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Using artificial delays for stabilization of linear second-order systems under
unknown control directions by extremum seeking controller

Jin Zhang, Fu Meng and Emilia Fridman

Abstract— We consider a linear second-order system subject
to unknown control directions under the measurements of
the position whereas the velocity is not available for mea-
surements. Such system can be stabilized by an extremum
seeking (ES) controller using the position and velocity. In
this paper, the velocity is approximated via a finite difference
leading to a delay-dependent ES controller. By applying the
recently proposed time-delay approach to Lie-Brackets-based
averaging method, we transform the closed-loop system to a
time-delay (neutral type) one, which has a form of perturbed
Lie brackets system. The input-to-state stability (ISS) of the
time-delay system guarantees the same for the original one.
Then, by employing variation of constants formula we derive
explicit conditions in terms of simple inequalities for finding
the quantitative bounds on the dither period and delay that
ensure the regional ISS. An example is provided to illustrate
the efficiency of the results.

I. INTRODUCTION

As a powerful real-time model-free optimization method,
extremum seeking (ES) has received much attention in the
past decades. Since rigorous proofs of local convergence
and semi-global convergence were proposed in [1] and [2],
respectively, a large number of theoretical developments on
ES have emerged in the literature, see [3], [4], [5], [6], [7]
and the reviews [8], [9]. The conventional approach to ana-
lyze the stability of ES systems depends upon the classical
averaging method [10] and Lie-brackets approximation [11],
where the trajectory properties of the original and averaged
systems were used to ensure the stability of the original
system when the small parameters are small enough. That is,
the conventional approach presented the qualitative analysis
only and cannot provide quantitative bounds on the small
parameter preserving the stability.

ES controller has been used in [12], [13] as a stabilizing
feedback for systems under unknown control directions. It
should be noted that the ES controllers designed in [12],
[13] depended upon the full knowledge of the system state.
However, in many practical applications only the output is
available for measurement. Compared to the observer-based
controller with a complicated framework, a simpler static
delayed output-feedback is more attractive in the literature,
see e.g. [14], [15], [16] and the references therein, where
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the delayed feedback was obtained via a finite difference
approximation.

Recently, a constructive time-delay approach to periodic
averaging method was introduced in [17], where efficient
upper bounds on the small parameter ensuring the stability
and ISS of the original system were found. The time-delay
approach to averaging method was then applied to vibrational
control [18] as well as to ES [19], [20], [21]. Note that in
[21], variation of constants formula was employed, which
greatly simplified the results comparatively to Lyapunov-
Krasovskii method in [19], [20]. Moreover, a time-delay
approach to Lie-brackets-based averaging of affine systems
was proposed in [22] with an application to stabilization of
linear systems subject to unknown control directions.

In this paper, we consider derivative-dependent ES con-
trol of the linear second-order systems subject to unknown
control directions, where the derivative is not available for
measurements. Under assumption of the stabilizability of the
system by a state-feedback that depends on the output and
its derivative, a delay-dependent ES controller that stabilizes
the system is found using a finite difference approximation
of the derivative. Then, based on the recently proposed
time-delay approach to Lie-Brackets-based averaging method
[22], [23] we transform the closed-loop system into a time-
delay (neutral type) one. The ISS of the time-delay system
guarantees the ISS of the original one. Following [21], we
employ variation of constants formula to derive explicit
conditions in terms of simple inequalities. By verifying these
conditions, one can find quantitative bounds on the dither
period and delay that ensure the regional ISS. Finally, an
example illustrates the efficiency of the results.

Notation: Throughout the paper, the superscript 7' stands
for vector/matrix transposition and the notation P > 0 (P >
0), for P € R™*™ means that P is symmetric and positive
definite (positive semi-definite). The notations | - | and || - ||
refer to the Euclidean vector norm and the induced matrix 2
norm, respectively. Moreover, we use a+b to denote a+b—b
(not the set {a + b,a — b}).

II. PROBLEM FORMULATION
We consider a second-order system
Zo(t) = z1(1),
i1(t) = oo a:(D)i(t) + b(t)ut),
where xo(t) is the measurement, u(t) € R is the control

input, and the coefficients a;(t) (¢ =0, 1) and b(t) have the
following form

a; (t) = a;0 + Aa; (t),

ey

b(t) = bo + VeAb(1). )
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Here ¢ > 0 is a small parameter, agp > 0 and ajg > 0
(implying that A, defined in (3) below is non-Hurwitz) are
constant, by is a known constant up to its sign, and Aa;(t)
and Ab(t) denote the time-varying uncertainties.

Denoting

A(t) = Ao + AA(t), B(t) = By +eAB(t),
where
0 1 0 0
Ao = ano a10:| , AAWD = Aay(t) Aal(t)] ’ 3)
0 0
BO = b():l ) AB(t) = Ab(t):l )
we present system (1) as
x(t) = A(t)x(t) + B(t)u(t). 4

A1 Assume that there exist small constants Aa > 0 and
Ab > 0 such that

|AA®L)] < Aa, |AB(H)|<Ab VE>0  (5)

The latter implies

A <a V>0, a=|Ag|+Aa (6

Since the sign of by is unknown, one cannot design for
system (4) a classical PD type stabilizing controller. To
tackle the stabilization problem subject to unknown control
directions, similar to [12] one may design for system (4) the
following bounded ES controller:

u(t) = \/\2/? COS(% + klexo(t) + z1(t)]?), %)

where &« > 0 and £ > 0 are tuning parameters, and
the coefficient ¢ > 0 is constant. The averaged system
that corresponds to system (4), (7) with AA(t) = 0 and
AB(t) = 0 is given by the following Lie Brackets system
(51, [6], [12]:

jjav (t) = Aavxav (t)a Tav (t) S RQa (8)
where
Aav = AO - akBoBgCTC
B 0 1 9)
ago — akbic ajg — akb?
with C' = [c, 1]. From (9), it follows that when ¢ > 0 there

always exist constants « and k leading to Hurwitz A,,.
Remark 1: Note that the bounded ES controller using the
position information only, i.e.

u(t) = —VQ\/’?‘ cos(ZZL + klcxo(t)[?)

cannot stabilize system (4) with AA(¢) = 0 and AB(t) = 0.
This is due to that the resulting averaged system is given by
(8) with A,, = Ap. The latter is non-Hurwitz for any «, k
and c.

It should be pointed out that the bounded ES controller (7)
depends on both z((¢) and z1(t). Recall from (1) that x4 (¢)
is the derivative of x((t). Differently from [12], we consider
that the derivative x1(¢) is not available. To approximate the

derivative x4 (t), we employ a finite-difference approximation
of the derivative x4 (t) [14], [15]:

1(t) & oz (2o (t) — o(t — hy/E))

with a constant » > 0. By replacing x1(t) in (7) with
its approximation, we have the following delay-dependent
bounded ES controller
u(t) = V\Q/TEEO‘ cos (22t + klcxo(t)
+iz(@o(t) — zo(t — hy/2))?).

(10)

We present
vz (@o(t) = zo(t — hy/E)) = a1 ()
—h—\/gft_h\/g s —t+ hy/e)i1(s)ds

Thus, the delay-dependent bounded ES controller (10) is
rewritten as

u(t) = Y222 cos( 22 4 k| Ca(t) + w(t)[?), (11)
where
R(t) = =52z [ e(s — t+ hyE)Ti(s)ds.  (12)
with Z = [0, 1]. Thus,
R(t) = =Ti(t) + 52z [y = Ti(s)ds (13)

It is easy to see that x(¢) and &(t) are, respectively, of the
order of O(h) and O(--) when i(t) is of the order of

NG
o(L).

NG

The closed-loop system (4), (11) takes the form

i(t) = A(t)(t) + Y222 By 14)
x cos(ZZ + k|Cz(t) + (1)) + v(t).
where

v(t) = V2raAB(t) cos(2ZE + k|Cx(t) + k(1)[?).

III. MAIN RESULTS

(15)

In this section, we will first apply the recently proposed
time-delay approach to Lie-Brackets-based averaging method
[22], [23] that transforms the closed-loop system (14) to
a time-delay (neutral type) one, and then derive explicit
conditions in terms of simple inequalities via variation of
constants formula [21] for finding the quantitative bounds
on € and h that ensure the regional ISS.

A. A time-delay approach to Lie-Brackets-based averaging

Differently from the Lie Brackets averaging method [5],
[6], [12], we employ in this paper a time-delay approach to
Lie-Brackets-based averaging method [22], [23] for system
(14) without any approximations, see Appendix A. The latter
allows to transform system (14) to the following time-delay
(neutral type) system:

£(t) = [Au + AAWD((1) - G(1))

+ 307 (Vilt) + Y, (1) + Ya(t)
+Yi(t) + Yo () +v(t), t>e+hyE,

(16)
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where AA(t), Ay and
respectively, and

v(t) are given by (3), (9) and (15),

2(t) = x(t) + G(t),
G(t) = %Boft —t+4e)
><cos(2”s + k|Cx(s ) k(t)|?)ds,

Yl(t) = 2’“/%Boft e-:f SlIl 2778
+k|Cz(0 )-i-ii( )2)z (9)CTCA(6)m(0)d9ds,
Yalt) = —EH=BaBYCTC [, [ ],
x cos(% (s + 0) + 2k|Cz(€) + w(1))]?)
xx(0)2T (§)CT Cx(€)dédhds,
Yg( )= —4mek g, BTCTC [f_[! [ sin(25S + k|Ca(t)
+r(t)[?) cos(22% + kICw( )+ K()[*)a (§)d§d9ds
Y, (t) = 2’“‘/% ft 8f sin( 2%
+k|Cx(0 ) R(1)[?)R"( )Cr(e)des,
Y,,(t) = —8”?2’“2 BoBlCcTC ftt_s f: f; cos(2Z (s +6)
+2k|Cz(€) + k(1) |2)z(0)KT (t)Ci(€)dEdAds,
Yi(t) = 819K BT CTC [} [! [} sin(2m
+k|Cm(9) + &(t)[?) sin( 228 + k|Cx(0)

+6(8)[*)z (0)(C(0) + K(€))" R(€)dsdbds,
Yy(t) _ Qk\/m L . j‘ sm 27ra
k|Cx (6 ) K (8)[2)2T (0)CT Co(6)dbds.

a7
Note that if :(¢) is a solution to system (14), then it satisfies
the time-delay system (16) with notations (17), where ()
is defined by (14). This implies that if solutions x(¢) of the
time-delay system (16) for ¢ > & + h+/e satisfy some bound
(e.g., ISS bound given by (23) below), then the same bound
holds for solutions of system (14) for t > € + hy/e.
Moreover, from (17) it follows that G(t), Y;(¢t) (i =
1,2,3), Y, (¢) and Y;(¢) are of the order of O(\/2), Y, (t)
is of the order of O(h), Y, (t) is of the order of O(h+/2)
provided #(t) is of the order of O(%) Thus, it can be
seen that system (16) is a perturbation of the stable averaged
system (8). Note that the perturbations in (16) will vanish
as ¢ — 0 and h — 0. If € and h increase, the perturbations
may ruin the stability of system (16). The objective of this
paper is to find the first quantitative bounds on ¢ and A that
ensure the regional ISS.

B. Stability analysis

We are now in a position to derive explicit conditions in
terms of simple inequalities for finding the upper bounds on
€ and h that ensure the regional ISS of system (14). For the
sake of simplicity, we denote

191 =V 27TO[‘B0|, 192 =V 271'04Ab, (18)
U3 = ao + V2ralAb, 94 = |C|+ 2.

Theorem 1: Consider system (1) with notation (2), where
bo has unknown sign, agp > 0 and a9 > 0. Let o > 0,
k > 0 and ¢ > 0 be such that matrix A,, given by (9) is
Hurwitz.

(i) Assume that assumption Al holds. Given tuning pa-
rameters 6 and Aa > 0, let there exist n X n matrix P > 0
and and scalar p > 1, A > 0 that satisfy the following

inequalities:
P—-1>0, pI-P=>0, 19)
—  [PAw, + AL, P+20P + X(Aa)’I P <0
- P =M —
(20)

If additionally, given tuning parameters Ab > 0, ¢* > 0,
h >0 and 0 < 0g < o, the following inequality

plea +hVED (ao + (0 + Ve D) (VEF + b))
+r191+ L (Verpo + & M1+h(ﬂz+\/>u3
e* g +e* f%)—i—ﬁg)] < (o —%19)

is valid, where

= 1191(“14(“,” —|—Aa) + kot 193|C|2
M IR IOR (L s 2ho0 (O],
1 1]€19%193|C|2(1 +2]€0’2194‘C|),
?w3|0| ps = L2200,/ CP,
ps = kv3|C|(Vs + k‘m92194|0|)
4 = 1]{319 193|C| 193 + = k0'192194|0|)

with a defined in (6) and ¥; (i = 1,...,4) defined in (18),
then for all £ € (0, e*] the solution of (14) starting from the
initial condition ||@|c(_pz,0) < 00 satisfies

l2(t)] < e”[llor-nyzo + (91 + VED2) (Ve + h)]
<o, tel0,e+ hye],
|lo(t)] < \/pe=0t=e=mVE) [eaCHIVE (|6 oy .01
+(01 + VED2)(VE + ) + 5 0)]
FYP [\ epo + epn + hps + /Eps + epa
+ey/eps) + V2] + %191 <o, tze+ h\[i.23)
Moreover, for all initial conditions |¢||c(_pz0) < 00 the
ball

X={zeR":|z| < %[ﬁuo +ew
+h(pe + eps + epa + en/eps) + da] +

21

” CAD\»—'

=

(22)

=
)

=

o)
(24)
is exponentially attractive with a decay rate 9.

(ii) Given any o2 > po3, conditions of item (i) is always
feasible for small enough A > 0, ¢* > 0, Aa > 0 and
Ab > 0 (meaning that the delay-dependent ES controller
(10) exponentially stabilizes (4) with a decay rate § > 0).

The proof of Theorem 1 is given in Appendix B.

Remark 2: From item (ii) of Theorem 1, it follows that
given any initial condition ||@|lc(_p,z0 < oo one can
always find o for small enough i > 0, ¢* > 0, Aa > 0 and
Ab > 0 such that 62 > po? holds subject to p satisfying
(19). Therefore, the derived result is semiglobal.

IV. AN EXAMPLE
Consider system (1) with

b() € {_171}7
Ab(t) = Ab,

apo = aig = 0,
Aai (t) = A&i,

under the delay-dependent bounded ES controller (10), where

>0 (25)

a=001, k=10, c=0.5. (26)
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TABLE 1
SOLUTIONS FOR DIFFERENT Aa AND Ab

Aa Ab e* h hyve* UB
0 0 0.5-10~7 0.0248 0.5545-10—° 0.5538
0 0 1.0-10~7 0.0171 0.5408-10~5 0.5616
0 0 2.0-10~7 0.0062 0.2773-105 0.5724
0.001 0.001 0.1-10—7 0.0214 0.4785-10~° 0.5527
0.001 0.001 1.0-10~7 0.0137 0.4332-10~5 0.5605
0.001 0.001 2.0-10~7 0.0029 0.1297-10"5 0.5721

[

[0}

0

[

o

o

192

o

i)

[0}

>

0 2‘0 4‘0 6‘0 8‘0 1(;0 1;0 14‘10 1(;0 1{;0 200
time(s)

Fig. 1. State response under a delay-dependent bounded ES controller
Thus, we have Aaq = \/ZLO(A%‘)Q, Ab = Ab,a = 1+Aa,
|Bog| =1 and

0 1
Aaw = [—0.05 —0.1} ’ @7
Let the desired decay rate be § = 0.03.

We verify the inequalities of Theorem 1 with oy = 0.1,
o = 1 and different values of Aa and Ab leading to
quantitative bounds on £* and & (that preserve the ISS for
all € € (0,¢*]) and the resulting ultimate bound (UB), see
Table I.

For the numerical simulations, under the initial condition
x(t) = [1,—2]T for t < 0, state responses of system (1), (25)
with large uncertainties Aag(t) = 0, Aaq(t) = 0.01sin(t),
Ab(t) = 0.01 cos(t) under the delay-dependent bounded ES
controller (10), where £ = 0.0004 and h+/c = 0.0001 (that
are essentially larger than those in Table I, respectively)
is shown in Fig. 1, which confirms our theoretical results
illustrating the conservatism.

V. CONCLUSIONS

We have studied stabilization of linear second-order sys-
tems under unknown control directions, where a time-delay
implementation of derivative-dependent extremum seeking
control was presented, and have derived explicit conditions
in terms of simple inequalities for finding the quantitative
bounds on the dither period and delay that ensure the regional
ISS. This was done by applying the recently proposed
time-delay approach to Lie-Brackets-based averaging and by
employing variation of constants formula. Less conservative
results and their extension to higher-order systems may be
topics for future research.

APPENDIX A: TRANSFORMATION VIA TIME-DELAY
APPROACH

Inspired by [23], we introduce G(t) defined in (17). This
G-term provides a simpler stability analysis compared to that
via the term — VEQ\%O‘ By ftt_g(s —t+¢)cos(22% + k|Cx(s) +
k(s)|?)ds. Thus, we have

G(t) = V\2/T£“BO cos(2zt + k|Cx(t) + r(t)[?) 08)
: 27rO“Bo ft _cos(222 + k|Cx(s) + k(t)|?)ds.
Using the definition of z(¢), via (14) we obtain
(t) = A(t)x(t 272 B,
(0) = AW() + 225 0

X ftt_s cos(225 + k|Cux(s) + k(t)[*)ds + v(t).

By subtracting a zero term @BO fie cos(2ZE+k|Ca(t)+
k(t)|?)ds, we present the last term on the right-hand side of
(29) as
%Boft Ecos (222 + k|Cx(s) + k(t)[*)ds
\/%B J lcos(222 + k|Ca(s) + K()[?)
—006(2” +HC(t) + Kt )\ )]ds
=Y, (t) + 2]“/%B ft Ef sin( 2”
+k|Cz(0 )+/~z( 12z (0 )OTCI( )dfds
= Y1(1) + Yo, (1) + Yo (1) + 2285 BBy CTC

X ft sf sin(225 + k|Cxz(0) + £(t)]?)

x cos( 222 +k\0x( )+ k(0)>)x(0)dbds,
where in the last equality we substituted the right-hand
side of (14) for @(t) and used the fact 27 (9)CTCB, =
BEICTCxz(0) € R. Here Y1 (t), Y, () and Y, (¢) are defined
in (17).

Taking into account the following facts:
cos(Q”e +k|Cz(0) + K(0)]?)
= cos(zwo + k|Cz(0) + K(0)]?)
:I:cos(2”9 + k|Cz(0) + K(t)]?)
= COb(W +k|Cz(0) + k(t)[)
+2k [, sin(222 + KlC(0) + + (&)%)
x(C2(0) + £(€))TH(€)de,
sin(225 1 K|C(6) + (t)]?)
X 008(2”9 + k|Cx(0) + k(t)|?)
= sin(222 + k|Cz(0 ) + k(t)] )cos(zﬂe
+E|C(0) + £(1)]?) = sin( 22 + K Cx(t)
+r(1)[%) cos(22% + k| Car(t) + k(1))
= sin(222 + k|Ca(t) + k(¢ )| )cos(%e +k
x|Cx(t) + k(t)]?) —Qkf cos(2 (s +0) + 2k
x|Cx(€) + k(1) )(Cw(ﬁ) ())TCfE(é“)d&

z(0) = z(0) £ z(t fa £)dg,

iz [f _[!sin(2Es +I<:\Cx( )+m(t)\ )
X cm(w + k|C’a:( ) + w(t)|?)dOds
= 2 [/ sin(2Z2 4+ K| Ca(t) + 5(1)[?)
[sm(%t + k|C$c( + k(t)]?) (34)
- 5111(2” + k|Cx(t) —i— k(t)[?)]ds
= 2 [ sin® (222 4 K[Cu(t) + s(0))ds
_17

(30)

3D

(32)

(33)
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and using the notations given by (17), we have

4#&’@3 BICTC [ _ ['sin(222 + k|Cx(0)
+r(t)|? cos(2”9 + k|Cx(0) + K(0)]?)x(0)dOds
Dy (t) + + 422k By BY CTCft Ef sin(2Z% + k|Cxz(6)
+r(t)? )cos(zge + k|Cz(0) + k(t)|*)z(0)dbds
@ Ya() 4 Vi, (1) + Y3 (1) + 4585 By By CTC
x [ J)sin(2Z= 4 K| Ca(t) + 5(t)]?)
x cos( 228 + k\Cx( )+ k(t)|?)z(0)dods
Ya(t) + Ya(t) + Yies () + Ya(t) + + 4285 By B
CTCft Ef sm(2” +k|Cz(t) + K(1))|?)
x cos(2Z2 + k|Cz(t) + k(t)[*)z(t)dbds
Y _akByBICTCx(t) + Ya(t) + Ya(t) + Vi, (£) + Vi (1)
Substituting (35) into (30) and further into (29), we transfi)rni
(14) to the following system

£(t) = [Aaw + AAW@)](t) + 7, (Yilt) + Vi, (1))
+Y3(t) + Yi(t) + Yo (t) +0(t), t>e+ hye,

where A, is given by (9). The latter together with z(t) =
z(t) — G(t) yields system (16).

33

APPENDIX B: PROOF OF THEOREM 1
(1) First, we assume as in [20], [22] that

lz(t)| <o VE>0 (36)

holds for solutions of system (14). Denote z:(60) = z(t+6),

€ [—h+/e,0]. From (14), it follows that
¢(t + 0), t+ 0 < 0
t+‘9 Vara 27s
)+ o )+ 7= Bo cos( =%
+k|Cac( ) ( )| )+ ov(s)ds, t+6>0.

The latter together with (5), (6) and (18) implies

.’13,5(9) =

thHC —h/E,0] = ||¢||C hfo]
(fﬂ1+192 t—i—afo |z (s)|ds

< H¢||Cf[—h\f,0] + (91 +VEd2) (Ve + h)
+a [y |zsllo—nyz0ds,  t € 0,6+ hye],
which by Gronwall’s inequality yields

N oller=nyzo
t € [0,e+ h/e].

2] < llztller-nyeo < e

+(0h + Veda) (Ve + )],

Then under the initial condition ||¢||c(_p./z,0] < 00, inequal-
ity (23) follows from (37) since (21) implies

eV oy + (1 + VEDs)(VE+ D) <o

for all ¢ € (0,e*] and t € [0,e + hy/e].
We next prove the first inequality of (23). The solution of
system (16) is given by

2(t) = efst+h\f(Aav+AA(0))dez(€ + hy/?)
+ fg+hf el (Aot AV (A, + AA(5))

G(s) + Xi_1 (Yils) + Ye, (5)) + Ya(s)
+Y())+Y() v(s)lds, t>e+hye

(37

leading to
[2(0)] < [Jefone At BADN ) (¢ 4 p )
R e | [CPE I ONEC]
S (i) + [V () + [¥a(s)]

+Yi(s)| + [o(s)| + [Yo(s)[]ds, t>e+hy/e
(33)
From (5), (6), (14), (18) and (36), it follows that
()] = [A()(t) + Y22 By
X cos(% + k|Cx(t) + k(1)|?) + v(t)] 39)

< ao + Y72 (|Bo| + \/2Ab)
= %191 +193, t>0.
Based on (12), (13), (15) and (39), we obtain for all t > h+/c

|k(t)| = %ﬁ| ftt_h\/g(s — t + h\/e)Ti(s)ds|

40
< %h(’l% + /e93), “0)
i(1)] < |§¢(t)| + 2| S e Ti(s)ds| “h
< 7191 + 293,
lv(t)| = \/271' |AB(t) cos(22t + k|Cx(t) + K(t)[%)]
(42)

Then, by using (5), (6), (17), (18), (36) and (39)-(42) we
obtain for all ¢ > & + hy/e
(Auw + DAWD)G()| = LZ2| [L (s—t+e)
X (Agw + AA(L))Bo 005(2”5 + k;|C:c( )+ )|2)d3|
< 252 (|| 4,, | + Aa) Bol [} it ods
= L0 Al + D),

43)
|Y1( )| _ ka ft Efs s1n 27rs
+k\Cx( )Jrﬂ( )| ) ( )CTCA( ) d0d5| (44)

< Zheofma || C|2 [ [ dbds

= \@ka02191|0‘2,

|Ya(t)| = 87T;LQ’“ZIBOBOTCTCf:_E f: fef cos(%E (s + 0)
F2K|C(€) + r(1)[2)2(0)2T (€)CT Cir(€)dedods|

< B2 02(0y + V/2Us)| Bol?|CI! [, [ [y dédods

= BERG03 (91 + vEd,)|CI,

Ys(t)| =
+

45
dngk| BoBTCTC [ [7 [ sin(2ms 4+ k\CmEt))
)]?) cos(Q’Te + E|Cx(t )—|— K(t )| ) (E d§d9d5|
(191 + V/293)|Bo|*|C? f; . f fe d¢dods
k‘ 101+ Ve03)|CP7,

(46)
Yoo (O] = 20722 By f;__ [, sn(222
+E|Cz(0) + k() [*)k ()03«“ d9d8| @7)

< BVEma R, 4 \/20s)| Bol|C) [ [ dbds
— B0y (91 + VE)?(C],

Y, ()] = 82952 | ByBTCTC [!_ [* [F cos(2= (s + 6)
+2k|Cx(€) + k(1)|?)x(0)xT (t)Ci (&) dE|

< 4 op (0 + E0s 2 Bol?ICP [ [ [y dedods

= MER2003 (01 + VEs)? CP,

(48)
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Vi (t)| = Smgk” yBOBgcTc [ [T [ sin(2zs
+k|Cx(0) + K(t))]? )bm(%‘9 + k|Cz(0)
+1(€)2)a(8) (C(8) + K(€)) T (€) dédbds|

< B985 (20]C] + h(V1 + vED3)) (91 + /E03)
x|Bol2CI? [ [L [, dedbds

= 2¥E 12603 (20]C| + h(¥1 + /E93)) (91 + ﬁﬁgncﬁb)

|V (8)] = 22z | [P [Fsin(222 + k|C(6)
+k(t)|? )Box (9)CTCU d9ds’
< Z’M’f 5| Bo||C|? [ [ dOds = /ekad19|C2.

(50)
By using (38), (42)-(50), we obtain
[2(0)] < [lefenveldotOADDL Y (e 1 p o)
+[Veno +em thh(m +Veps +epa +ev/eps)
2] [1, e lef AartBAON® s ¢ > ¢ 4 hy/E,
(51)

where p; (i =0,...,5) are given by (22). Assuming as in
[21], [23] that there exist scalars § > 0 and p > 1 satisfying
||ef:+hﬁ(Aav+AA<9>>d9” < /pe3=9)

52
Vit > s> e+ hy/e (52)

From (51) and (52), we obtain for ¢t > ¢ + hy/e
|2(t)] < \/pe™ =MV 2(e + hy/E))|
+Vepo +ep + fl(uz +VEus + epa
+eveus) + 2] [o, 2 Vpe =9 ds
< pe e B (e + h/E)| + Y[ Ve
tepr + h(pe + Veps + epg + e\/eps) + V2],
Moreover, the following holds for ¢t > & + hy/e:

lz(t)] = [2(t) — ( )< |z()]+ G (@)
|2(8)] + L9,

(t)
() + ( ) < =) +[G@)
o ()] + 01

(53)

IA

2(0) 5

IN

Thus, we arrive at

|2(t)| 2 \/ﬁe*‘” =B |2(e + hy/E)| + L [v/Eno

+ e +h(u2+fu3+au4+6\fus)+?92] 2
(54)
< Jpe 0= hE) (|3(e + hy/E)| + YE01) + 2 [V/Epg

+epn 4+ h(pe + Veps + epa + ey/eps) +92) + %191
G .
< pe U=V [t VR (||| o0 + (P
+V/EDs) (VE + h)) + 50 ] + Ve + epn + hlps
+Veps +epa + ev/eps) + 92 + %191, t> e+ hye.
This implies the second inequality of (23) for all € € (0, e*] if
under the initial condition [|¢||c(_p., /=0 < 0o the following
holds

\/f)[e_‘s(t_g*_h\/?) (e“(s*“‘h‘/;*) (00 + (V1 + Verds)
x(Ve* +h)) + \/2?191) + $(Verpo + &% pn + h(po
VR + ¥ g + Ve  s) + 92)] \/257*191.

The latter, by squaring both sides, is equivalent to (21).

Finally, by following arguments of [20], [23], it can be
proved that inequalities (19) and (20) guarantee (52) whereas
inequality (21) results in (36).

(i) The proof of the feasibility of inequalities (19)-(21) is
similar to Remark 2 in [21]. This completes the proof.
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