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Displacement-Based Formation Control with Measurement Noises
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Abstract— Multi-agent formations have many practical ap-
plications. Measurement noises are inevitable in multi-agent
formations, in which, however, the existing results mainly focus
on special types of noises, and the analytical discussion on
the effect of general noises is challenging and remains open.
This motivates us to study the effect of stochastic measurement
noises on displacement-based multi-agent formations, which
are described by a general form of stochastic processes with
finite second-order moments. First, for the case of unbiased
measurement noises, a sufficient and necessary condition is
derived for the existence of solutions in the stochastic dynamics
of multi-agent formations. Then, several statistical features and
convergence of formation errors are analyzed. In particular,
for the case of unbiased measurement noises described by
zero-mean wide-sense stationary processes, an upper bound on
the mean square convergence of formation errors is obtained.
Finally, we demonstrate the effectiveness of our theoretical
results through a simulation example.

I. INTRODUCTION

Recently, formation control has been extensively studied
in the research community of multi-agent systems (MASs)
due to its wide applications [1]. The goal of formation
control is to coordinate the movement of multiple agents,
such as robots and drones [2], to achieve a desired rela-
tive spatial configuration or prescribed geometric shape for
agents’ positions [3]. Various strategies have been proposed
to solve the formation control problem, such as leader-
follower approach [4], virtual structure approach [5], and
behavior-based approach [6], in which as one of behavior-
based control approaches, consensus-based displacement for-
mation control has been widely studied due to its high
flexibility and robustness [7]. In addition, several types of
constraints have been utilized to describe the geometric shape
of multi-agent formations, including displacement constraints
[8], distance constraints [9], bearing constraints [10] and
angle constraints [11], [12]. It is noteworthy that a desired
formation described by displacement constraints can not only
ensure fixed orientation and scale of the formation, but
also easily guarantee global convergence of the formation.
Therefore, due to the above two aspects, it is valuable to
further investigate the formation control problem by using
the displacement-based approach.
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For the existing works on formation control, most of them
consider that the system states or measurements are deter-
ministic signals [9], [12], [13]. However, in engineering prac-
tices, stochastic noises are inevitable which can be caused
by a variety of factors, such as environmental disturbances,
electrical noises, and mechanical vibration [14]. It is worth
noting that the existence of even unbiased stochastic noises
can make a stable deterministic system become unstable, see
the examples in [15, Chapters 11.1 and 11.2]. Therefore,
it is also important to investigate the effect of system or
measurement noises on multi-agent formations. The work
[16] studies the displacement-based multi-agent formation
control problem, in which each agent’s dynamics are con-
sidered as a stochastic differential equation. This study
employs Wiener processes (normally distributed processes)
as stochastic noises in the agents’ dynamics, where these
noises are not strictly differentiable in the mathematical sense
[17]. Distributed formation control of discrete-time MASs
with measurement noises is investigated in [18], in which
each agent can measure inter-agent relative distances subject
to zero-mean measurement noises with fixed variances. By
using an adaptive estimator-based formation control law, the
mean square formation errors have an upper bound in [18],
in which other statistical properties of the formation errors,
such as autocorrelations and autocovariances of formation
errors, are not discussed. In addition, for the consensus
problem of continuous-time MASs, consensus conditions
under the existence of measurement noises are derived in
[19]. It is worth mentioning that the results presented in
[19] assume that the measurement noises in the inter-agent
displacements are independent Gaussian white noises. In
practice, the measurement noises may not be described by
one special type of stochastic noises, but a more general form
whose probability distribution is time-varying. In such case,
due to the time-varying property of the noises’ distribution,
it is challenging to directly derive the relevant statistical
properties and convergence of the formations, which has
not been adequately investigated in the existing literature.
Thus, the displacement-based formation control problem in
the presence of general stochastic noises is worthy of further
investigation.

Motivated by the aforementioned discussions, this paper
aims to investigate multi-agent formation control problem
utilizing inter-agent displacement measurements that are
subjected to stochastic noises represented by a general form
of stochastic processes with finite second-order moments.
Specifically, we consider a class of noises, namely un-
biased (zero-mean) noises. To achieve the desired multi-
agent formation, the consensus-based strategy is employed
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to design a distributed control law by using inter-agent
displacement measurements. The main contributions of this
paper are summarized as two aspects. Firstly, a sufficient
and necessary condition is derived for the existence of a
non-trivial solution in the stochastic dynamics of multi-agent
formations with unbiased measurement noises, in which the
stochastic noises are described by zero-mean stochastic pro-
cesses with finite second-order moments. Secondly, the sta-
tistical features including the mean values, autocorrelations
and autocovariances of the formation errors are derived, and
the convergence of the formation errors is further analyzed.

The rest of this paper are organized as follows. Section II
introduces some basic mathematical knowledge and problem
formulation. Section III discusses the case of displacement-
based formation control in the presence of unbiased measure-
ment noises. A numerical simulation is provided in Section
Iv.

II. PRELIMINARIES

Notations: Let E{-} denote the mathematical expectation
of a stochastic vector or matrix. Let I,, be the identity matrix
with dimension n, and 0,,x, denote the zero matrix of m
rows and n columns. Denote 1, = [1,...,1]T € R" and
0, = [0,...,0]" € R". Let sup {-} denote the supremum of
the set. Let ||-|| represent the Euclidean norm and T denote
time domain described by {¢ : 0 < ¢ < oo}, respectively. Let
® denote the Kronecker product. For two symmetric matrices
Xand Y, X XY (resp. X < Y) represents ¥ — X is a
positive semidefinite (resp. positive definite) matrix.

A. Graph theory

Consider a multi-agent system consisting of N agents,
which are labeled from 1 to N. An undirected graph G =
(V, ) is used to describe the measurement topology among
the agents, where V = {1,2,..., N} is the vertex set with
agent i represented by vertex i, and £ C V x V is the
edge set with the displacement measurement between ¢ and j
represented by (4, 7). Denote |£| as the number of edges in G.
Let N; ={j €V: (i,j) € E,i # j} represent the neighbor
set of agent 4. The adjacency matrix A = [a;;] € RV*N of
G is defined as a;; = 1 if (j,4) C &, and a;; = 0, otherwise.
The indegree matrix of G is defined as D = [d;;] € RN*N
where d;; = JeN; Qi and d;; = 0 for ¢ # j. The Laplacian
matrix of G is defined as L £ D — A. The incidence matrix
H = [h;j] € RNXIEl is related the vertices to the edges,
where the entries with arbitrary edge orientations is given
by h;; = 1 if the j-th edge sinks at vertex 7, h;; = —1 if
the j-th edge leaves vertex ¢, and h;; = 0, otherwise. In this
paper, we consider the measurement graph as an undirected
graph G, in which one has L = HH " [20].

Lemma 1 ( [20]): A connected and undirected graph G
satisfies the following two properties

1) The matrix L = HH " is positive semidefinite with a

single zero eigenvalue.
2) The matrix H ' H is positive definite if the graph G
has no cycles.

B. Stochastic processes

Definition 1 ( [21]): Consider a stochastic process
{v(t) eR,t €a,b],0<a<b< oo} which satisfies
E {v%(t)} < oo, and a deterministic function h(z,t) € R,
where z € R is a parameter. The stochastic process is said
to be integrable in mean square sense (m.s. integrable) if
the following equation holds

2
n
li E - Nu(tAL| b = |
maxlAr?iaO ¢(Z) Z;h(zatz)y(tz) tz 0, ()
where At; =t — t for #F € [t tin],

{tiefa,b]:a<t; <tiy1 <b,1<i<n} and P(z) is a
function of z. In addition, we denote the stochastic integral
as ¥(z) = [V h(z,m)v(r)dr.

Definition 2 ( [21]): A stochastic process
{v(t) eR,t€a,b,0<a<b< oo} is called wide-
sense stationary(W.S.S), if its mean E {v(¢)} is constant,
and its autocorrelation E {v(t1)v(t2)} only depends on
At =ty — t1, where t1,ts € [a, b].

Lemma 2: [21, Theorem 9A-3] The stochastic process
{v(t) e R,t €[a,b],0 <a<b< oo} is m.s. integrable, if
and only if

b b
/ / E {v(t1)v(ts)} dt1dts < 0o, @)

C. Problem formulation

For an N-agent formation, we consider that its measure-
ment graph G is connected and undirected without cycles.
The agents’ dynamics are described by a single integrator
model

pi(t) = wi(t), i=1,.,N 3)

where p;(t) € R? is the position of agent i in a 2-D plane,
and u;(t) € R? is the control input of agent i.

Assume that agent 7 can only measure inter-agent displace-
ments subject to measurement noises, i.e.,

yii(t) = pji(t) + &i(t), “4)

where y;;(t) € R? is the measured displacement of agent
j with respect to (w.rt.) agent i, p;;(t) = p;(t) — p;(t)
denotes the real displacement of agent j w.r.t. agent ¢, and
§i(t) = [£5:(1), ;’l(t)]T € R? is the measurement noise
associated with the edge (7, ¢). In this paper, we consider that
the measurement noises in = and y directions are mutually
independent, and the second-order moments of {7; (t) and
Y.(t) exist for any (j,i) € £ and t € T, ie., E{(£F;(t))*} <
oo and E {(€%(t))%} < oo.

According to the displacement-based formation control
algorithm [22, Eq. (4.23)], the displacement-based formation
controller under the measured noisy displacements (4) can

be described as
ui(t) = —a Z (y5i(t) — 05i), S)
JEN;

where o € RY is a control gain, and dji € R? is the desired
constant displacement of agent ¢ w.r.t. agent j. Based on
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[23, Theorem 3], if the undirected graph G is connected,
there exists §; € R? and §; € R? such that §;; = &; — §;
for all (¢,j) € £. Define the formation error of agent i as
Pi(t) 2 pi(t) — &;. Then the formation errors’ dynamics can
be written as

pi(t) =« Z (; (1) — pilt) + &5i(t)). (6)
JEN;

The aim of this paper is to investigate how the multi-
agent formation governed by (6) evolves under two types
of stochastic measurement noises, namely unbiased noise
with E{;;(t)} = 0 for any ¢t € T and biased noise with
E{&;i(t1)} # 02, 3t; € T. We will discuss these two cases
respectively in the following two sections. Particularly, the
statistical features and convergence of the formation errors
will be our interests.

III. FORMATION CONTROL WITH UNBIASED
MEASUREMENT NOISES

First, we denote edge (i,j) € &£ as the k-th edge in the
measurement graph G, where £k = 1,2,...,|€|. Then, the
displacement measurement y(¢) can be rewritten as

ye(t) =pi() + & (@),  k=12..[E. (D
The statistical features of & (t) are selected as

pe, () 2E{&®)}, teT
Re, (t1,t2) 2 E{&(t)&] (t2)} tite €T

Qe (t1,2) 2 E{ (€x(t2) = pe, (1)) (€0 (t2) — e, (¢2)) }
®)

where pg, (t) € R? is the mean value of & (¢), and
Re, (t1,12) € R**% and Qg¢, (t1,t2) € R?*? are the autocor-
relation and autocovariance matrices of & (t) between time
instants ¢; and %o, respectively.

A. Statistical properties of formation error dynamics (6)

We consider that the measurement noise & (t) satisfies the
following assumption.

Assumption 1: For any k = 1,2,...,|€|, each element
of the measurement noise {&;(t),t € T} with finite second-
order moment satisfies the following conditions

1) ,ugk(t) = 0o, vt € T,

2) R&k (tl,tQ) # 0240, dt1,t9 € T.

3) E{&n(t)&r ()} = 0axa, m # n, myn =
1,2,..., &l

Since &f(t) and &J(t) are independent, we have

RE (t1,t 0
|:ka (tla tQ) 0
0 ng (t17 tQ)
ng (t,t) are variances of the measurement noises in  and y
directions, respectively. In addition, if p¢, (t) = 02, we have

Qe (t1,t2) = Re, (t1,t2). )

Remark 1: 1t is worth mentioning that Assumption 1 is
more general than those assumptions in most existing works

} When t = t; =ta, Qf, (t,¢) and

where the stochastic noises are independent or uncorrelated
between two time instants, such as Gaussian white noises.
d

Define p(t) = [p(®)7,...pn@07]", &) =
G, e T L2 LRIy, and H £ H® L. We
can obtain the overall formation error dynamics

p=—alp(t) — aHE(). (10)

According to Assumption 1, the measurement noise ()
satisfies the following statistical properties

pe(t) £ E{E(1)} = 0gy¢),
Re(t1,t2) £ E{E(t1)E" (t2)}

Re, (ty,t2) -+ 0 (11)

0 R&\s\(tlatQ)

Now we present the following conclusion.

Lemma 3: Consider that the multi-agent system (3) is
controlled by (5), Assumption 1 holds, and the graph G is
connected and undirected. The overall formation error dy-
namics (10) exists a non-trivial solution in mean square sense
if and only if all the 2-by-2 block diagonal submatrices of
the matrix lim fg fot e O LE=IH Re (s, 1)H T e~ £ (=D dsdl
exist, in which each block submatrix belongs to R2*2
Moreover, if there is a solution, then this non-trivial solution
can be written as

t
p(t) = e *Ep(0) —a [ e DU (YA (12)

Proof: Note that if £(t) (i)s a deterministic signal, it is
straightforward that the solution of (10) can be written as
(12). However, this is not the case for the stochastic process
{&(t),t € T}. To ensure the existence of solutions in mean
sqtuare sense for (10), it must hold that the stochastic integral

0 e‘“ﬁ(t_T)Hf(T)dT exists in mean square sense on T, i.e.,
the stochastic function e=**(*=7)2{¢(7) is m.s. integrable on
T.

For simplicity, we define

o(t,7) & e k=T

t 13)
o2 [ ereran (

Then the stochastic integral 7)(¢) can be further derived as

| Pt ) g (t,7) 1(7)

n(t) = : : Co|ar
0 Dyi(t,T) Dyig(t, 1)) [€e)(T)
s |
fO (;1 q)lj(t77—)§j(7—)> dr

. (€] . |
I (__1 Dt T)éj(ﬂ) dr
] ] (14)
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where ®;;(t,7) € R?*? represents the i-th row, j-th
column, and 2-by-2 submatrix of ®(¢t,7), 1 < i < N
and 1 < j < |£]. To show that the i-th subvector

fo (Zlgl Dyt T)éj( )) dr of 7(t) exists in mean square

sense for any ¢ = 1,...,N, according to Lemma 2 and
Assumption 1, we can obtain that
| €] '
/ / D0t o) | | Lest0g | aw
j=1
€]
// Z%HE{@ (O} @L(t,1) | dsdl
€]
/ / Z(I)” (t,8)Re, (s, )@/ (t,1) | dsdl.
15)

Note that the ¢-th 2-by-2 block diagonal submatrix of
O(t,s)Re(s, DT (t,1) is S @y(t, 8)Re, (5. ) @] (1,1).
Therefore, according to Lemma 2, the subvectors of stochas-
tic integral 7(¢) exist in mean square if and only if (15)
exists for any 1 < i < N when ¢ — oo. This condition is
equivalent to that all the 2-by-2 block diagonal submatrices
of the matrix lim fo Jy ®(t,s)Re(s,)®T (t,1)dsdl exist. O

Based on Lemma 3 and result in Fubini’s Theorem [24],
the mean value and autocorrelation of 7)(¢) can be derived as

palt) £ E{n(t)} = [ 8(0.7)uc(r)dr = .
L E{n(t)n ' (t2)}

t1 to (17)
:/ / ®(t1,8)Re(s,1)® " (to,1)dsdl.

0 0

Before further discussing statistical properties of the non-
trivial solution p(t), we give the following assumption.

Assumption 2: The initial formation error $(0) € R?V is
a multivariate stochastic variable, where each element of p(0)
is uncorrelated with every element of £(¢) for any ¢ € T.

Based on Lemma 3, we can obtain the following theorem
on statistical properties of the non-trivial solutions p(t).

Theorem 1: Consider that the multi-agent system (3) is
controlled by (5) and the graph G is connected and undi-
rected. If Assumptions 1, 2 and the condition stated in
Lemma 3 hold, the mean value, autocorrelation and auto-
covariance of p(t) can be described as

2 E{i(t)} = e %',
2E{p(t)p" (t2)}
= eiaﬁthﬁo eiaﬁtz + Oé2Rn (tl, tQ),
Qaltr,t2) 2 E{(B(tr) — pp(t1)) (3(t2) — p15(t2)) " }

_ e—a[,f/l Qﬁoe_o“ctz + Oéan(th t2)a

(16)

Rn (tl’ t2)

5 (t) (18)

Rj(t1,t2) (19)

(20)
where po = E{p(0)}, Rz, = E{p(0)p"(0)}, and Qp, =

B { (5(0) — 5o) (5(0) — )"

Proof: Combining (12) and (16), one has that the mean
value of p(t) can be rewritten as y;(t) = E {e~***p(0)} —
apy(t) = e *Fpy. Since each element of p(0) and every
element of £(t) are uncorrelated, p(0) and 7(t) are uncorre-
lated for any ¢t € T. Then we have

E {p(0)n" (t)

Next, the autocorrelation of p(t) between ¢; and ¢5 can be
derived as

Rp(t1,t2)

} = Poy) () = Oanxon. Q1)

_ e—aLtlE {ﬁ (0 }e—a£t2
—ae _O‘“lE{p( )}u;(tz)
— apy(t)E {p } )} e okt
+a®E {n(t)n" (t2)} -

By substituting (16) and (18) into (22), the autocorrelation

Rj(t1,12) can be derived as (19). Furthermore, similar to the

above calculations, the autocovariance of (Q)5(1,t2) can be

obtained as (20). O
Based on the above theorem, we now further discuss the

convergence of p(t).

Corollary 1: Consider that the multi-agent system (3)
is controlled by (5) and the graph G is connected and
undirected. If Assumptions 1, 2 and the condition stated in
Lemma 3 hold, one has the following conclusions

(22)

1) For all pg, the mean values of the agents formation

errors reach consensus, i.e., lim H/‘Lﬁi ,up7 || =
t—o0

0, where j,¢ € V. Furthermore, the desired

formation is achieved in mean sense, 1i.e.,

Jim [[E {pyi(t) — 8;:1] = 0.

2) If limy_,o R, (t,t) exists, the variances of the forma-
tion errors in x and y directions converge to constant
values when ¢t — co.

Proof: From (18) in Theorem 1, the mean value y;(t) can
be regarded as a solution of one deterministic consensus sys-
tem described by f15(t) = —Lp;(t), in which its initial state
15(0) equals po. According to the result in [25, Lemma 1], it
is straightforward to obtain that flggo |3, () = i, (8] = 0,
where j,i € V. Furthermore, we can get

A a5, () = pp, (1)

= lim [[E {p:(1)} — E{p;(t)} -

= M [[E {p;i(t) — d;i}[| = 0.
Since the autocorrelation R, (t1,%2) is a positive semidef-
inite matrix, if lim,, . R,(¢,t) exists, we can obtain that
tlin)lc R,(t,t) < R,Isn, where 0 < R,, < co. From (20), it
can be further derived that

lim Qp(t,t) < lim (e ' Qp.e” ") + @R, Ion

1
- N2

jill (23)

12N12NQP012N12N + « R IQN
(24)

We can see that all the 2-by-2 diagonal submatrices
of Q;(t,t) converge to constant matrices when ¢t — oo.
Therefore, we can conclude that the variances of formation
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errors in x and y directions converge to bounded constants
as t — oo. U

B. A special class of unbiased measurement noises

In some situations, the statistical properties of displace-
ment measurements remain invariant over time, and keep
uncorrelated with the measuring time instants. Thus, we
consider that the unbiased measurement noise £(t) satisfies
the following assumption.

Assumption 3: For any k = 1,2, ..., |€|, the measurement
noise {&(t),t € T} is W.S.S, and satisfies the following
conditions

D) e, (t) =09, vVt €T,
2) R (At) £ ]E{fk (t+ AN (¢
0 < R, (0) < o0,
3) E{&n(E () =
2,.., €|

For this scenario, we present the following theorem.

Theorem 2: Consider that the multi-agent system (3) is
controlled by (5) and the graph G is connected and undirected
without cycles. If Assumption 3 holds, the overall formation
error dynamics (10) exists a non-trivial solution in mean
square sense, whose form is the same as (12).
Proof: Firstly, the autocorrelation R, (¢,t) can be obtained
as

t ot
//efaﬁ(tfs)HRg(s,l)’HTefo‘E(t*l)dsdl
0

t ot
— ¢ okt ( / / e"‘LSHRg(s,Z)HTe“UdsdQ e Okt
< R ( —oc,Ct (/ / Oc,CsHHT aﬁldel) —alt

(25)

)} = Re, (0)I,, where

0242, m #* mn, mmn =

where R¢(0) £ sup; i< |g| Re, (0). According to Lemma 1,
since matrix H " H is positive definite, we can get

t t
/ / e LIHH T e Fldsdl

— / / CCHHTH (HTH) " H T HH e“Cldsdl
0 0

N (ea[,t _ I2N) w (eaﬁt

0[2 IZN) )

(26)

where W £ H ('HTH)72 HT € R2V*2N Then substituting
(26) into (25), when ¢ — 0o, we can obtain that

t gt
1im/ / e LAY R (s, )H e =D dsdl

t—o0 0

R O —Q —Q
< HeO) 1, ey W (1 — o)
Re¢(0) 1 1
- 22 (12N — N12N12TN) 4% <12N - N12N1;N) :
27
If Assumption 3 holds, we have f"'g(f) < o0. There-

fore, based on Lemma 3, the condition that the matrix

lim R,(t,
t—o0 .
of p(t) in mean square sense. [J

Substituting (27) into (24), we can straightforwardly obtain
a deterministic upper bound of Q;(t,t) when ¢t — oo, which
is omitted here. Furthermore, according to Corollary 1 and
Theorem 2, we can conclude that the mean square formation
errors exist deterministic upper bounds.

t) exists is a sufficient condition for the existence

IV. NUMERICAL SIMULATION

In this section, we will give a numerical simulation for
multi-agent formation control with measurement noises. We
consider an MAS consisting of 4 agents, and denote edges
{(1,2),(1,3),(1,4)} as &;,&s,E3, respectively. The corre-
sponding measurement topology G is shown as Fig. 1.

Fig. 1: Four agents’ measurement topology G

We consider the unbiased measurement noise & (t) =

F’?(t)] as {Ai cos (wict + W‘C)} where A, = [A",’;/’,AZ]T €

&) ™ [abcos (wht + )
R? and wp = [w,f,wg]—r € R? are constant vectors for

1 < k < 3. In addition, v, = [YZ,¢Y] € RZ is
the 2-variate stochastic variable, where )7 and ¢} are
mutually independent, and both of them obey the uniform
distribution, ie., ¢} ~ U(—n,7) and ¢} ~ U (—m,m).
Then, the mean value and autocorrelation of & (t) can
be derived as pg, () = 02 and Re (t,t + At) =

l(Az)Z cos (Wi At) 0

0 (Az)2 Yy

=5 cos (w At)
sults, the measurement noise £ (t) is W.S.S for any k, which
satisfies Assumption 3.

We set A; = [16,16]", Ay = [18,18]", A3 = [20,20] T,
and w; = wy = wz = [2.5m,27|". The desired forma-
tion is described by 612 = [5,—5]", §13 = [-5,-5]T,
814 = [0,—10]T,. The initial positions are given by p(0) =
[0,2531,25082,2503,0,0,2584,0] T, where 3; denotes the
stochastic variable, in which they are mutually independent
and obeyed the Gaussian distribution for ¢+ = 1,2,3,4, i.e.,
Bi ~ N (1,0.01). The control gain is given by o = 0.05.
This simulation is performed independently 500 times with
the same parameters.

The four agents’ probabilistic trajectories are shown as
Fig. 2a. In addition, the corresponding expected trajectories
of the agents and expected formation errors in terms of inter-
agent displacements over these 500 experiments are shown
as Fig. 2b and Fig. 3a, respectively. The norm values of
autocovariances of P (t) are shown as Fig. 3b. In addition,
we can see that the variances of all agents’ formation errors
converge to a bounded domain, which is consistent with
Theorem 2.

. From the above re-
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Fig. 2: Trajectories of four agents under the existence of unbiased
measurement noises over 500 experiments, in which the black
dotted lines represent the desired formation

I
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N — s = =
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(b) Autocovariances

Fig. 3: Statistical features of formation errors under the existence
of unbiased measurement noises over 500 experiments

V. CONCLUSIONS

This paper has studied the multi-agent formation control
problem by using displacement measurements subject to the
stochastic noises. A sufficient and necessary condition has
been derived for the existence of non-trivial solutions in
the stochastic dynamics of multi-agent formations, in which
the stochastic noises have finite second-order moments. The
corresponding statistical properties and the corresponding
convergence of formation errors have been analyzed in mean
square sense. Specifically, for the case of the stochastic
noises described by zero-mean wide-sense stationary pro-
cesses, the existence of non-trivial solution in the stochastic
dynamics with these noises has been analyzed, and the
upper bound has been derived for the autocorrelation of
these noises’ stochastic integrals. In the future, formation
control of MASs subjected to biased measurement noises is
an interesting problem we want to study.

REFERENCES

[1] L. Chen and Z. Sun, “Globally stabilizing triangularly angle rigid
formations,” IEEE Transactions on Automatic Control, vol. 68, no.

[5]

[6

=

[8]

[9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25

5176

2, pp. 1169-1175, Feb. 2023.

L. Chen, J. Xiao, R. C. H. Lin and M. Feroskhan, “Angle-
constrained formation maneuvering of unmanned aerial vehi-
cles,” IEEE Transactions on Control Systems Technology, doi:
10.1109/TCST.2023.3240286.

K. K. Oh, M. C. Park, and H. S. Ahn. “A survey of multi-agent
formation control.” Automatica, vol. 53, pp. 424-440, 2015.

L. Chen, J. Mei, C. Li and G. Ma, “Distributed Leader-Follower Affine
Formation Maneuver Control for High-Order Multiagent Systems,”
IEEE Transactions on Automatic Control, vol. 65, no. 11, pp. 4941-
4948, Nov. 2020.

T. H. van den Broek, N. van de Wouw, and H. Nijmeijer, “Formation
control of unicycle mobile robots: a virtual structure approach.” Pro-
ceedings of the 48h IEEE Conference on Decision and Control (CDC)
held jointly with 2009 28th Chinese Control Conference, Shanghai,
China, 2009, pp. 8328-8333.

T. Balch and R. C. Arkin,“Behavior-based formation control for
multirobot teams,” IEEE Transactions on Robotics and Automation,
vol. 14, no. 6, pp. 926-939, Dec. 1998.

J. Mei, W. Ren, Y. Song. “A unified framework for adaptive leaderless
consensus of uncertain multiagent systems under directed graphs.”
IEEE Transactions on Automatic Control, vol. 66, no. 12, pp. 6179-
6186, 2021.

H. G. de Marina, “Maneuvering and robustness issues in undirected
displacement-consensus-based formation control,” IEEE Transactions
on Automatic Control, vol. 66, no. 7, pp. 3370-3377, July. 2021.

M. Cao, C. Yu, and B. D. Anderson, “Formation control using range-
only measurements,” Automatica, vol. 47, no. 4, pp. 776-781, 2011.
S. Zhao and D. Zelazo, “Bearing Rigidity and Almost Global Bearing-
Only Formation Stabilization,”/EEE Transactions on Automatic Con-
trol, vol. 61, no. 5, pp. 1255-1268, May 2016.

L. Chen, K. Cao, L. Xie, X. Li and M. Feroskhan,“3-D Network
Localization Using Angle Measurements and Reduced Communica-
tion,” IEEE Transactions on Signal Processing, vol. 70, pp. 2402-2415,
2022.

L. Chen, M. Cao and C. Li, “Angle Rigidity and Its Usage to Stabilize
Multiagent Formations in 2-D,” IEEE Transactions on Automatic
Control, vol. 66, no. 8, pp. 3667-3681, Aug. 2021.

L. Chen and M. Cao, “Angle rigidity for multi-agent forma-
tions in 3D, IEEE Transactions on Automatic Control, doi:
10.1109/TAC.2023.3237799.

M. Huang , J. H. Manton, “Coordination and consensus of networked
agents with noisy measurements: Stochastic algorithms and asymptotic
behavior,” SIAM Journal on Control and Optimization, vol.48, no.1,
pp. 134-161, 2009.

V. Mackevicius, Introduction to stochastic analysis: integrals and
differential equations. John Wiley & Sons, 2013.

V. Mwaffo, P. DeLellis and J. S. Humbert, “Formation control of
stochastic multivehicle systems,” IEEE Transactions on Control Sys-
tems Technology, vol. 29, no. 6, pp. 2505-2516, Nov. 2021.

Z. Wu, “Stability criteria of random nonlinear systems and their
applications,” IEEE Transactions on Automatic Control, vol. 60, no.
4, pp. 1038-1049, Apr. 2015.

Y. Liu and Z. Liu, “Distributed adaptive formation control of multi-
agent systems with measurement noises,” Automatica, vol. 150, pp.
110857, 2023.

X. Zong, T. Li, and J.-F. Zhang, “Consensus conditions of continuous-
time multi-agent systems with time-delays and measurement noises,”
Automatica, vol. 99, pp. 412-419, 2019.

D. V. Dimarogonas and K. H. Johansson, “Stability analysis for multi-
agent systems using the incidence matrix: Quantized communication
and formation control,” Automatica, vol. 46, no. 4, pp. 695-700, 2010.
A. Papoulis and S. U. Pillai, Probability, random variables and
stochastic processes. New York: McGraw-Hill, 2002.

F. Chen, and W. Ren. “On the control of multi-agent systems: A
survey,” Foundations and Trends® in Systems and Control, vol. 6,
no. 4, pp. 339-499, 2019.

D. V. Dimarogonas and K. J. Kyriakopoulos, “A connection between
formation infeasibility and velocity alignment in kinematic multi-agent
systems,” Automatica, vol. 44, no. 10, pp. 2648-2654, 2008.

F. C. Klebaner, Introduction to Stochastic Calculus with Applications.
London, U.K.: Imperial College Press, 1998.

R. Olfati-Saber, J. A. Fax and R. M. Murray, “Consensus and Cooper-
ation in Networked Multi-Agent Systems,” Proceedings of the IEEE,
vol. 95, no. 1, pp. 215-233, Jan. 2007.



