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Abstract—In this paper, we study the distributed optimiza-
tion problem of general linear multi-agent systems with het-
erogeneous dynamics under directed weight-unbalanced com-
munication topologies. Compared with existing studies, we
focus on the case when the dynamics of agents are unknown,
which possesses higher application value. To tackle the issues
brought by unknown system dynamics, the adaptive dynamic
programming method is adopted to design the control law. The
feedback gain in the control law and the system dynamics are
derived from the input data, the state data, and the output
data of the agents. Then, the remaining parameters in the
control law are obtained by solving a series of matrix equations
based on the identified system dynamics. Based on the certainty
equivalence principle, the distributed optimization problem is
solved in the sense that the outputs of all agents converge
to the optimal solution of the global cost function. Finally, a
simulation example concerning a group of resistor-inductor-
capacitor (RLC) circuits is presented to verify the effectiveness
of the proposed method.

I. INTRODUCTION

The distributed optimization problem has been extensively
investigated over the last decades [1]-[3]. The primary objec-
tive of distributed optimization is to minimize a global cost
function based on communication of agents in the system,
where the global cost function is defined as the summation of
individual local cost functions for each agent in a multi-agent
system. Distributed optimization has demonstrated its utility
across a diverse range of applications, such as parameter es-
timation in sensor networks [4], energy consumption control
of smart grids [5], and path planning of multiple robots [6].

One of the hotspots of distributed optimization problems
is to address the case that the global cost function is related
to all agents’ states. By designing various appropriately
distributed algorithms, the states of the agents are regulated
to the optimal solution for the global cost function, see
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[7]1-[12]. In particular, a distributed subgradient method is
introduced in [7] to address the distributed optimization
problem for agents with single integrator dynamics under
jointly strongly connected communication topologies. Later,
the constrained distributed optimization problem for agents
with single integrator dynamics is explored in [8]. The
distributed projected subgradient algorithm is further devel-
oped by introducing a projection operator with variable step
size, achieving distributed optimization under jointly strongly
connected communication topologies. Then, two types of
distributed control laws are developed in [12] for agents
with general linear dynamics. The coupling strengths are
integrated into the control laws and the proposed control
laws effectively solve the distributed optimization problem
when communication topologies are undirected.

In some practical situations, the cost functions are associ-
ated with the agents’ outputs. In particular, the optimal output
consensus problem has garnered significant attention from
researchers, see [13]-[17]. To be precise, an event-triggered
control law based on a series of matrix equations is proposed
in [14], and the approach effectively resolves the optimal
output consensus problem for agents with general linear
dynamics when communication topologies are undirected.
Later, an integrated control law that incorporates both single
and double integrals of relative output of agent ¢ and its
neighboring agents is introduced in [17]. Under the proposed
control law, optimal output consensus for agents with general
linear dynamics is realized when communication topologies
are directed, weight-unbalanced, and strongly connected.

It is noteworthy that most of the existing results on solving
the optimal output consensus problem predominantly are
model-based approaches. In practical applications, it is often
difficult to accurately obtain system dynamics. An effective
way to address this issue is the adoption of model-free
methods. Over the past decade, data-driven methods based
on adaptive dynamic programming (ADP) have been widely
explored, see [18]—[21] and the references therein. This type
of methods utilizes real-time system data to derive control
gains while simultaneously identifying system dynamics.
However, the application of ADP-based data-driven methods
to the optimal output consensus problem remains an open
area of research.

In this paper, we further study the optimal output con-
sensus problem for general linear systems by employing
an ADP-based data-driven approach. First, we propose an
ADP-based method to determine the feedback gain of the
optimal output consensus control law. Moreover, we employ
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a data-driven method to identify the parameters of the system
dynamics. Then, we show the feasibility of our proposed
method under some rank conditions for solving the optimal
output consensus problem with unknown system dynamics.
Finally, we present a comprehensive procedure for designing
the optimal output consensus control law. The effectiveness
of our method is validated through its application to the volt-
age balance optimal control of a group of RLC circuits. In
comparison to [17], our method eliminates the need for prior
knowledge of system dynamics. Instead, it relies solely on
the data of states, inputs, and outputs of the controlled system
to develop the control law, thereby broadening the potential
applications of the proposed method. It is also interesting to
extend the current work to some other cooperative control
problem with system uncertainties and disturbances [22]—
[25].

The rest of this paper is organized as follows. Section
IT gives some preliminaries used in this paper. Section III
formulates the linear data-driven optimal output consensus
problem and gives some assumptions. Section IV gives the
main result in this paper. Section V gives a simulation
example of the main result. Section VI gives the conclusion
of this paper.

Notation. For z; € R™, i = 1,...,m, col(z1,...,Zy) =
[],...,2,]". For M € R™*"™, diag(M) denotes the di-

agonal matrix obtained from M by setting all off-diagonal
entries equal to zero. diag{d;} denotes a diagonal matrix D
of appropriate dimension with its ¢-th diagonal element being
d;. || - || denotes the induced norm of a matrix by the Eu-
clidean norm or the Euclidean norm of vectors. 1, denotes
a vector with all its entries being 1. 0,,x, denotes a m x n
matrix with all its entries being zero. ® denotes Kronecker
product. For a matrix A € R™ "™, Tr(A) is the trace of A.
vec(B) = [b%,b%,...,b"]" with b; € R" being the columns
of matrix B € R™*®, and rank(B) € R denotes the rank of
matrix B. For a symmetric matrix C' € R"*", vecs(C) =
[Clla 2012, ey 26171» C292, 2C23, ey 262,.“ ce ,Cnn]T, and for a
vector v € R", vecv(v) = [vf,v1v2, ..., 010, V3, V203, . . .,
Vn—1Un, 112]T. For a differentiable function f : R® - R, Vf

n

denotes its gradient.

II. PRELIMINARIES

A directed graph (in short, a digraph) is used to describe
the communication topology of the agents in a multi-agent
system. A weighted digraph of order N can be expressed
as G = (V,€), where V = {1,2,...,N} is the node set,
€ C VxV is the edge set describing the connectivity between
two different nodes. For 4, j € V, the ordered pair (j,i) € £
denotes an edge from j to ¢ if node ¢ can receive information
from node j, but not vice versa. In this case, j is called
the parent node of i, and ¢ is called the child node of j.
A = Ja;;] € RM*N is an associated weighted adjacency
matrix. The entries of A satisfy a;; > 0 if (j,4) € &, and
a;; = 01if (4,1) ¢ £. a;; is always assumed to be 0 since it
is generally assumed that there is no self-loop in a digraph.
The Laplacian matrix £ = [;;] € RV*Y of G can be defined

as l;; = Zjvzl a;j and l;; = —a,; for i # j. A digraph G

is called weight balanced if and only if 13,£ = 014, and
is called weight unbalanced if the equation does not hold. A
strongly connected digraph is a special type of digraph, and
the detailed definition can be found in [26] and the references
therein.

Lemma 2.1: (see [27]) Assume that G is strongly con-
nected and weight unbalanced. Let £ be its related Laplacian
matrix. Then, the following properties hold:

1) Associated with the zero eigenvalue of L, there exists a
left eigenvector 7 = (r1,7a,...,7N)" satisfying 7'L = 07,
r; > 0 and Zivzl r; =1;

2) Let R = diag(ry,72,...,7N). Then, L = (RL +
LTR)/2 is positive semidefinite. And the eigenvalues of £
can be ordered as 0 = Ay < Ag < A3 < --- < Ap.

3) e~ #* is a non-negative matrix with its diagonal entries
being positive, and lim;_, e Lt = 1577,

III. PROBLEM FORMULATION

Consider the following linear multi-agent system
0 =ILio; + =i,

1
Hi:\PiQi,i=1,2,...,N ()

where go; € R™, ¥; € RPi, k; € RY represent the state, input,
and measurement output of the ¢-th agent, respectively. II; €
Rrixni =, € R"*Pi and W; € R¥*™ ¢=1,2,..., N are
unknown constant matrices.

For every agent, there exists a local cost function f;(k) :
R? — R that is only obtainable by the i-th agent, where
K € R? is a vector. Let the global cost function be

N
F(5) = fi(k). 2)
=1

Consider a class of distributed optimization control laws of
the form

Vi = fo(oi i, Gi)
G =i = fc(fi(ki), Ti Kiy Kj,y Xi)
Xi = fx(Ki, K5)
7 = fr (75, 75)
where 7,7 = 1,2,..., N and j # i. Then, the distributed
optimization problem is formulated as follows.
Problem 3.1: Consider the linear controlled multi-agent
system (1), design a distributed control law ¥; in the form

(3) such that the output of every agent reaches consensus on
Kk*, where k* satisfies

J(5) = min ().
rERY
Problem 3.1 has been studied in [17] where all system
matrices are known. In this paper, we consider the similar
problem without prior knowledge of any system matrices in
(1). To do it, the following assumptions are needed [17].

3)

Assumption 3.1: The matrix pairs (II;,Z;), ¢ =
1,..., N, are stabilizable and
;5 Ogxp,
rank il P | =p, 4 q.
1L = 1
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Assumption 3.2: The directed weight-unbalanced com-
munication graph G is strongly connected.

Assumption 3.3: For ¢+ = 1,2,..., N, the local cost
function f; is continuously differentiable and strongly convex
with constant d;, i.e., (x —y)"(Vfi(x) = Vfi(y)) > di|]|z —
y||? for all x,y € R™. Vf; is globally Lipschitz on R? with
constant D, i.e., |V fi(x) — Vfi(y)| < D;|lx — y|| for all
z,y € R™.

Remark 3.1: Assumption 3.1 guarantees the solvability
of the distributed optimization problem [14], [17], that is,
there exist solution triplets (1;,®;,A;) to the following
equations

WA — 1y = 0gxq
= (I)z - HzAz = On,i><q (4)
Esz — Az = Onixq-

Assumption 3.3 guarantees that there exists a unique solution
K* to minimize f(k).

IV. MAIN RESULT
A. Model-Based Control Law Design

We now introduce a model-based distributed optimization
control law proposed in [17] of the form (3) to solve
the distributed optimization problem 3.1. The distributed
optimization control law is designed as follows:

Vi = —Uioi + Tipi — (P25 — Ui\i) G
éi = Q= — sz m Al Za” - V2Xi
Xi =M i\’: aij (Ki — k) )
Zaw ),i=1,2,...,N
where 7; = [Tzl,TZQ,...,TiN]T € RY with its initial value

7:(0) satisfying 77(0) = 1, 77 (0) = 0 for all j # i. ¢; € RY
and x; € R? are auxiliary variables. The initial value of (;
can be set randomly while the initial value of y; satisfies
xi(0) = 0. p; € R? is an intermediate state while its initial
value can be set randomly. 71, o are positive scalars. U; €
RPi*mi is a constant feedback gain matrix such that (IT; —
=,;U;) is Hurwitz.

For notation convenience, define ) =
diag{\Ill,\Ilg...,\I/N}, D = maX{Dl,DQ,...,DN},
d =min{dy,ds,...,dy} and ryi, = min{ry,re, ..., "N }.

It is shown in [17] that with the distributed control law (5),
Problem 3.1 is solved. For completeness of the paper, we
summarize the main result of [17] in the following lemma.

Lemma 4.1: Under Assumptions 3.1-3.3, the distributed
optimization control law (5) solves Problem 3.1 with
(Y;, ®;, A;) being the solutions to (4) and

1> 73 /A0
Yo > (562 + ||\11||2) / (407 min ) (6)
§ > (D2 +[|w[?) /(2d).

In this paper, we address the scenario where all the
matrices 1I;, =;, ¥;,7 = 1,2,..., N are unknown. This
indicates that direct solutions to the matrix equations (4) are
unobtainable, rendering the gain matrices in the control law
1J; unavailable. To deal with the difficulty caused by unknown
system dynamics, we propose a data-driven approach to
design the distributed control law (5).

B. Data-Driven-Based Control Law Design

In this section, we construct the control law utilizing
a data-driven approach. First, we present the ADP-based
identification framework for matrices =;,7 = 1,2,...,N.
For each agent, we formulate a cost function as follows:

fapp,i(0:, %) = / (0iEi0i + U Fy;)dr @)
0

where E; = Ef > 0, F;, = Ff > 0 and (VE;,1I;)
is observable for every agent. Then, there exists control
law 97 = =U}p;,¢ = 1,2,..., N that minimizes the cost
function f4pp,; associated with every agent, and U} satisfies

Ul = F'E}5; (8)

with S; = 57 > 0 being a solution to the following Riccati
equation

IS; + SiIL; + E; — S;Z,F; 'E1S; = 0. )

To support the subsequent analysis, we present the widely-
employed iteration technique for solving the Riccati equation
(9) as described in [28].

Lemma 4.2: Let U; o € R™*™ be an arbitrary stabiliz-
ing feedback gain matrix for the pair (I;, Z;), S; 1 = k>
0 is the solution to the following equation

(I = Z3Ui k)" S g+ ik (I = 23U ) + B+ U . RU; = 0
(10)
where for every i =1,2,..., N, k=1,2,...

Uip = F 218 k1. (11)

Then, the following properties hold:

1) The eigenvalues of II;—=;U; ;, have negative real parts.

2) S < Siky1 < Sk <. < S

3) limgoo Uiy = U, limg 00 Si i = S5

Remark 4.1: Lemma 4.2 is the basis of solving the
control gain with the data-driven method, and it also plays
a key role in identifying the controlled system.

By integrating the system dynamics (1) with the iterative
equation (10), one can derive

61t + d0)S 0t + ) — G1(0)Sinel ()
t+dt
- [ e -
t

t+dt t+dt
+2/ ﬁgEISi,indT-FQ/ 0;U; 1 E1Si koidT
t t

EiUik) Sik+ Sk, — E;Ui))oidr

t+dt t+dt
:/ —Q—g(Ei + U;kFiUi,k)QidT + 2/ ﬁIFZX
t t

t+dt
Ui k+10:d7 + 2/ 0, Ui 1 FiUi ky10idT
t
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t+dt
=— / 0; ® ojdrvec(E; + Uj  F;U; )
t
t+dt
+2/ (Q-{@ﬁz)(.[nl ®Fi)dTVGC(Ui7k+1)
t

t+dt
+2/ (0] ® 0})(Ini @ U} Fy)drvec(Ui k1) (12)
t

with dt > 0.
For an integer s > 0, define

daa = [vecv(a(ty)) — vecv(a(to)), vecv(a(ta)) — vecv(a(ty)),

..., veev(a(ts)) — veev(a(ts_1))]"

t1 ta ts !
rab:[/ a®bd7’,/ a®bd7,...,/ a®bdr
to ty1 ts—1

where a and b represent certain vectors or matrices and 0 <
to < t1 <...<ts. Then, we have

Qi [
where

Qiyk = [6&91‘7 _ZFQiQi (Inz ® U;r,kFl) - 2F9i191‘ (Inz ® FZ)]
@i,k = 7F01’giV6C(Ei + U;r’kFleyk)

vees(S;k)

— o, 13
Vec(Ui7k+1)] ok (3)

The uniqueness of the solution for (13) is guaranteed under
the following rank condition.
Lemma 4.3: If the rank condition

2

is satisfied, S; ; and U; 41 can be solved uniquely from
equation (13) for every iteration k = 0,1,2,---.

It is worth mentioning that the rank condition (14) can be
satisfied by adding exploration noise into the control input 1J;
during the learning process [18], [19]. The exploration noise
can be chosen as random noise, sinusoidal signals, and so
on. The detailed ADP procedure for solving equation (13) is
outlined in Algorithm 1.

rank [FQi 0i» ngﬁf,] - +m;n,;

(14)

Algorithm 1 Data-Driven ADP Procedure for Multi-Agent

System
1. Sete=1.
2: repeat
3: Select a sufficiently small threshold € > 0 and an admis-
sible control gain U; o with U; o satisfying II; — E;U; 0 is
Hurwitz. Set £ = 0.
4: Apply ¥; = —U; 00i + & to collect data until (14) holds,
where &; represents exploration noise.
5: repeat
6: Solve S; . and U; 41 from (13).
7: k<« k+1.
8: until |U¢7k+1 — Ui7k| <€
9: Ui* — Ui,k+1, Sf — Si,k.
10: 141+ 1.
11: until i = N + 1.

Then, the input matrices of all agents can be reconstructed
as follows.

Lemma 4.4: Given S} and U} solved from Algorithm 1,
the input matrices =;,¢ = 1,2,..., N of all the agents can
be determined from the following equation

Ei = (SN UN)E;. (15)
Lemma 4.4 suggests that the matrices =;,¢ = 1,2,..., N
can be determined once U} and S; are known. With the

reconstructed matrices =;,7 = 1,2,..., N, the matrices
II;,7 = 1,2,..., N can be approximated through a data-
driven approach. From (1), one can obtain

t t
Qi(t):/ HiQidT+/ Eividr+0i(0),i=1,2,...,N. (16)
0 0

Then, to avoid utilizing the unknown information of g;(0),
it can be derived from (16) that

11 t1
0i(t1) — 0i(to) :/ HiQidT+/ Ei0;dr
to to
17
ts ts
ot~ ot = [ Todr+ [ Zidar
ts—1 ts—1
By applying the Kronecker product, one can obtain
ts te
/ ngsz = / QI ® InidTVCC(Hi)
b b (18)
/ Eiidr = / 9 @ I, drvec(Z;).
ts—1 ts—1
Define
Aaa = [a(tl) - a(tO)v a(tQ) - a(tl)v B 7a(t5) - a(tsfl)r
19)
and (17) can be expressed as
Agio; — o1, vec(Ei) = Ty, 1, vec(IL;). (20)

To identify matrices II;,7 = 1,2, ..
the following rank condition is given.

Lemma 4.5: The equation (20) has a unique solution II;
if the following rank condition is satisfied

rank(Ty,7, ) = (ni)% Q1)

During the identification [;focess, by adding the explo-

ration noise ; into ¥; as step 4 in Algorithm 1, the rank
condition (21) can also be easily satisfied.

Similar to II;, we now identify the matrices ¥;,i =

., N, similar to (14),

1,2,...,N. From (1), x; can be written as
ki = (0] @ Iy)vec(¥;). (22)
Define K7, = [s](to), ki (t1), ..., Ki(ts)]" and PSy =

[(0}(to) ® 1,)", (0} (1) @ I)", ..., (0f(ts) © I,)']". Then,
we have
K}y = Pigvec(¥;).

i %,

(23)

To identify ¥;, the following rank condition similar to (21)
is needed.

Lemma 4.6: The equation (23) has a unique solution VU,
if the following condition is satisfied

rank(PifO) = n;q. (24)
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Algorithm 2 Optimal Output Consensus Control Law Design
1: Set¢=0.
2: repeat
3: 1414 1.
Collect data until (14), (21) and (24) are satisfied.
Obtain U;" and S} from Algorithm 1.
Solve =; from (15).
Solve II; from (20).
Solve W; from (23).
9: Solve matrix equations (4).
10: until = N.
11: Select v1, 2 under (6).

e A

Finally, we give the complete design mechanism for the
control law, which is outlined in Algorithm 2.

Theorem 4.1: Under Assumptions 3.1-3.3, the optimal
output consensus control law can be designed by Algorithm
2, and the designed control law solves Problem 3.1.

Proof: From Lemma 4.4, =; can be obtained from (15)
under rank condition (14). Besides, it follows from [19] that
Algorithm 1 is equivalent to Lemma 4.2, and according to
Lemma 4.2, Uf,¢ = 1,2,..., N obtained from Algorithm
1 are admissible, ie., 1I; — 5;U,i = 1,2,...,N are
Hurwitz. Thus, U;* obtained from Algorithm 2 is admissible.
From Lemmas 4.5 and 4.6, under rank conditions (21) and
(24), II; and ¥; can be uniquely solved from (20) and
(23) respectively. Under Lemma 4.1, there exist solution
triples (Y;, ®;, A;) of (4). Therefore, the distributed control
law obtained from Algorithm 2 can solve Problem 3.1 by
invoking Lemma 4.1. This completes the proof. (|

V. SIMULATION

Consider the voltage balance optimal control of the RLC
network, and the circuit is shown in Fig. 1 [17]. The state-
space model of the RLC network is described as

0; = I 0; + E9;

. (25)
Ri = \I/iQ%Z = 17273a4a5

where p;; denotes the voltage across C;1, g;2 denotes the
voltage across C2, 0;3 denotes the current through L;. I1;,
=;, U, are constant matrices and satisfy

1 _ 1 1 1

Ci1Ri1 lcil Ci1Ri1 Ci11

Hi = 0 0 C,; oy = O 701‘,2
Bl 1 he 0 Bl

v,=[1 0 0].

The specific parameters of the state-space model are given
as

Ri1=2,R12=2,L; =1,C11 =2,C12 =2
Ro1 =0.5,Ro0 =2,Ly =2,C9; =2,C5 =0.5
R31 =1,R32 =3,L3=0.5,C31 =1,C30 =1
Rin=2,Rpo=1,L4=1,Cyy =1,Cpp =1
Rs1 =2,R50=1,L5 =2,C51 =1,C50 = 1.

The communication topology is depicted in Fig. 2.

Qiz N
+ I( -
VWA 1C
Rua Ciz
+ + T
Uiy (\J Ci1 == Qi1, ki (T)giz % L;
voltage — l current
- source source
Qi3
VWA
Ri;

Fig. 1. The circuit of the RLC network [17]

Fig. 2. The communication topology of the circuits

The cost functions of the agents are chosen as

fi(’“‘:i) = (Ki - K‘i(tl))2ai = 1a2a354757 (26)

where ¢; denotes the instant when the data-driven learning
period ends, and ;(¢;) denotes the output of the i-th agent
at t;.

For Algorithm 1, the initial parameters of control laws
93,1 = 1,2,3,4,5 are chosen such that II; — Z;U; o are
Hurwitz, and select the exploration noise such that rank
conditions (14) (21), and (24) are satisfied.

Under Algorithm 1, the learned parameters of the control
law are

036 032 ' 048 012 7'

Uy = 036 —-053 | , U= 011 -0.79

| —0.01 0.16 0.21 -0.07

(041 017 ' 044 04 7'
U;y=1] 025 —-0.66 | ,Uf=1| 029 -047

| 0 0.08 0.06 0.41

[ 044 042 '
U= 029 —-057

| 0.12 041
For the design of the control law, we choose v; = 1200

and v = 55. The optimal solution for the cost function

5
f(r) =3 fi(ki) is k¥ = 1.3004. The output of the multi-

=1
agent system under Algorithm 2 is shown in Fig. 3.
The parameters in the control law are learned during ¢ €
[0, 3]s, and the control law is applied to the controlled system
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0 . . . . . . . .

time(s)

Fig. 3. Output of the multi-agent system

after ¢ = 3s. It can be seen in Fig. 3 that the distributed
algorithm solves the optimal output consensus problem when
system dynamics are unknown.

VI. CONCLUSION

In this paper, we have investigated the distributed op-
timization problem of general linear multi-agent systems
with unknown heterogeneous agent dynamics. To solve the
problem, we have proposed a data-driven method based on
ADP to identify the system dynamics and approximate the
feedback gain in the control law by accessing the available
data of input, state, and output. The remaining parameters
in the control law are obtained by solving a series of
matrix equations based on the identified system dynamics.
Moreover, we have shown that our proposed control law is
capable of solving the distributed optimization problem by
regulating the outputs of all agents to the optimal solution
of the global cost function.
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