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Scalable Distributed Controller Synthesis for Multi-Agent Systems
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Abstract—1In this paper, we propose a computationally ef-
ficient symbolic controller synthesis technique for multi-agent
systems. The paper focuses on synthesizing distributed con-
trollers enforcing local temporal logic specifications along with
global safety specifications for multi-agent systems. To solve
the problem in a computationally efficient way, we leverage the
concept of control barrier functions. In particular, we use a
three-step bottom-up approach: first, the symbolic controllers
for individual agents are synthesized to enforce local temporal
logic specifications, then we use a notion of control barrier
functions for symbolic models to compose controlled agent
systems by removing unsafe transitions, and finally, we synthe-
size controller for the reduced composed system to ensure the
satisfaction of local temporal logic specifications while ensuring
global safety specification. The effectiveness of our approach is
demonstrated on a multi-robot system by comparing it with
the conventional monolithic symbolic control approaches.

I. INTRODUCTION

Multi-agent systems (MAS) are made of components oper-
ating in the same environment to accomplish their respective
tasks. These systems must ensure that each agent accom-
plishes its task while making sure that it does not violate
global safety specifications. For example, a group of drones
picking up and dropping packages at designated places in
a warehouse while recharging at a common charging point
whenever their batteries are low. The drones have to visit
various locations in the warehouse while not colliding with
each other and no two drones can charge at the same time.
Such high-level complex specifications (usually represented
using Linear Temporal Logic (LTL)) can be reliably handled
by correct-by-construction symbolic control approaches [1]
that require state-space and input-space quantization. The
need for state space and input-space quantization results in
an exponential increase in computational complexity with
the dimension of state space in the concrete system, and,
hence, these techniques suffer severely from the issue of the
so-called curse of dimensionality, especially in the case of
systems with high-dimensional state space.

Controller synthesis for MAS is usually done in two ways
- top-down and bottom-up approaches. The top-down ap-
proach involves the decomposition of global tasks into local
ones. For example, [2], [3] decompose global controllers and
each agent solves a control problem for the decomposed
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strategy. The authors in [4] modified this approach by only
solving for a sub-group of the MAS, which has mutual
specifications. The authors in [5], [6] assign tasks to each
agent based on a global specification. These approaches
assume that the global specification is decomposable. A
similar strategy has been used in [7] using assume-guarantee
contracts. On the other hand, bottom-up approaches solve for
local specifications with some constraints [8] or synthesize
controllers after composing the system from individually
controlled agents [9], [10]. While these methods can solve lo-
cal and global specifications, they require some assumptions
on the system [9], [8] or on the specifications [10]. An incre-
mental approach was proposed in [11], where only a subset
of agents is incorporated in the synthesis procedure with
more agents added until the controller synthesis problem be-
comes infeasible. This approach only provides probabilistic
guarantees. The combination of the two approaches has also
been studied. The approach in [12] decomposes the system,
solves the local specification, and removes any conflicts after
recomposing the system. This process is repeated iteratively
without any convergence guarantees.

In the case of MAS, control barrier functions (CBFs)
have been used in controller synthesis [13]; however, the
control inputs are not bounded and can lead to infeasible
input values. The authors in [14] used barrier functions to
synthesize a least-intrusive controller limited to collision
avoidance. A combination of CBFs and symbolic control has
also been studied. The controller in [15] computes a discrete
plan and uses CBFs to ensure that the transitions are safe.
In [16], the authors generate a discrete plan and use CBFs
to execute the plan. Finally, [17], built on [14] by using a
nominal controller synthesized in a centralized manner and
projecting it onto each agent to satisfy LTL specification on
top of collision avoidance. This approach scales badly as
centralized controller synthesis is used.

In this paper, we introduce a bottom-up symbolic con-
troller synthesis technique for MAS that is more computa-
tionally efficient than the conventional controller synthesis
technique. We synthesize the controller in three steps. We
first synthesize a controller for each agent in parallel, each
ensuring that the controlled agent satisfies the correspond-
ing local specification expressed in Linear Temporal Logic
(LTL), using the concept of symbolic control. We then use a
notion of control barrier functions (CBFs) defined over the
symbolic model that provides safety guarantees for the con-
crete system to compose the individually controlled agents.
These CBFs are used as certificates to remove any unsafe
transitions in the composed MAS. The local specifications
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may be violated during this process. Thus, we synthesize a
controller for the reduced composed MAS that enforces the
local specifications while providing global safety guarantees.
We then implement our approach on a MAS for local reach-
avoid specification and global safety specification to show
the behaviour of the system in a cluttered environment. We
also compare our approach with the classical monolithic
approach and show its benefits in terms of the computation
time required for controller synthesis.

II. PRELIMINARIES AND PROBLEM DEFINITION

Notations: For x € R", x, represents the qth element of
the vector € R™, where ¢ € {1,...,n} and the infinity
norm of z is |lz| := maXgeqi,. nylze|- For a,b € (R uU
{—00,00})", where a < b component-wise, the closed hyper-
interval is denoted by [a, 0] := R™"n([a1,b1] X" -x[an, by]).
A relation R € A x B can be defined as a map R : A — 28
as follows: b € R(a) iff (a,b) € R. The relation R is strict
if R(a) # &, Ya € A. The inverse of the relation is defined
as R~ := {(b,a) € B x A|(a,b) € R} and can be written
as a € R7'(b). Given a set S, Int(S) and 0S represent
the interior and the boundary of S, respectively. Consider
N sets A;, i € {1,..., N}, the Cartesian product of sets is
givenby A =J[c;  nyAi = {(ar,...,an)la; € 4 i€
{1,...,N}}. Given N functions f; : X; — A;, the Cartesian
product of functions is f : X — A := Hie{l,m7N} fi =
(fi(z1),..., fn(zn)). The composition of two maps H and
Ris HoR(z) := H(R(x)). A function a : Rf — R is of
class K if a(0) = 0, and it is strictly increasing. If o € K is
unbounded, it is of class K.

A. Discrete-time Multi-Agent Systems

Consider a collection of N € N agents and let I =
{1,...,N}. Each agent’s state evolution is given by the
following discrete-time control system:

Xi(k+ 1) = fi(X7;<I€),Ui(k)), 1€ I, kENQ, (1)

where x;(k) € X; < R™ is the state of the i'" agent and
u;(k) € U; « R™i is the input to the agent.
The state evolution of the multi-agent system is given by:

x(k 4+ 1) = f(x(k),u(k)), ke Ny, z(0)e X°, (2

where XV is the set of initial states, x(k) € X := Il;c; X; <
R™ is the state of the multi-agent system, n = X;ern;,
u(k) € U := ;e U; < R™ is the input to the system and
m = Y;eymy;. The function f is given by f : X x U — X
and f(x(k),u(k)) := erfi(xi(k),ui(k)). The trajectory of
system (2) starting from a state € X° under the input
signal u is given by x,, and x.,(k) gives the value of the
state of the system at sampling instance k.

The reachable set of system (2) from a set X € X under
an input u € U is given by Reach(X,u) := |, f(z,u),
which is the set of all states that the system “reaches” when
an input u is applied at all the states in X in a one-time
step. This reachable set is difficult to compute, so we use
the over-approximated reachable set, Reach(x,u). Several
approaches are available in the literature for computing this
over-approximated set; for example, [18], [19] and [20].

B. Transition Systems

We now introduce the notion of transition systems [1]
which will serve as a unified representation for discrete-time
control systems and their corresponding symbolic models.

Definition 2.1: A transition system is a tuple ¥ =
(X,XO U, F), where X is the set of states (possibly in-
finite), X° < X is the set of initial states, U is the set of
inputs (possibly infinite), and the map F': X x U 33 X is
the transition relation.

The set of admissible inputs for x € X is denoted by
U(x) = {ueU | F(x,u) # &}. We use 2’ € F(z,u)
to represent the u-successor of state x.

Consider the discrete-time control system of agent ¢ as given
in (1). The transition system representation of the i*" agent is
given by the tuple ¥; = (X;, X2, U;, F;), where X; < R™
is the set of the states of agent i, Xi0 C X, is the set of
initial states, U; < R™ is the set of inputs for agent ¢ and
for xT; € Xi, U; € Ui, Fi(xi,ui) = fz(xl,ul)

The composition of the N transition systems, which repre-
sents the multi-agent system (2) is given by definition below.

Definition 2.2: Given a collection of N € N agents
represented as {X;},_;, where I = {1,..., N}, the composed
transition system is ¥ = (X X0 U F ) where

o X =1l Xi, X=X, U =[],.; Ui

o« forze X and ue U, F(x,u) =[]..; Fi (@, u;).

C. Problem Formulation

el

Next, we formally state the problem considered here:

Problem 2.3: Given N agents with dynamics as in (1),
local specifications 1; expressed as LTL formulas [21] for
each agent and global safety specification ® over the MAS
(2); design a controller for the MAS that enforces global
safety specification and the local LTL specifications.

One can solve Problem 2.3 for a MAS monolithically
using symbolic control techniques (as discussed in Section
IT) for satisfying the global and local specifications ¢ =
UA®D, where U = /\,_; 1;, but scalability and computational
efficiency are stringent issues for controller synthesis.

To deal with the scalability issue and, as a consequence,
to reduce computational complexity, we propose to use a
bottom-up approach consisting of three steps:

1) We construct a symbolic controller for each of the
N agents ¥; to satisfy the corresponding local LTL
specification v;, where i € {1,..., N}, as explained in
Section III. Using the symbolic controller, we construct
the individual controlled agents.

2) For the composed controlled MAS, resulting from
the composition of the controlled agents obtained in
step (1), we construct a barrier function [22] that
enforces the global safety specification ®. We use a
notion of barrier functions (introduced in Section IV)
as certificates to remove transitions that violate the
safety specification in the composed system.

3) Since the local specifications may be violated due to
the safety-enforcing barrier functions, we synthesize a
controller for the controlled system obtained in step
(2) to achieve the specification ¥ = A,_; ;.
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The proposed controller ensures that the MAS satisfies the
local specification ¥ and the global specification ®.

III. SymMBoLIC CONTROL

In this section, we will briefly discuss symbolic control
and how it can be used to synthesize controllers to satisfy
a given specification. In order to relate the discrete-time
control system and its symbolic model, we use the notion
of feedback refinement relation [20].

A. Feedback Refinement Relation

Definition 3.1: Consider two transition systems > =
(X,X°U,F) and & = (X,X°U,F). A strict relation
Q< X x X is said to be a feedback refinement relation
from ¥ to 3, denoted by ¥ <q 3, if for each (z,2) € Q
the following conditions hold:

. U%() € U%(),

e uelU%(i) = Q(F(z,u) < F(&,u).

The feedback refinement relation () allows to transform a
controller for the abstraction 3 into a controller for the
original system 3.

B. Construction of Symbolic Models

In order to synthesize controllers for the concrete system
Y, we need to construct its symbolic model fl, which
is related to the original system X through the feedback
refinement relation.

Definition 3.2: The symbolic model of the system X is
given by ¥ = (X, X%, U, F), where

« X is a cover over X whose elements are closed hyper-
intervals called cells. Let X = X be a compact set of
congruent hyper-rectangles aligned on a uniform grid
parameterized with a quantization parameter ny € (R*)™.
Each # € X is given by ¢; + [~ 2, 2], where ¢; € nZ"
and 7Z" = {c € R"|JieznVoeq1,...n}Cq = lg7q}. The
cells in X\ X are called overflow cells,

e X0= X X°and U is a finite subset of U,

e for 2 € Xand o € U, aset A:= {& e X|#' n
Reach(#,4) # @}. If Ac X and &/ ¢ X\X, Vi' € A
then F(%,4) = A.

For a detailed procedure on constructing the symbolic model,
kindly refer to [23].

Theorem 3.3: [20, Theorem VIIL.4] If Y is the symbolic
model of ¥ constructed according to Definition 3.2 then the
relation Q < X x X defined by = {(z,2) € X x X : x € &}
is feedback refinement relation from ¥ to .

C. Controller Synthesis using Symbolic Models

Consider the transition system ¥ = (X, X° U, F) and
a memoryless controller C' : X =3 U, where for all z €
X, C(x) € U*(z). Let the domain of the controller be
dom(C) := {z € X|C(z) # &}.

Definition 3.4: Given a controller C' and a transition sys-
tem Y, the controlled system is given by the tuple X|C =
(Xc,Xg,UC,FC), where

o« Xo =X ndom(C), X2 < X¢c, Uc =U,

o for o € XC and uc € Uc, ZL‘/C € Fc(l‘cﬂutc) iff

xlc € F(xc, uc) and uc € C(wc)

Let P be the set of atomic propositions that labels the
states in X < R” through a labelling function £ : X — 2°
and ¢ be an LTL specification over P. The control inputs u
applied to the system according to C' generates a trajectory
Xy from the initial state . We say that the system X|C =
¢ if L(xzu) = ¢. For more information on specification
satisfaction, refer [20, Definition VI.1].

Given the symbolic model 3 and the relation Q< Xx X s
we first synthesize a controller C' such that |C' |= ¢ using
graph theoretical approaches [1], where ¢ is the symbolic
specification associated with X, f) @ and ¢ such that, if
L(z) € ¢ and (x,2) € Q, then L(z) S .

Theorem 3.5: [20, Theorem VI.3] If ¥ < Y and C is
the symbolic controller such that $|C' = ¢, then X|C = ¢,
where C := C o Q.

The controller C, synthesized for symbolic model by
satisfying global and local specifications, defined in Problem
2.3, can be refined for the concrete system > with the help of
relation ). The controlled system X|C' |= ¢, where ¢ := U A
® is the combination of local and global specifications. Many
toolboxes are available for symbolic controller synthesis,
for example, [23], [24] and [25]. For scalability, we first
synthesize a controller that satisfies the local specification
1; for the i*" local symbolic model (i*" agent) with U =
/e ¥ and enforce global safety specification ® on the
composed symbolic model with the notion of control barrier
functions, discussed in the next section.

IV. BARRIER CERTIFICATE FOR SYMBOLIC MODELS

To deal with global safety specification ®, we leverage the
concept of control barrier function [26]. Consider a discrete-
time system as defined in (2). Let the safe set S € X < R"
be defined as the superlevel set of a continuous function
B :R"™ — R and is given by:

S = {z € X|B(z) = 0}, 3)
Int(S) = {xz € X|B(x) > 0}, 4)
0S = {x € X|B(z) = 0}. (5)

Definition 4.1: Given the transition system » =
(X, X%, U, F) in Definition 2.1 and a set S < X. The set S
is said to be controlled invariant for the transition system %
if for all « € S, there exists u € U satisfying F'(z,u) < S.

Theorem 4.2: [26, Lemma 1] Given the discrete-time con-
trol system (2) and a safe set S € X < R"™ as defined in (3)-
(5) as a superlevel set of a continuous function B : R™ — R.
The set S is is a controlled invariant for the system in
(2) if there exists a Ko map «, satisfying a(r) < r,
for all » > 0 and such that the following holds: for all
x € X, there exists u € U satisfying

B(f(z,u)) — B(x) =2 —a(B(x)). (6)
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To solve Problem 2.3 in a scalable way, we first define a
symbolic safe set S that is compatible with the symbolic
model using barrier function B (3)-(6) defining safe set S
for the original system (2). For this, we need the following
assumption over function B : X — R.

Assumption 4.3: The barrier functions B X —- R
defined in Theorem 4.2 satisfy the global Lipschitz continuity
condition: there exists a constant £* € R{ such that
|B(x) - B(y)| < £7|e — y| for all .y € X.

Given Assumption 4.3 and a symbolic model by

(X,X°,U,F) with a symbolic state given by # := ¢z +
[-%, gﬂ € X and state space discretization ) = (11, ... ,7,)
€ (]R )" ' as defined in Definition 3.2, we define a symbolic

safe set S using barrier function B in Theorem 4.2 as:
S = {ie X|B(cs) — L2 77”;“ >0 ()
Int(8) = {& € X|B(cz) — L” "”;‘” >0b (@8
08 = {ive X|Bles) - L7755 =0}, )

where N = maXje(1,... n}7j-

Theorem 4.4: Consider a system ¥ = (X, X° U, F),

its symbolic model ¥ = (X, X% U, F) constructed with
relation Q = X x X and state space quantization n € (R+)”
as defined in Definition 3.2, a safe set S as defined in (3)-(5),
and the symbolic safe set S as defined in (7)-(9). If for all
i€ S, there exists @ € U%(&) such that

Bles)] = —a(Bles) — L7155,
where B : X — R and « € K, are defined in Theorem 4.2,
then Q~1(S) ¢ S and S is invariant for system 3.

Proof: Let us first show that Q~1(S5) = S.
From Definition 3.2, we have & := ¢z + [[ 5 ,5]] € X and
using the fact 700 = Max;e(y,... )75, One obtains for all
(z, ) ; — x|| < me=. Using Lipschitz continuity of
B, V(z,2) € Q, we get

ming, iz o) [B(car) —

B(cz) — B(x) < ||B(cz) — B(x)|| < L%||cz — || < L

2
where L% is the Lipschitz constant of the function B. Thus,

V(z,1) € @,

Thus, B(ch) Lrimee > () = B(x) 0, i.e., for all
ieS, Q\(z )< S. ThuswehaveQ 1(8) c .

Now to show that $ is invariant for ¥, we have that for all
i € § there exists @ € U%(&) such that

B(ez)]
£:1; nma:r

Bles) — £219 < B(a).

: (10)

ming, g s ) [ B(car) —

E;]; nmaw ]

—B(Cj)-l— 9

= ming, g o) [Bles) —

re Nmax )

—a(B(es) - £

Thus one has for all & € S there exists @ € U%(&) such that

— Blez) + L7755 > —a(B(es) — £ 12

Blca
(c 5

z NMmax
—Lr/
) 2

z Nlmazx

)

which implies that

(Is — @) o (B(cg) — £ mazy

z Nfmax
B(esr) — _— =
(czr) — L 5 5

for all &' € F(&,4). Since o € Ko one has that (I; —
a) € ICDO which 1mp11es from condition (7) (i.e., B(cz) —
Lrimez > 0 for all Z € S) that for all # € S we have
B(ci.r) - /f“’% >0 — &' €8, Vi e F(2 ). This
proves the invariance of the set s. [ ]
Remark 4.5: Since we know that Q~1(S) < S (from
Theorem 4.4) and with S as invariant, the system does not
violate the safety specification ® by staying inside .S.

V. SCALABLE CONTROLLER SYNTHESIS FOR
MULTI-AGENT SYSTEMS

A. Controller Synthesis for Each Agent (Symbolic Model)

Consider the problem of controller synthesis for each
agent (1) represented by the transition system 3;
(X;, X?,U;, F;) given a local LTL specification 1);. Using
symbolic control, we first construct the symbolic model of
each agent 3; given by 3; = (Xi,X?, U, FZ-) (as discussed
in Section III-B) such that ¥; <q, f}i, where Q; < X; x Xi
is the strict feedback refinement relation. We then synthesize
a controller C; such that 2A11|CA’z = 7,/;Z where ©; is the
symbolic specification for ZA]Z (related to ;, ¥; and Q).
Theorem 3.5 shows that we can refine the controller C; using
the feedback refinement relation (Q; and the refined controller
C; := C; 0 Q; is such that 3;|C; = 1.

After controller synthesis, we obtain the controlled agents
f)\C‘—(XC,Xg,UC7FC) i€{1,2,...,N}, as shown
in Definition 3.4, where Xc =X; mdom(é’) XC c Xcl,
Ue, = U; and for & € X¢,, 4 € Ug,, i’ € Fci(ij,ﬁ) iff
&' € Fy(2,0) and 4 € Ci(2).

B. Construction of the Composed System using Control
Barrier Certificates

We will now compose the individual symbolic models of
the controlled systems of each agent.

Given a collection of N (¢ N) controlled systems
where each controlled system is given by f)l\a
(Xci,ng,ﬁci,ﬁ‘ci) and I = {1,..., N}, the composed
controlled system is given by ¥|C = (X@X%,UC,F‘C)
constructed based on Definition 2.2, where Xc =1L, X Cis
Xc c Xo, Uo = HerC and for # € X¢ and 4 € Ug,
Fo(e i) = ey Fe,(2.9).

Definition 5.1: Let B : X — R be the CBF that enforces
the safety specification ®. We construct the safety controller
Cg for the system 3|C' defined above, as follows:

J CS( ) = UC( )N {u|m1n5&/€f‘(5‘c7ﬁ) [B(csr) — Blez)] =

—a(B(cz) — L7 Mme=)} and

« dom(Cs) < Xe n S.

We can now construct a controlled system (E|C)\Cs
(XS, XS7 US, FS) as defined in Definition 3.4, where Xs =
Xon dom(Cg) XS c Xg, US = Uq and for & € Xg and
teUs, &' € Fs(2,0) iff &' € Fo(2,0) and 4 € Cs(2).

Remark 5.2: Note that only the transitions that lead back
to the set S are included in the transition system (3]|C)|C's.

6433



At some & € Xg, Ug(i") may be empty because there could
be no inputs in [ ],.; UZ (&;) that brings the system to S.

To restore the local specifications (violated due to the
safety-enforcing barrier certificate), it is necessary to syn-
thesize a controller C'p for the composed symbolic model’s
specification given by U= 1L, ﬂ/Si.

The following result shows that the combination of the
controllers Cz, Cg and C;, i € {1,2,...,N}, designed
before makes it possible for the discrete-time control system
in (2) to satisfy the control objective defined in Problem 2.3.

Theorem 5.3: Given the controlled agents 531|CA’1 with
1 € I = {1,...,N}, the strict relation ; < X; x X,
LTL specification ¥ := A,_; 1;, symbolic specification '
resulting from the concrete specification ¥, the symbolic safe
set S defined in (7)-(9) and the safe set S defined in (3)-
(5), if Cp is a controller such that ((3|C)|Cs)|Cp & U
then, ((2|C)|Cs)|Cs E U, where Cp := Cp o Q and
the trajectories of the controlled MAS ((2|C)|Cs)|Cp stays
inside the safe set S.

Proof: From [20, Theorem VI.3] and [20, Corollary
VL5], we know that ¥;|C; <q, 21-\@ since X; <q, 3, by
construction and C; := C‘i 0 Q;.

By composing the controlled agents and since there is
no coupling between the agents, one gets ¥|C <o 3|C,
where ¥ is the MAS resulting from the composition of
the agents %;, ¢ € {1,..., N}, ) is the transition system
resulting from the composition of the local abstractions 3,
i€ {1,...,N}. The set of states for the composed MAS and
the composed local abstractions are given by X := [[,_; X;
and X := [Lics X, respectively. The controller C' : X 3 U
is defined for z = (21,...,2n) € X as u = (u1,...,un) €
C(z) if and only if u; € C;(x;), for all ¢ € {1,...,N}.
Similarly the abstract controller C' : X =3 U is defined
for & = (&1,...,2n) € X as @ = (Q,...,0n) € C(&)
if and only if @; € Cy(#;), for all i € {1,...,N}. The
feedback refinement relation Q < X x X is defined as
Q={(x,2) e X x X | (x5,2) € Qi, i¢€{l,...,N}}.
We synthesize a safety controller Cy as given in Definition
5.1 for the system 2|CY By construction, this controller
ensures that the controlled system (3|C)|C's never leaves
S. The refined controller Cs = C’S o () is such that,
(2]0)|Cs < (2]C)|Cs since Z|C < X|C.

We now synthesize a controller Cx such  that
((X|C)|Cs)|Cp [ ¥ and since (Z|C)|Cs <q (2|C)|Cs,
Cp = (Cp o @ is the refined controller such that
((Z|C)|Cs)|Cp = ¥ due to Theorem 3.5.

With the composed controlled system we have,

(BIO)|Cs)ICB =<q ((X[C)|Cs)|Cp- (11)

Since C(2) = Ug(#) and dom(Cg) = Xg, all tra-
jectories of the system ((3|C')|C's)|Cp evolve within the
set S. From (11), it is clear that ((3|C)|Cs)|Cp will also
remain in 5‘, which implies from Theorem 4.4 that the
system ((X]|C)|Cs)|Cp always remains in S. Hence, the
combination of refined controllers C, Cg and Cpg allows
to satisfy the specifications defined in Problem 2.3. |

TABLE I: Computation time comparison

Number of Computation Time (secs)
Robots Monolithic ~ Proposed  Percent reduction
2 170.24 32.11 81.25
3 >4 weeks 85985.05  >96.5

VI. EXPERIMENTAL RESULTS

Simulation for a 3-agent simple discrete system

Target 3 811

10 10 9
1
L 1 2[4 5 6 7

1 Target 2

Obs 1 D 2 Obs 2

© =2 N W A OO N ®© ©
— T T T T T T T T

Fig. 1: Simulation for a multi-agent system with three agents
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Fig. 2: Distance between two agents for MAS with Three
Agents. The grey line is lower bound on the safe distance.
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We compare the proposed approach with a centralized
controller synthesis technique. We simulate a discrete system
where each agent is given by

Xl(k-f' 1) = Xl(k}) + Ui(k’), 1€ {1,...,N}, k‘ENQ,

where x;(k) € X = 1[0,10] x [0,10] < R?
is the state of the system and u;(k) € U =
{(727 O)v (717 O)v (17 O)v (25 0)7 (0’ 72)7 (07 71)7 (07 1)5 (07 2)}
c R? is the input to the system. We ran two experiments
with N = 2 and N = 3. The global safety specification is

given by a set of pair-wise CBFs as
Bij(x) = ||l2* — 27| — dyj, Vi,je Nandi#j, (12)

where d;; = 3 is the distance between the agents 7 and
j. The local LTL specification for agent ¢ is given by
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¥; = OQTarget; A ((0—(0Obsy v Obsy)), where Target;
is the target of agent i, Obs; and Obss are the obstacles
in the state-space, [] and ¢ represent temporal operators
always and eventually, respectively. We used a computer with
AMD Ryzen 9 5950x, 128 GB RAM, and NVIDIA RTX
3080Ti graphics card to perform simulations that were run
on MATLAB. The state quantization parameter is n = [1, 1].

Table I shows the synthesis time of the proposed technique
compared to that of the monolithic approach. For the 2
agent example, the proposed technique took 32.082 secs for
controller synthesis, an 81.25% reduction compared to the
monolithic approach that took 170.2421 secs. For 3 agents,
the proposed technique took 85985.05 secs for synthesis,
while the monolithic approach did not finish synthesizing
within 4 weeks, raising the reduction in time to more than
96.5%. The proposed technique gets progressively faster
compared to the monolithic approach with increased state-
space dimensions.

Figure 1 shows the simulation of a three-agent system
with a local specification of avoiding the obstacles, Obs 1
and Obs 2, and reaching the corresponding targets while
ensuring the global safety specification. One can see that
the MAS satisfies both local and global specifications. The
orange line shows the trajectory of agent 1; the purple line
shows the trajectory of agent 2; and the yellow line shows the
trajectory of agent 3. Figure 2 shows the distance between
the agents as they move in the arena. The grey horizontal
line shows the lower bound on the distance between agents.
The graph clearly shows that all three agents never get closer
than three units to each other, thereby satisfying the global
safety specification.

VII. CONCLUSION

We proposed a three-step bottom-up symbolic approach
for MAS by combining symbolic control and CBFs. We have
also provided a symbolic safe set defined over the symbolic
model that provides safety guarantees for the concrete system
and have used this notion of barrier functions to enforce
global safety specifications. We have proven the correctness
of our approach and have formally shown that the final
controlled multi-agent system satisfies both local and global
specifications. The experimental results show the benefits of
the proposed approach in terms of computation time.
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