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A Robust Finite Difference Model Reduction for the Uniform Spectral
Observability of a Fully-Clamped Three-Layer Mead-Marcus-type
Smart Laminate
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Abstract— We consider a fully-clamped three-layer Mead-
Marcus beam model, crucial for understanding the interactions
between shear and bending motions. This model is exactly
observable with a single boundary observer. We propose a semi-
discrete Finite Difference approximation, where characterizing
low and high-frequency eigenvalues presents significant chal-
lenges, particularly in proving the uniform gap condition, which
is sufficient for achieving spectral observability. To address this,
we employ the discrete multipliers method and Gershgorin’s
Circle Theorem, highlighting the importance of numerical
filtering. Our results, assuming a small shear modulus in the
core layer, are promising due to the strong coupling between
shear dynamics and overall bending. This complexity contrasts
with a single-layer clamped Euler-Bernoulli beam. Notably,
when the model simplifies to a classical Euler-Bernoulli beam,
our findings extend existing results to multi-layer beams.

Index Terms— Unifrom Spectral Observability, Finite Differ-
ences, Gershgorin’s Circle Theorem, Multi-layer beams, Mead-
Marcus beam

I. INTRODUCTION

Multi-layer sandwich beams, like those found in ultrasonic
transducers [21] with elastic/piezoelectric components, hold
increasing promise in diverse industrial applications such
as aeronautics, civil engineering, defense, biomedicine, and
space structures [3], [22]. A three-layer sandwich beam
comprises perfectly bonded alternating piezoelectric/elastic
layers sandwiching compliant viscoelastic layers [4], [9].
While most sandwich beam theories average stresses and
elastic moduli through the depth, Rao & Nakra’s discrete-
layer theory treats each layer separately, incorporating Euler-
Bernoulli and Mindlin-Timoshenko assumptions [9].

High-frequency multi-layer ultrasonic transducers with
larger bandwidths offer excellent imaging performance in the
biomedical field [21]. However, achieving perfect acoustic
impedance matching between the piezo-element and the
target medium across the frequency spectrum remains chal-
lenging. Researchers in ultrasonic imaging strive for optimal
performance—high frequency, large bandwidth, and high
sensitivity—yet the models in use often rely on oversim-
plified spring-mass systems, as noted in [20].

Throughout this paper, we denote time derivatives with
dots and primes for % and 8%, respectively. We focus on
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the system of partial differential equations for the multi-layer
Mead-Marcus-type beam model from [2]

542" — By =0,
_CY’ + Py = —B2", (2,t) € (0,L) x RY, |
(Z7w7 Zl)(x7t)|m:O,L = 07 te R+7 ( )
(z,2)(z,0) = (20, 21)(x), = €0, L].

Here, v¢(z,t) and z(z,t) represent the longitudinal and
transverse vibrations of the centerlines of each layer. The
physical constants B, C, P > 0 are defined in [2], [14].

A. State-Space Formulation and Exact Observability

The second equation of (1) can be used to solve for the
shear angle 1. Define the differential operator D2 = % on
the domain Dom(D2) = {2z € H?(0,L) | 2(0) = 2(L) =
0}. This operator is densely defined, self-adjoint, positive-
definite, and unbounded. Since C and P are positive, the
operator (—C' D2+ P)~! exists and is bounded on L?(0, L).

Defining the operator J = & [—-I+P(—CD2+PI)™], it
is shown that J is continuous, self-adjoint, and non-positive
on L%(0,L). Moreover, J = (—CD?2 + P)"'D2. [14,
Lemma 1]. By eliminating %) in the second equation of (1),
a simplified form of the PDE is obtained as

542"+ B2(JD22') =0, (x,t) € (0,L) x RT
(%, z/)(x?t)|z:07[, =0, teR* 2
(sz)(I7O) = (20,21)(1'), T e [O7L]
Now, define the energy of (1) on the Hilbert space H =
HZ(0,L) x L?(0, L), so that the energy norm || - || on H is
defined by
1

L
7/ (122 +12")? = (B?JZ2)Z ] dz (3)
0

B(t) = 5

and the associated inner product is ((u,v),(f,g)) =
fOL [vg+ u” f" — Ju'f'] dz. Define the operator A on
Dom(A) = HZ(0, L) x L?(0,L) as the following
A(u,v) = (v,— [u"" + B*(Ju')]) = (v,—Au) (@)
where A = (D% + B2D,JD,). Letting §(t) =
(2(t,x), 2(t,x)) the (2) can be rewritten as
g(t.w) = Ag(t2), §(0) =G = (°(), 2" (@). 5

Theorem 1 (Exact Observability). [14] The operator A
defined by (4) is the infinitesimal generator of a unitary Cy-
group on H. Hence, for all yy € H there exist a unique
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solution y to (5) in C[R, H]. Moreover, for all T > 0, there
exists a constant C(T) > 0 such that

Jy |2"(L, )Pt = C(T)E(0). (6)
B. Literature on Model Reductions for Coupled PDEs

The literature on finite-dimensional model reductions for
coupled PDEs emphasizes the importance of considering
all vibration modes when designing sensors. Neglecting
high-frequency residual modes, known as the “spill-over”
effect, can hinder the system’s observability [11]. Moreover,
applying Finite Differences or Finite Elements blindly may
introduce spurious, non-observable high-frequency modes
[18]. To counter this, methods like “direct Fourier filtering”,
known for its efficiency, have been explored for Euler-
Bernoulli and Rayleigh beams with hinged boundary con-
ditions [12], [13].

Recent Finite Differences-based reductions, as analyzed
in [16], [17] and extended to multi-layer systems in [1],
incorporate direct Fourier filtering to achieve uniform observ-
ability in the natural energy space. A significant limitation of
this approach is the necessity of having explicit knowledge
of the entire spectrum of eigenvalues. While the spectrum for
hinged boundary conditions can be analytically established,
the clamped boundary case requires more intricate analysis.

C. Our Contributions

In this paper, we reduce the PDE model (1) using Standard
Finite Differences and find that the reduced model lacks uni-
form spectral observability. Spectral observability refers to
the ability to monitor and reconstruct the entire system state
via its eigen-space components, particularly eigenfunctions
corresponding to the system’s eigenvalues. Uniform spectral
observability in numerical approximations implies that this
property remains consistent as the mesh size decreases.

To address the lack of uniform spectral observability, we
apply direct Fourier filtering to remove problematic high-
frequency components and use discrete multipliers to restore
uniform spectral observability. This establishes the spectral
observability of (1) with a single boundary observer. Our
work pioneers a robust reduction of the Mead-Marcus three-
layer beam model using Standard Finite Differences, which
reduces to the Euler-Bernoulli beam model when B =
C = P = 0 in (1). Thus, our results extend to both
single-layer and three-layer beam models. We rigorously
establish exact observability for the PDE model (1) through
discrete multipliers, extending prior findings [5], [6], [14]
and providing deeper insights into the observability of the
discretized model.

II. SEMI-DISCRETIZATION IN THE SPACE VARIABLE

Let N € N. Define the uniform mesh size h := ﬁ
Consider the discretization x; = i-h fori = —1,0,..., N4+2
of the interval [0, L].

Define the central difference approximations of the oper-
ator D and —D2 at each z; by the symmetric positive-
definite N x N matrices Dicp = gptridiag(—1,0,1)

and Ap = h—lgtridiag(—l,l—l). The eigenpairs

(Ak(R), dr(h)) of the matrix Ay, are explicitly known, e.g.,
see [12].

Next, define the central difference approximation of the
operator D2 at each z; by the symmetric positive-definite
N x N matrix

(7 —4 1 0 0 0 0]
-4 6 -4 1 0 0 0
1 -4 6 -4 1 0 0
1 0 1 -4 6 -4 1 0
Bh::ﬁ . .
0o ... ... 1 -4 6 -4 1
o ... ... 0 -1 -4 6 -4
0 ... ... 0 0 1 —4 7T

Let z;(t) be the approximations of the solutions z(z,t)
at each node {x;} N 5! Next, by defining the vectors 7 :=

(21,22, ..., 25]T and ¥ := [y, 19, ...,0¥N]T, we propose
space semi-discretization of (1) as follows

é+ AhZ: 0,
(20,%0, 2N+1,¥N+1)(t) =0,
(z1,2-1,2N42 — 2n)(t) = 0, t € RT, (N

(Zv¢7zt7’l/)t)i(0)
= (ZO,¢Oa21’¢1)($i), 7/ == O, 1, .

where

N+ 1,

{ Ap, := (Bp, + B?D1cnJnDic,n) ®)

Jp, = *(CAh + Pf)flAh.

Define the matrix Ay by Ap (@, 0) = (U, —.Zlhﬁ). With
gn = (2, 2’), (7) can be rewritten as gj’h = Anijn.

Note that by assuming B = ¢ = 0 in (1), the dis-
cretized model (7) simplifies to a single-layer beam, which
corresponds to the semi-discretized Euler-Bernoulli beam as
presented in [5]-[6]. The resulting discretized model is

74+ BrZ =0,

Zo(t) = ZN+1(t) = 0,
zn2(t) = 2n (1),
(2,2)i = (2%, 21) (),

The energy of the solutions of (9) is defined by
Eh,E'B(t) = %{ Z,Z>+<AhZ,AhZ>}
z z 2
+h|]"+ bl

alt) = Z?g])é+’ )

i=0,1,...,N+1.

(10)

For the rest of the paper and the ease of the calculations,
define

1 A4, 54, . Zit2—42i4o+62;—4zi1+2io
FAJCZZ' = 5IZ,L = = . h47 * : ’

h35§zl = Aizl = (Zi+2 —32i41 + 32 — Zi_g),

(1)
h25321 = Aizz = Zi+1 — 22 + %1,
hérzz = Arzl = Zi—i—l — Zi.
Moreover, (D1c,n?), := “#15==%, and therefore,
5;121 = #(Aizz — Aizi_l),
632 = 75 (A2zi1 — A2z), (12)

(D1c?); = 2zit1 — zi1 = Dz + Dpzia.
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N
Next, define the inner product (i, %) := > u;v;, on RY.
-

Lemma 2. The matrix Jyp, in (8) can be expressed as Jp =
C~Y~I+P(CAp+PI)~ Y. Furthermore, Jy, is self-adjoint
and non-positive on [2.

Proof. Starting with Jpé = @, we have —C~ '@ +

C—iP[(CA, + PD)]™ '@ = . This implies @ =

C?P~1A,v + CV + P 'CApi + 1. Rearranging gives

—(CAp + PI)"YApi = ¥, ie., Jpii = ¥, confirming that

Jp, has the form given in (8), thus proving the first claim.
For self-adjointness, let &, ¥ € R™ so that

(Jnii, V) = <fC w4+ C~ 1P(CA;L + PI) La _'>
=(-C~ Y@+ (CAp + PI)"tPC!
=([-C~ '+ PC~Y(CA + PJ)—l]ﬁ, v) =
utilizing the self-adjointness of Ap. To prove Jp is non-
positive, let 7 := (CAp, + PI)~'5 so that § = C A7+ PF,
(Jns,3) = < C~ 13+ C7P[(CA} + PI)| 715, ">
= < ApT, CART + P7:‘> s

and since Ay, is positive definite, the proof follows. O

(d, Jpv) ,

Defining £ := JpDjic,n, the energy of the solutions of
semi-discretized model reduction (7) can be defined by

Enm(t) = Eppp(t) — L (L7, D1 p?) . (13)
Remark 1. By Lemma 2, and defining
7= (CAp + PI) "' Dicp 7, (14)

an alternative form of the energy for the solutions of the
semi-discretized model reduction (7) can be expressed as

Enm(t) := Enpp(t) + 2L {C(Apm, Apin)

noting the boundary conditions mg = myy; = 0 hold.

Lemma 3. The energy (13) along the solutions of (7) is
conservative, i.e. Ey pp(t) = 0. So that, Ep pa(t) =
En v (0), for any time t > 0.

Proof. By taking the time derivative of Ej, ass(t) along the
solutions of (7)
Envm(t) =h Z ZiZ +
hg |l g g - o
+ [(£2D1ep) + (£7, ch,hzﬂ .

Finally, since the following equality is valid utilizing (7)5 —
(M5

2 dt Z |6221]
(16)

1d & d
med - b Slaet + 5 [l + [T}
(Bnz.72) 2dt;|fz|+dt{ 2
and since D1j., is anti-symmetric, the conclusion follows
from this together with Lemma 2 and (7). O

Next, we establish the equivalence of Ej ara(¢) and
Ey gp(t). To do so, we require the following lemma.

Lemma 4. The solutions of (9) satisfy the inequality

N
-\ 2 -
S ((Die,p?);)” < 2(ARZ,2) < L?Eppp (t). (17)
i=1
Proof. By the Cauchy-Schwarz inequality,
N , N
> ((D1en?),)” < (0:2)° (18)
i=1 i=0

N
Since S (6,2)° = (AnZ, 7). By Holder’s inequality for

=0
sums, the following inequality follows

005 {5 (532")2}é { <zi>2}é

=0 =1 =1
Next, the following discussion is needed to have the discrete

19)

N
. . . . . 2
version of Poincare’s inequality to estimate the term > |z;]
i=1

SN+ 1.

i—1
above. Since zy = 0, zl—hZ(Szj,forz—l

Moreover, w1th z1 = 0,it 1s stralghtforward to show that
0.2; = h Z 62z;.

By the Holder s inequality for sums,

(zi)? = (h 5 5mzj> < <h 1> (hi_ (5zzj)2>
§=0 §j=0

7=0

-
|

—

-

=
[}

and analogously,

2
i N
(6525)% = (h > 5§zj> < Lh Z (52,2]) ,
j=1 j=1
where we used Nh < L.

Now, using the above inequalities, it is straightforward to
show that

N

> ()*

i=1

N
< L2 é(éxzi)Q <L z_j (622)% . (20)

Finally, by (18) and (19) and the 1nequa11ty above we get

N
> ((Dien?),) LQZ (822:)°
i=1
The conclusion (17) follows 1mmed1ately from this and (10).
O

Theorem 5. Let F) := 1 + Z2L= > 0. The discrete energy
En vmum(t) and Ep, gp(t) are eqmvalent, ie.,

Enep(t) < Enum(t) < FLEL ga(t).

Proof. The first inequality is obvious since —J}, is positive.

2y

We prove the second inequality by the following Jp = —Jn
is positive and
En v (t) = Eh,EB(tz) - ~7h (LZ, D1c,n%)
< Enps(t) + 5[ InDicadll[|[Dienll (g

2 ~ N N |2
< En.gp(t) + BThHJhH 21 |(D10ahz)i| ‘

8934



Now, if @ = (u1,u2,...,un)T is the eigenvectors of
Jp corresponding to the eigenvalues A then the eigenvalue
problem, J, @ = \i leads to (C Ay + PI)"rAp)d = M.

Therefore, Apii = A[CAp, + PJu. Rearranging the terms

AAn)
ylelds A= W’S'HD
L (A
Therefore, [|Jndll < NIl < || Il <

L |J||. This implies that || Jp,|| < &. Considering this with
(22) and Lemma 4 leads to (21). Therefore, the conclusion
(21) follows immediately. O

III. SPECTRAL OBSERVABILITY UNIFORMLY AS A — 0

This section aims to prove the discrete counterpart of (24)
for the eigen-space. Let W = (wy,ws,...,wyn)? be the
normalized eigenvectors, (W, W) = 1, corresponding to the
eigenvalues X for the eigenvalue problem (7). Consider the
following eigenvalue problem

Ap = (B, + B2D1o p, £)0 = M7,
wi(t) = w-1(t),
tcRT.

Wy = WN+1 = O, (23)
wn+2(t) = wn (1),

To prove our main result, the following lemmas are in order.
Lemma 6. The following identity holds for (23),

—3r3 {4 (w1)® + 4 (wn)® + wiws + wNwN71>}

L (2wni1)® = BB (A, i)

N 2 2 | B%2p3?p N
+2h Y (62w;)” + B2
=1 3

2

70(mi) (24)
N
_Bzfgh?» <Ahm,m> + % ; (5§ml)2
M2 (A, ) + BEEE (iDy o i, Dy i) .

Proof. Multiply equation (23); by the multiplier

2ih?(D1e,pW); and sum over i from 1 to N.
2h2 ((Bh + B>D1c,n L)W, iD1c,p W) 25)

= 2h%\ (@, iD1c,p W) -
where the right-hand side can be written as

202\ (B, D1 e p @) = —Ah Z Wiw; 41 (26)

with a quick index shifting. Due to the followmg identity,

N 1 N
2 [
— Z witit1 = 5 Z (wig1 —wg)” — (W, d), (27)
=0 i=0
Y .
202\ (D, i D1 o, p 1) 7; (6,wi)* — A (0, @) . (28)

Since (B, @) = 3° |82w,|” - 2{s[* - 3"}, vy
(23) and (14), the follogvmg is immediate

A (15, ) = b (Buid, i) - ( B2LA5, Dye,n )

=h Z (82w:)” = A ((w1)* — (wy)?) (29)
+B2Ch <Ah’lﬁ, A}J?L) + BZPh g: (5tm1)2
i=0

Call the left-hand side of (25) as %(Sl + S3) where

S = 2h2 <Bhu7, ich,hw> s
5'2 = 2h2 <B2ch,h£,i1', ich,hU7> .

(30)
3D

First, we estimate % By (12); and (12)4

Tl = h4 Z (Aiwi - Aiwi—l) (Ayw; + Azw;_1)

- 7? Z Azszxwz + (N -+ 1) AinAIU}N
=0

N N
1 S A3 1 S A3
+F Z zAxwiAmwi_l — 734 Z ZAxwi_lew,;

i=1 i=1

2

N
1 A3
nr O 1AW Agw;

i=1

1 .
+,T4 Z zAiwiAxwi —

5]

N
1 S A3 1 TAS
+h7 5 zAxwi_lAIwi_l — 734 E zAwwi_lAwwi_l,
i=1 i=1

where the last two terms are added and subtracted.
Since Aiwz = Aiwi+1 — Ang,

Sl N N
_ 2 2 2 2
[ 1=0
N
2 N+1 3 <A 2 2
F2ED A3 wn Ay — 3 iA2w; 41 A2w;
=0

(N+1)

N
+E Y+ AZwn 1 AZwy

=0
2 R 2 2 N 2
=Tt Z AxwiAa:wi—l + Ba Z ALUJLA_LUJL
i=1 i=0

1) AﬁwiHAiwi —

N
2(N+1 1 2 2
=0

(N1

2 2
Asz+1AmwN.

Now use A2w; = A w; — Ayw;_1 to get

N
ST =2h Z ( wl) +h Z 62wi+1(53wi

—hs [(121)2 - (wN)QT : 2 (wn)®.

By adopting (27) again, this leads to

N 2 3 N 5
=0 =0 , (32)
4L (3)" = 5 ((w1)” = (wn)?)

To estimate the term %3 > (53101-)2 in (32), the following
i=0

<.

equality is needed first

h? 4, $2 B SN (3

LS Stwibiw, = =1 3 (62 wi)
1

75 (w1w2 — 4 (wr)?

Now, define the operator T by (Tw); := (B?D1enLw), so
that (T@, Api@) = 0. By this, (23), and (33),

(33)

=0
—4 (U}N)2 + ’LUNU}N_1> .
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Finally, by substituting this in (32),

S1= 3L (wn)? 4 30 S (82w;)?

1= =5 (wn)” +3 Z;)(wwl)

S (G)? — e (10 (un)? - (34)
2 . xW; 73 1 W1W2

-2 (UJN)2 — wNwN_l) .

Next, we estimate S>. By Lemma 2 and (14), i.e. D1cpW =
CApm + Pm, we have

Sy = —2B2h2 (L5, iD1ep(C Apiis + Piit)) .

Now, by the definition of J; in Lemma 2 and adopting
similar calculations from (26)-(27), this yields

N 2 N 2
(63m;)” — B2Ch Y (62my)

Sy =
z:]\} . =1 (35)
+B2Ph Y (3,m;)° — BB (my)?.
i=0
Then, using (29)- (31), (34), and (35), (25) reduces to
N N
4h > (62w,) — b3 > (0 )
=0 i=0
N
2 B Ch“"
+B Phg% (0 m,) ; ( ) (36)
= 4L (wy)? + ZPL (my)® — B2Ph Z (6,mi)?

i=0
_%(12 (w1)2 —4 (wN)2 — W We — WNWN—1)-

Next, multiply (14) by Qihz(ch,hﬁi)i and take the sum
from 1 to N to get

B2PL (

N N
PL (my)? = B2Ph'Y (6,mi)* + B2 S (5,m,)?

=0 i=0

B%pP?%h N 2 _ 2B%Ph? 4. - -
- Z:O(mi) — =5 (iD1¢,nW, D1c,pm) -
Now, substitute this in (36) to obtain (24). O

Lemma 7. For (23), \h = En v (t).

Proof. Since (@, w) = 1, multiply (23) by hw;, sum over %
from 1 to N, and use (14) and Lemma 2 to conclude. [

Remark 2. The identity A = E} gp(t) is true for the eigen-
solutions of Bp A = \w of (9).

Lemma 8. Let 0 > 0, be the numerical filtering parameter,
then for each \(Ap)h* € (0,4 — o), the following inequal-
ities hold true for the solutions of (23)

—ws)? wy—wy-1)?
(2w11h§1}2) + & U ) < Epmm (t),
(Apw,w) < 2.

(37)

Proof. First note that from Lemma 2, J}, is non-positive by
a quick calculation, it can be shown that

(Ap@, Ap@) < <Ahw w> = X (@, D) . (38)
Since the eigenvectors of (23) are normalized, we have

~ N
A > ||Apd]|2 = 3 62w; - 62w;. Multiply both side by 2 to
=1

obtain ’\2h > Guiz w2) + CGun T D . Next, use Lemma-

7, and apply the boundary conditions in (23) to obtain (37);.
Since (Apw,w) < ||Ap||, by Gershgorin’s Circle Theorem
[10], for any Strictly Diagonally Dominant (SDD) matrix,
IN(An)| < ||An]|so. Thus, A(Ap)h? < 4 — o. Finally, the
conclusion (37), follows immediately. O

We can now state the main result.

Theorem 9 (Spectral Observability). Let B be small such
that B < 1, 2C > Ph? and 4B?L*P << C(2C — Ph?),

4
ensuring WLPI;) > 0 is small. Choose the numerical

filtering parameter o € B2BL2LJ,2-C + 0212% L;IZZ)A). For
o 2B%L? 2B2L*P
0 < < = - — , 0 < <
S ST Byo C(2C — Ph?) S <
>0
2C — Ph? <
—r since \(Ayp) € (0,4—0), there exists a constant
———
>0
§gh e
R(h) = 22 L2+LC+ z 2 > 0 (as h — 0) such that

the following estlmate holds

N
‘ﬁ > R(h) Epaa (0).

Proof. First, apply the generalized Young’s inequality with
& > 0 to majorize the left-hand side of (24) in Lemma 6,
and use Remark 2 to obtain

2 P 2
% ((5in+1)2 + ﬁ {(15511) + (211)1—211)2) &1 + (u;gl)
— 2
+M} 75 ((w1)? + (wn)?)
2 2 .
_B’Ph (iD1e,nW, D1e,pm) > 2Ey gi (t)

C
553 oL 2 22,3 .
,%(Ahw,w>+ (BQPh . chh )(Ahm,m>.

(39)

By the symmetry of the eigenvalue problem (23)), (w;)? =
(wn)?. Now, use Lemmas 7, 8 to obtain

2 2. — -
~& gh <ZD1c rW, D1 hm>

(5t — ) (Punn)’ 2 2Bs ()

40
(&2 + 137) Buanae (1) 40
+ B2Ph_BfCh ><Ah7ﬁ,’lﬁ>.

Since Nh < L, apply generalized Young’s inequality with
& > 0 and Lemma 4 to obtain

B2Ph? . = =
—TC <71D1c,hwa ch,hm>

N

|2 2pPh Sy (2

= BQ(,{DghL 21 |(D1c,hw)i| + BPhLE, ZCL& § . |(D1c,hm)i|
iz

2
< BBLY B, () + ZERES2 (A, i)

Substituting this in (40) and using Theorem 5 gives
L
(2 + 851) (6 wNH)
3
> (* + Bzi%c BCZ,L,L & - 2) Ep v (t)

B?Ph _ B?P2%p® B?PhLé&sy I
+< = e — —5E (Apm,m) .

2

. 2
Since ‘(5ng+1’ 4|“’N , use Lemma 3, and choose
&1,& as in the theorem to obtain (39). O
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A. Numerical Experiments

To validate our theoretical findings, we consider a com-
posite structure consisting of PZT-silicone, rubber, and alu-
minum layers, arranged from bottom to top, with dimensions
L =1,m, hy = hg = 0.1m, and hy = 0.03m. The filtering
parameter is set within ¢ € (0.1,4), and the corresponding
parameters are calculated as B ~ 0.09, C' ~ 0.7, and
P ~ 5.4 x 10~2. For more details, see [2].

Table I shows the effect of increasing /V with a fixed filter-
ing parameter o = 2.75. As IV increases, more eigenvalues
are retained, improving numerical accuracy. For N = 20 (40
eigenvalues), 16 are retained, and 24 are filtered out. As N
grows, more eigenvalues are retained.

[1]

[2]

[3]

[4]

[6]

Filtering par. # of total # of retained | # of filtered
o <4 e-values=2 N e-values e-values
2.75 40 16 24
2.75 80 30 50
2.75 160 60 100

[7]

[8]

TABLE I: Increasing N with a fixed o increases the number
of retained eigenvalues.

Table II highlights the relationship between the desired
number of retained eigenvalues and the corresponding filter-
ing parameter o. To retain 20 eigenvalues as /N increases,
o must be reduced. For example, with 40 total eigenvalues,
o = 3.97 is needed, while for 160 eigenvalues, o must be
reduced to 0.6.

Desired # of e-values Total # of # of filtered | o < 4
to be retained e-values=2 N e-values
20 40 20 397
20 80 60 1.97
20 160 140 0.6

TABLE II: Adjusting o to retain 20 eigenvalues as N
increases.

IV. CONCLUSIONS & FUTURE WORK

Key conclusions include the alignment of the smallness
assumption for B in Theorem 9 with findings in [2], high-
lighting the importance of large shear in the middle layer
for improved damping. The filtering parameter o is critical
for uniform spectral observability. As ¢ — 4, only low-
frequency eigenvalues are retained; as o — 0, insufficient
filtering compromises observability as h — 0. Therefore,
appropriate filtering is essential to eliminate spurious high-
frequency eigenvalues. Increasing the number of nodes N
and applying suitable filtering is recommended to retain high-
frequency modes without sacrificing accuracy.

Proving uniform spectral observability paves the way
for our next goal of establishing uniform exact boundary
observability of the reduced model of (1) as h — 0. Using
the discrete multiplier approach and Haraux’s theorem, we
aim to achieve uniform observability as h — 0 for arbitrarily
small observation times [7], inspired by [1].

The methodology developed in this paper is also being
applied to a more complex three-layer beam model in [15],
which includes additional wave equations [8].

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]
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