (t), 200(t) the trajectories of
system (8) for the same initial conditions and by replacing
G with Go (and L = 0). One can write n =1+

2

(Tl — £x0) _ Te(@oo — &)
where 71 = Tz , and 10 = To(z— 20)|
Let g; show the ith element of the vector L !C

for ¢ = 1,...,n. As discussed in [8], one gets from
(8) that LoA, — CIC, = —1Ly — Al L, which
yields Loo(A, — LJCIC,)Ly} = —1I, — AL, Let

the notation Z(.) denote the characteristic polynomial,
then, following the properties of similar matrices we get
(A, — Lcro,) (=11, — AD). One has that
(—eln — A7) = (s + )" = s" + 321

n p—

i=1 ¢t
cr=(3) = l,(n”il), Slmllarly, we can easily show that

E(A, — LICIC,) = s™ 4+ Y, g:is" ' As a result, we

—_
—
—

—
—
—

—_
—
[l

Gl gn—i where

get g; = —-, which shows the diagonal elements of the
matrix G . Next, one has
A, ~C
Me=lcre, —pyar (13)

where C = diag[C}"] fori = 1,...,n. To find the eigenvalues
of M., we use the equation M, X = sX where X =

(€1, - EnrEngts - - Eon]” . along with (13) to write
& — Cl'&ny1 =s& (14a)
§3 = Cy&nia =562 (14b)
§n-1—Cp_96on—2 =5n 2 (14c¢)
En — 63715277,71 =sn—1 (14d)
—Cl €, =5, (14e)
§1 — 28041 =86n11 (141)
£n+1 - 2§n+2 :S§n+2 (14g)
§on—2 — 2§on—1 =5€2n 1 (14h)
Eon—1 — 282n =5&2n (14i)
Using (14e), and given that C} = 1, we get &2, = —5&p.

Substituting in (141) gives &2,,—1 = —s(s + 2)&,,. One can
recursively use (14h) to (14g) to obtain

n1 = —s(s+2)"'¢, (15)
Also, from (15) and (14f) we have
fl = —S(S + 2)n§n (16)
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Now, one can employ (14d) to get

1
gnfl = -
S

Similarly, from (14c) one has

[1+Ch1(s(s +2))én
11 n n 2
nms = L[5 (14 Ci (505 + ) + G (s(5 + 26
Using the rest of the equations recursively down to (14b)

yields s+ 2)i
+Z%z

gn—i—2 g”
Finally, we can substltute (15), (16), and (17) in (14a), and
multiply b

7)

sn— 2

n—2

14+Cys™™ 1(8—1—2)" Lys™(s+2)" —|—ZC
i=1

which is equivalent to [s(s+2) +1]" = (s+1)?" = 0. This
shows the characteristic polynomial of M, and shows that
the eigenvalues of this matrix are placed at —1. Therefore,
we can claim the existence of a positive definite matrix P;
such that M TP + P M. —1I5,. Let p; and P, denote
the largest and the smallest elgenvalues of P, (Wthh are
independent of €), respectively. Since 7; satisfies (12) for
My and Ay(z,%00,u), we can pose Vi = nf Piny as a
Lyapunov candidate and use ||Ay(z, £oo, )| < et~ ||m1|
to write

s'(s+2) =0

. 1 L 2 _
Vi = ——[ml* + 2" BT Pup + =CT Popo(t)
2 2./p
< —ﬂv1 {E\/vluu(t)
where a; > 0 satisfies o~ — 2¢¢ > 2a; for a small

enough e. Then, by choosing W; = +/V;, we can write
W < LW+ ‘ﬁHv( t)|| away from the origin. By using
the companson principle, we get

Wi (8)) < exp(==2) Wi (11(0))

/ p(- 2t~ D(ldr  (1g)
gmw7mwmw+§%

Taking into account the fact that &, (0) =
n(0), we get

%(0) and 1, (0) =

P 1 /p
@) < /2 exp(=20)[nO)| + — [Pu (19)
Bl € (6751 D,
For 71y, we can use (8) to obtain
. 1 — BnA AOO7 A7
]
€ nx1 (20)
{Ff(Goo - G(t))Z(f)]
+ .
0n><l
Since Go, — G(t) is diagonal, the expression I'?(Go, —

G(t))z(t) is equivalent to T'c(Goo — G(£))Te(2(t) — 200 (£)) +



Te(Goo — G(t))Tezo0(t). From the definition of 7o we have
ITe(2(t) — zoo ()| < |I92]|- Also, it follows from (19) that

ITezo0 ()] < \/7’7 exp(— 24 [(0)
b, €

2c(t) < é.

1

||+7 b1

131N 2h

where ¢; = ,/‘“Hn( W+ = plu Using a Lyapunov

candidate V5 = 73 P1n2 and the equatlon 1A (Zeo, T, u)|| <
Bet "2, we have

. 1 _
Va < —*HUzHQ + 26p1 |2

+2||772 P[P (Goo — G(0)) (12| + €1)
Goo — G())|l.

We use the abbreviated form ||T¢|| for ||T¢(
Then, we can write

7 < 2oy - 2ellGlVe + 20 VAITGIVTE D)
From equations (8) and (9), we can see that L(¢) < L(0),
implying that G(t) > G(0) and thus we can derive ||T'g|| <
[Te(Goo —G(0))]|. Using the fact that G(0 ) = dlag(C’T) we
can rewrite this as |T'g|| < ||d1ag([— -1,¢ 2. ] )|
Furthermore, from equation (9), we can infer that the conver-
gence rate of G(t) is proportional to %, and, as ¢ approaches
infinity, |I"¢|| becomes zero. So, for some positive constants
Y1, V2 we have [[Ig| < 2exp(—22t). Now, let T =

elnff . Then, define Wy = /V, and employ (22) to
obtain Wy < —2Wy + L¢1\/prexp(—2t) V¢t > T and
some positive constant o satlsfylng 0 < oy < ap. Note
that T — 0 as ¢ — 0. Now, by using the comparison lemma,

with 72(0) = W5(0) = 0, we get
Watt) < Ly [ exp(= 20 =) exp(-Lr)ar
= DOV (- 22t) — exp(~ 221

(23)
One can consider ||e;(t)]| < E%(Hm(t)” + |Im2(®)|]) and
employ (19) and (23) to write

1 D1 Qi 1 1 |/;
e = B exol= 201l + o B
1 ma D1 Vo o
. P exp(—=2¢) — exp(— 22t

2 [ e 220) e =221

(24
The first result of the theorem follows by choosing &

B LBk ner /P This, completes the
P, P, Q2 —72 P,

first part of the proof To obtain (11), we define € = Le, and
use (1) and (8) to get

Ko =

fog =
é:—le—AT +CI'Che+ LB,Ay — LGT 2. (25)
€

Note that I'. and G are both diagonal and we have I'.G =
GT.. One can pose the Lyapunov candidate V = é7¢ for
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(25) to obtain
. 2 ~
V= =ZjE2=e" (An + AT

e'(CrChe+ LB,Ay — LGT.2).

(26)

At this point, it is required to discuss the upperbound of the
term CT'Cpe + LB Ay — LGT 2. For |CI'Ce| we have
Cre = ey, where e; is the first element of the vector e,
whose bound is given in (24) by letting ¢ = 1. Next, we
let € — 0. As a result, L(t) &~ Lo, and G(t) &~ G . First,
we have || Loo Bl < |BT Loo1 8] < 6B Lucllllell
Let I;; denote the elements of L.,. Also, it is clear that
BT L., corresponds to the last row of L.,. We can use
1L +LooApn+ AT L, = CTC, to write 1l11 =1L+
111 =0, 7113 + l12 = 0,.... Solving these equat10ns for
li, we get ly; = —(—€)%. Slmilar calculations for l; and
I3; can be performed to obtain ly; = (—1)%t1(i),l3; =
(71)i+1(@)6i+2. One can continue the calculations to
show that [,,; is the dominant term in the last row of L,
and it is proportional to €. On the other hand, from (24),
lle|| is proportional to e'~™. Therefore, ¢||BL L.|||le]| is
proportional to € and vanishes as e — 0. For I'.z, we use
the definition of 7 to write |[Tcz|| < |9l < |lmll + l|In=2]l-
This, along with (19), /3, [lna]l < W, [n(0)] < [e(0)]],
and (23) shows that ||T.z|| is bounded by the right hand side
of (24) for i = 1. For || LooGwo||, previous deductions on g;
and [;; can be used to show that the first row of LG
is (—1)"T1CP. More generally, all the elements in the ith
row of L..Goo are proportional to €'~ 1. Hence, the first row
is dominant in L,.G, and the norm of this matrix is a
constant independent on e. Recalling the above arguments,
and using (23), (24), and ||n(0)]] < ||e(0)]l,
|CLECye + LB,Ay — LGT || <

Fre” S eO)] + kap + ke 4t 2 k(t)

for some positive constants 12:1, 1}2,1213 independent of
€, |le(0)] and p. If one chooses € < €* such that €*|| A, +
AT| < 2(1 — ) is satisfied for a positive 3, then we
can define W = /V and use V = [|¢||? to write (26) as
W < —%W + k(t). Upon integration, and by employing
Amin(L(t, €))|le|]| < W < |le||, we obtain

1 _B1y
lell < 5—rpgyle” eI+
ke _en _B1
G o el ) @7
1{326 B1y ];’36 24 _B1y
+ —(1—e "¢ + e e —e e
B ( ) B 72( )]
One can briefly write (27) as
0 £ Ce
el S lleO)lle™ " + ——2——<n
lel Amin(L(t, €)) i Amin(L(t, €)) (28)
+ g€ D2y

Amin (L(t,€))

where 6,  and o are some positive constants. Next, we need
to investigate \,,;, (L(¢, €)) as discussed in [6]. From (9) we



have:

Ty
A7I e

)\mlﬂ(L(t7 6)) Z eiétAm,in(e

t
+)‘min(/ et ALt 0T 0 o= An(t=") gy,
0

—Anty (29)

Considering the observability of the pair (A4,,, C,), we have

t
A’rnin(/ e1(t7’)€AZ(tT)CZCneAn(tT)dT) ZP(G)

’ (30)
where p 62 > 0 is a polynomial in e. We can also write
Amin (e~ Ante=Ant) > =t Therefore, from (29) and (30)
we have Apin (L(t, €)) > p(e) +e~ (¢ 1) Next, we consider

. o exp(—=Lt)
the function f(t,€) = (O Fexp (=2 TT))
since p(e) > 0, f(t,e) — 0 as t — oo. Taking the derivative
of f(t) with respect to time, we obtain dY — g at, =

e+1

)

In
(1’27”( Note that, by definition, 3; is the largest constant

satisfying 8 < 1 — £[|An + AL So, 1 — 1 as e — 0.
Using this fact, along with the obtained equation for ¢,,,, we
can calculate sup || f(¢,€)| as

. It is clear that, since

—Biln (F+1 B )
exp( +5‘11p(<) )
hm sup f(t,€) = lim < T =1
—0 €0 p(e) + exp(— In( Bip(e) )

Similar arguments can be used to show that the function

2
P2 onverges to zero as ¢ — oo, and remains
Xoin (L(£,6)) & '

bounded as ¢ — 0. Therefore, we can conclude that g(t,¢) =

% — 0 as t — oo or € — 0. This, along with (28)
cgfﬁlpletes the proof. [ ]
Remark 1: One can compare (5) with (11) to observe that,
in the absence of noise, the estimation error of the proposed
observer converges to zero without exhibiting unbounded
overshoot, regardless of the value of € chosen.
In the following, we analyze the steady state behaviour of
the proposed observer. Using the ideas from [20], it is shown
that the use of linear filter improves the estimates. The next
theorem summarizes the result of the analysis.

Theorem 2: Consider system (1) and the observer (8) in
the linear case, that is, ¢(x,u) = ¢s(x,u) = Pz where
® € RYX™ is the vector of coefficients, with |®| < 6. Let
the assumptions of Theorem 1 be satisfied. Let the noise be
generated by the system (6). Then, there exists some §*(¢)
and p; > 0 such that, for all positive § < §*(e) we have
sitl

lim sup |z;(t) — &(t)] < 20— p. (31)
t—o00 . g

Proof: 1t was demonstrated in the proof of Theorem 1 that,
since 72 converges to zero, the trajectories of the observer
(8) converge to the states of the following observer at steady-

state:

Too(t) =Apioo(t) + Bp®Zoo(t) + TeGoozoo (t)
, 1 1 r
Zoo(t) = — EDzoo(t) + 6—2An Zoo ()
1
0=— 1Loo — AL — Lo A, +CEC,
€
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L 1CT), D = 2I,,. We define the change
— ITw. We can then re-express the

where G, = diag(
of coordinates 7 = 11
dynamics as

. ~ ~ ~ 1

N =Mn+ MIw + CPw — <IISw

5 (32)

B"(Iz)re ] CN'—f [CT} If we can
find I1(6) that satisfies the Sylvester equation IIS = §(MIT+
C P), then the system (32) can be transformed to the simple
form 7 = M 7). On the other hand, for a sufficiently small e,
we have that M ~ %Moo, which was shown to be Hurwitz.
As a result, 7 converges to zero, such that 7,5 = Hw at
steady-state. Since the eigenvalues of M are negative and
those of S are on the imaginary axis, the solution of the
Sylvester equation is unique. In addition, one can check that
the solution is given by:

—+oo
§) =Y ok, T

k=1

Therefore, we can write:

Ni(ss) = 0CPS  w+*MCPS *w+8° M?*CPS Sw+. ..
(34)
The ith element of 6%1771(53) represents the ith estimation
error at steady-state. Given that the first n row of C are zero,
it follows that the first term of (34) does not affect the steady
state values of the error terms, ¢;. For ¢ = 1, the norm of the
first row of MC' is <. Since § € (0,1), then $2M CPS 2w
is the dominant term in the first row of 7(,,) in (34). Thus,

2
£ if  for some positive p;

where M = %Moo—l—e"_l [

= MFICPSTF. (33)

we obtain the bound ||e;(ss)|| <
and some § < §* such that

1(6*)2MCPS 2w + (63 M2CPS 3w + ...
< pi[[(8)2MC||||w]).

For i = 2, the second row of C' and M C’ are zero, and
the norm of the second row of M2C is ? So, we can
write [|e2(ss)| < ‘”5 . Similarly, for ¢ = 3 the third row
of C M C’ M 2C are zero and the norm of the third row
of M3C is . So, we get [les(ss)]| < "36 . The proof
follows similar steps for ¢ =4,...,n to obtaln 31). [ ]

Remark 2: Comparing (31) with (7) shows that the
steady-state bound is multiplied by (g)l which provides an
improvement as long as § < e.

Remark 3: The extension of the results of Theorem 2
to the nonlinear setting is straightforward by following the
methodology of [20].

IV. SIMULATION STUDY

We consider a single-link flexible-joint robot arm [14],
[21] to illustrate the performance of the proposed observer.
We perform a coordinate change to describe the single-link
robot arm dynamics in the canonical form (1) with n = 4
and
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Fig. 1. Estimation error of x4 for e = 0.005
oe) = J1§2NU - JfN(JlkN - J%)ml )
(P T - (1 ) 4 g
—(% + %)m + mTZd(xg sin(w1) + 23 cos(z1))
—%(cos(m) - %xz sin(x1))
(35

where the physical parameters are chosen as F; = 0.1, Iy =
0.15, J1 =0.15, J, =02, k=04, N=2, m=0.8, g =
9.81 and, d = 0.6. A stabilizing state-feedback controller is
proposed for (35). It is given by

= sat mng1 _ J1J2N
TR N k
+(L

[(L401 + L203£)JJ1
J2

F: k
3 2 2
C2 C3 2+ C4 3

mn d(cos(xl) —1)] — Ley

F.
Yo 4+ (L2cs + LC472)(E3
2

mgd

: :Egsin(:zrl)}

where c1 = 4, C2 791, C3 = 6026, Cy 1716,
L = 3 and, R = 200. The initial conditions for the system
(35)are [0.5 0 —22.6618 16.2464]T. The measurement
noise is chosen as v(¢t) = 0.002 sin(3000¢). For the proposed
observer (8) and the time-varying HGO proposed in [4], we
only need to choose £(0) = 0, ¢ = 0.005. We choose the
same parameters for the standard HGO and place the poles
at —1. Figure 1 compares the estimation error of x4 using
the proposed observer, a standard HGO, the filtered HGO
proposed in [14], and a TVHGO. As expected, the observer
significantly reduces the sensitivity to noise on the estimates,
similar to the FHGO of [14]. Moreover, while the standard
HGO and the FHGO peak to 4 x 10°® and 10°, the overshoot
of the proposed observer is significantly smaller, reaching
100 at t,,, =~ 0.1s. One may achieve a faster convergence as
well as a reduced overshoot by increasing the observer gain.
However, as mentioned in remark 2, the reduced sensitivity
to noise is lost if € is chosen smaller than
V. CONCLUSIONS

+LC4I4 + L2 C3

_1
3000°

This study proposed a nonlinear observer that achieves
the benefits of an HGO with reduced sensitivity to noise and
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improved transient response . The observer incorporates two
subsystems. The first subsystem filters the estimation error,
while the second subsystem is used to produce a dynamic
observer gain. It was shown that the proposed observer
improves the transient performance of the standard HGO.
The observer’s convergence speed can be adjusted using a
single large gain parameter. Future work will focus on the
design of an observer with dynamic gains that depends on

the output error.
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