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Abstract—1In this paper, we investigate the problem of
controlling multiple unmanned aerial vehicles (UAVs) to enclose
a moving target in a distributed fashion based on a relative
distance and self-displacement measurements. A relative localiza-
tion technique is developed based on the recursive least square
estimation (RLSE) technique with a forgetting factor to estimates
both the “UAV-UAV” and “UAV-target” relative positions. The
formation enclosing motion is planned using a coupled oscillator
model, which generates desired motion for UAVs to distribute
evenly on a circle. The coupled-oscillator-based motion can also
facilitate the exponential convergence of relative localization
due to its persistent excitation nature. Based on the generation
strategy of desired formation pattern and relative localization
estimates, a cooperative formation tracking control scheme is
proposed, which enables the formation geometric center to
asymptotically converge to the moving target. The asymptotic
convergence performance is analyzed theoretically for both
the relative localization technique and the formation control
algorithm. Numerical simulations are provided to show the
efficiency of the proposed algorithm. Experiments with three
quadrotors tracking one target are conducted to evaluate the
proposed target enclosing method in real platforms.

[. INTRODUCTION

Formation control has received extensive research attention
in recent years due to both its great potential in various
applications and theoretical challenges arising in coordination
and control schemes [1], [2]. In particular, enclosing a moving
target by a group of UAVs in formation has been investigated
in various scenarios, such as tracking radio-tagged animals
[3], providing external lighting in filming applications [4], or
tracking ground vehicles from the air [5], etc. The enclosing
task by formation involves cooperative control of multiple
vehicles maintaining a particular shape around the target based
on available measurements [6]. Efficient target enclosing is
challenging due to restricted on-board computation resources,
limited sensing capability, and the prerequiste of distributed
coordination techniques, efc.

Many existing works assume that the target position is
known or available to UAVs [7], [8]. Such an assumption
can simplify the tracking control design process. However, it
would lead to a restrictive framework that is not friendly to
some real-world applications, e.g., a GPS-denied environment.
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Fig. 1: Experiment of three UAVs (in blue circles) tracking
a moving target (in red circle).

To address this issue, UAVs are expected to achieve coopera-
tive control using local measurements from onboard sensors.
For example, relative position measurement-based approaches
have been studied in [9], [10]. However, the relative position
of the target is often not easy to obtain. Hence, it is preferred
to find a tracking control algorithm that depends on less sensor
knowledge. Compared with the relative position measurement,
the relative distance measurement is easier to acquire. Hence,
[11], [12] achieves the circumnavigation only using distance
measurements. In addition, [13] designs a tracking controller
that requires distance measurements between all UAVs with
respect to the target in elliptic coordinates. However, to the
authors’ best knowledge, it is still an open issue for the
moving target enclosing based on local relative distance
measurements.

Another important assumption made by most of existing
works in target enclosing is that all UAVs in formation are
capable of sensing the target. From a formation control
perspective, it implies that all UAVs have access to the
leader states. This assumption simplifies the cooperative
control efforts among UAVs, leading to impressive tracking
performance. However, it is a common scenario that only a
few of UAVs can perceive the non-cooperative moving target
due to a limited field of view. In these cases,a distributed
cooperative formation control is necessary for all UAVs, which
drives all UAVs simultaneously to enclose a target [6].

For efficient target enclosing, it is reasonable for UAVs
flying in a time-varying formation [14]. In time-varying
formation flight, the formation patterns or shapes are expected
to transform dynamically for dealing with complex tasks,
for example, passing through narrow areas by reducing the
relative distance [7], or adjusting the distributed binocular
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system for better observation of target by affine behaviors [13].
More importantly, time-varying configurations are appropriate
to some applications where the number of UAVs in formation
could dynamically change due to the loss of some UAVs or
addition of new members. Hence, a time-varying formation
control is necessary for efficient target enclosing [15]-[17].

In this paper, the moving target enclosing problem is
investigated in terms of multiple UAVs based on distance and
displacement measurements. The moving target is expected to
be enclosed by a circular time-varying formation and tracked
by the geometric center of the formation. The contributions
are summarised in threefold:

1) A desired enclosing pattern planning module is proposed
based on a coupled oscillator-based method in a dis-
tributed fashion, which could generate circular motions
for UAVs to disperse evenly around a moving target.
Additionally, it naturally met the persistent excitation
condition for facilitating the exponential convergence of
the relative position estimate.

2) A tracking control law that is designed based on the
relative position estimate. The proposed algorithm allows
the UAVs to enclose the target even if only a part of the
UAVs can sense the target.

3) Theoretical analysis is provided to show the conver-
gence performance of both the relative localization and
formation tracking algorithms.

Notations: The following notations are defined below and
will be used throughout this paper. N and R denote the
sets of natural numbers and real numbers, respectively. For
k € N, define k* = k+1and k= = k—1. Let R™ be the m-
dimensional real vector space. Let || || be the Euclidean norm
of a vector. Matrix transpose is denoted by the superscript
“T”. 0,, and 1,, represent the m-dimensional vector of zeros
and ones respectively. I represents the identity matrix. | M |
denotes the largest integer less than or equal to M € R.

II. PRELIMINARIES

In this section, basic concepts and necessary assumptions
are introduced for sensing and measurement in our work. The
problem description is thereafter presented.

A. Interaction Topology

The sensing and communication network of n UAVs is
characterized by an undirected graph G = (V, &), where
V = {1,2...n} is the set of vertices, and £ C V x V is the
set of edges. An edge e;; = (4,7) € £ with i,j € V,i # j
implies that UAVs ¢ and j are able to communicate with
each other. NV; = {j : (i,7) € £} denotes the neighbors
of UAV i € V. A = [a;;] € R" " denotes the weighted
adjacency matrix with a;; > 0 if and only if (¢,j) € £, and
otherwise, a;; = 0. Additionally, the moving target is labeled
as i = 0, so an extended graph G = (V, £) is introduced with
V = {0,1, .n}andSCVxVN—{j\(ZJ)ES}
denotes the nelghbor set of a UAV 4 under G, and Ny =
A = [a;;] € RVFDX(+D) s the adjacency matrix of G, for
any i € V, X 5,05 = 1.

Assumption 1. The graph G is complete, i.e. each UAV
1 € V communicates with all other UAVs. Under the graph
G, the target 0 is globally reachable, which means there exist
a path from any other vertex ¢ € V' to 0.

B. System Dynamics and Measurements

Assume that UAVs’ motions in the inertial coordinate frame
F are modeled by first-order discrete-time dynamics with a
bounded velocity in (1).

Pi(k+)

where p; (k) € R™ is the position vector of UAV i at time kT
with 7" denoting a fixed time interval, k is the time step, and
u; (k) € R™ is the velocity control input whose magnitude
is bounded by U; > 0. The target motion is given by

po(k™) = po(k) + vo(k)

where p, (k) and v (k) are the position and self-displacement
of the target 0 in F,.

It is assumed that the relative distance d;;(k) and relative
displacement v;; (k) between i € V and j € V, with (i, j) €
&, can be obtained or measured by certain onboard sensors,

=pi(k) + Twi(k), [wi(R)|[| < Ui, VieV (1)

)
dij(k) = ||p;(k) — p; (k)|
v;;(k) = vi(k) — v;(k) @
vi(k) = Pz‘(k’ﬂ —pi(k)

where v;(k) is the self-displacement of UAV i from time
step k to k™. For each UAV 4 and its neighbor j € NV, it is
easy to obtain the following formula by the cosine law.

1
Gylh) 2 5 [ = a3 () = o (WIF] )
The following assumption is introduced for the moving target.

Assumption 2. The average velocity of the target uo(k) =
vo(k)/T in time interval T is bounded, i.e., there exist
positive constant Uy such that ||ug(k)|| < Up for all k, and
Up < U, Vi eV.

Remark. In practice, v;(k),7 € V can be directly obtained
from Visual-Inertial Odometry or optical flow. In addition,
d;;j(k) and v;(k) can be simultancously measured and sent
from neighbours by Ultra-Wide Band (UWB) [18]. Target’s
velocity and relative distance can be measured by mmWave
radar or LiDAR [19]-[22]. Then it can broadcast ug(k) to
other UAVs, who can not directly sensing the target.

C. Problem Statement

The whole objective of this paper can be divided into the
following sub-tasks.

1) Develop a relative localization method based on the
relative distance and relative displacement measurements.
Denote the relative position between (i, j) € & as p;; (k),
where p;; (k) = p;(k)—p; (k). Its estimation is specified
by p;; (k). Hence, the objective is to achieve

Jim 1B (B[ =0, V(.5) €& “)
— 00
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where ﬁij(k) - ﬁij(k) - pij(k)'

2) Design a cooperative time-varying formation control
strategy to ensure that a group of UAVs reaches a circular
motion around a moving non-cooperative target. The
center of the formation is defined as

1
p(k) =~ pi(k) ®)
i€y
The whole objective is to allow the geometric center of
circular formation tracking the moving target, namely

lim [|p(k)[| = 0 (6)
k—o0
where p(k) = p(k) — po(k) is the formation tracking error.

III. CIRCULAR FORMATION DESIGN

In a desired formation pattern, all UAVs should be evenly
distributed on the circle with p, (k) as the center and radius p.
Denote 60;(k) as the angular orientation relative to the z-axis
on the circle. The desired relative position of UAV ¢ on the
circle is formally given as follows

cos 0; (k)
ri(k) =p |: Sln@,(k) :| @)
The desired relative position is denoted by 7;;(k) = r;(k)
r;(k), specially, r;0(k) = r;(k) with ro(k) = 0. Ar;(k)
r; (k™) — r;(k) denotes the desired self-displacement.

The formation pattern will be achieved through collabora-
tion among UAVs ¢ € V in a distributed fashion. To that end,
the discrete-time coupled oscillator-based pattern formation
method is proposed in this paper.

[I> |

£ B g (k) - )

j=11=1

where K; € R are user-defined gains, w; > 0 represents the
frequency.

Lemma 1. Under graph G and Assumption 1, let K; > 0 for
le{l,..,n—1}, and let K,, < 0 be sufficiently small. Then
a symmetric balanced of regular n-sided formation pattern is
a locally exponentially stable equilibrium manifold.

Proof. Equation (8) is a discrete form of the Kuramoto model
[23]. In our work, a particular case of (m,n)-pattern problem
[15]-[17] is considered, where m = n. For further proof,
readers of interest can refer to Theorem 7, [17]. O

Remark. The formation pattern should be dynamically
adjusted to effectively deal with complex environments during
target tracking. For example, it might need to pass through
a narrow area in a dynamic narrowing manner (see Fig. 2).
Hence, two affine transformations (scaling and shearing) are
used to achieve this object. Simply define the homogeneous
coordinates of a vector ¢ € R? as q" = (x,y,1)”7 € R3. The

y [m]

Fig. 2: Simulation of four UAVs (circles) tracking a moving
target (triangle) and passing through narrow areas. The initial
positions are represented in void style. The radius of time-
varying formation is adjusted by affine transformation. At
time step k = 250, UAV ¢ = 4 is presumed damaged, and
the remaining UAVs can still reach a balanced pattern.

affine transformations, scaling and shearing are respectively
defined by the following matrices

S, 0 0 1 H, 0
S=|0 S 0| H=|H, 1 0
0 0 1 0 0 1

where S, Sy, H,, and H, are external parameters, which can
be dynamically adjusted according to the size of the throat.
Moreover, the coupled oscillator-based formation pattern will
allow the the dynamic additions and subtractions of UAVs,
as shown in Fig. 2.

IV. RELATIVE LOCALIZATION AND TRACKING CONTROL

In this section, a relative localization algorithm is proposed
to approximate the relative position. A time-varying formation
tracking control algorithm is thereafter developed.

A. Relative Localization Estimator

The online localization algorithm is based on the Recursive
Least Square Estimation (RLSE) technique with a forgetting
factor [24], which is given as follows [25]

€ij (k) £ Gij (k) — ”Z;(k)f%](k)

1 Iyj(k)vig(k)vl (k)i (k)
57 | B o T e ()
Dy (KT) = Dy (k) + vij (k) + Ly (K )i (k)eij (k)

Ii(kT) =

€))
where I5;(k) € R™*™ with I3;(0) is a positive definite
matrix, and B¢ < 1 is a positive constant as forgetting factor.
To ensure the exponential convergence of the estimator, v;; (k)
should satisfy the persistent excitation condition.

B. Formation Tracking Controller

Based on the desired circular formation pattern and the
relative position estimates, the cooperative tracking control
law as follows
_ _ . 1
a;(k) = —ﬁzazj (Dij(k) —ri(K)), B < T

JEV

wilk) = g, (@a(K)) + 5 Ari(k) + o (k) i € V

(10)

where 7y (u) 2 uU/max{U, ||ul|}, U; € (0,U;) is the
upper bound of consensus control term for formation.
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V. CONVERGENCE ANALYSIS
A. Convergence of Relative Localization Error

Given Lemma 1, to simplify our analysis, we assume
that after time k,7T the coupled oscillator is in equilibrium,
where k > k,,i,7 € V,m = {1,2,...,
the formation is in uniform circular motion relative to
the center of the circle with a period N =
Further, it is easy to see that a series relative position
Wz'j,l = [A’I‘Z‘j(l), Arij(l + 1), . A’I’ij(l + N — 1)] VL >
k, distributed in a circle.

Assumption 3. Considering real physical systems, assume

that w; is bounded. For any (i,5) € &, there exist w; < €,

ko € N and ki, ko € {I,1+1,...,
rankW;; = 2,Vl > ko, where W}, £
= [2m/Tw;] and ) is a positive constant.

Il 4+ N — 1}, such that

Based on the above assumptions, it can be seen that

A7 (k)| < 2p] sin(Tw;/2)|| < TpS (11)

Further, denote )\mm(W;;) and )\mm(W*) as the minimum
and the maximum singular values of W}, respectively. Then
we can select the sampling time T’ that is sufficiently small

T < g(W*)/2v2U; (12)

where g( ) - /\maz(W*) - \/)‘gnaw( ) )\TQTZZTL( z*)
and W* = argmaxwyew g(Wy;) W1thW (Wi, vl >
ko,¥(i,j) € £}. Based on Assumption 3 and condition (12),

the following theorem is reached.

Theorem 1. Suppose Assumption 3 holds. Under condition
(12), for any (i,5) € &, there exist a;j2 > ;1 > 0, for
all | > k, such that v,;(k) satisfy the persistent excitation
condition as follows
I+N—1
Ozml] g Qij (l) £ Z 'Uz'j (k’) ’Ug;- (k) g Oéijvgl
k=1

As a consequence, the relative position error p,; (k) converge
to 0 exponentially under the estimator (9).

Proof. 1t is obvious that @ (1 2 5 vy (k)T (k)
is a summation of v;; (k) vj; (k) during a period N. Given
(i,7) € &, one has m;; k) s T, (G

( i (k) — g, (@ (k)),
and ;0 (k) = 7y, (@; (k)) if j = 0. It can be obtain from
(1),(10) that

vij (k) =
Considering that every term of the formation control law
is bounded, and recalling Assumption 2 it is easy to see
l7i; (k)|| < 2U;. Since [ can be regarded as the initial
moment of the iteration, it incurs no loss of generality to only

Arij (k) + Tmiz(k)

show (13) for ®;;(1). To show a1 < @, (1) < aj21,

it is equivalent to show that for any unit vector &, o;1 <
zT®;; (1) < ;2. Denote

Wij = [Arij (1), .., Arij(N)], Vij = [m45(1), oo i (V)]

— 0;(k) = 2mm/n are constants,
n — 1}. Therefore,

\_27T/Twij .

[Ari;(k1), Arij(k2)],

Direct computation shows that
2", (Ve = |W||" + 27 (Wia, V@) + 77 ||V |
Below we will separately show both sides of a;;1 <
wT‘I'l-j (1) & < ;2 for any unit vector .
1) By applying Cauchy-Swartz inequality and recalling (11)

" ®;; (1)
<|[Wla|” + 27 ||W; wHH Vil + 12 |viz|’
< (|Wha| + || vTal)*

< NT2 (pQ + 2U1) £ Q4.2
Thus ¢ij (1) < Oéij)gl.
2) By recalling Assumption 3, we have ®;;(1) >
Zk:{kl,kz} v;j (k) ’UZ;' (k) = Sij(1).
:BT@M (1) r > .’BTSZ‘j (1) r

2 2
2 [wia] -2 v’

’W;;-Ta:

viTa| + 7

i

where 0 < A\jnin < Amae are respectively the smallest

—2TN2 ., |[Vii T

> \2

min

|+

and the largest singular values of W[;’ and V% £
[ (1), i (k2)]. Noticed that ||V 2U;,
can see that if a;;1 < A2, then the above can be

achieved with 2v2TU; < Aoz — VA2h02 — Nyin:
Taken W{; = W* in (12) , we have shown that

Q5 (1) > aijil
By combing 1) and 2), the persistent excitation condition of
v;j(k) can be obtained. After that, to study the convergence

of the estimator (9), the similar process as in the Theorem
IV.1 of [25]. L]

B. Convergence of Formation Tracking Error

Based on Theorem 1, we will show the convergence of
formation tracking error p(k).

Theorem 2. Let Assumption 1 and 2 hold, and select T by the
condition (12), then the center of the time-varying formation
p(k) converges to the target’s position p,(k) exponentially
fast under the tracking control law (10).

Proof. To proof limy_,o ||Pp(k)|| = 0 is equal to proof
My oo ||y (Pi(K) — ))|| = 0. Further, it is equal
to the following convergence for any ¢ € V

lim sup ||p; (k)] =0 (14)
k—o0

where p; (k) £ p;(k) —
(10), we can find that

pi(k") = (k‘) + T7TU (@i(k))

= 7i(k + 3 ik ei(k)

JEN;
where v;;(k) = TBsi(k)aij, vi(k) =1 =3 ,cx, vij(k) =
1 — TBsi(k), by using jcx.a; = 1, and s;(k) =
U/ max{U, ||u|} € (0,1], hence ;(k),7;;(k) € (0,1). As

r;(k) — py(k). By recalling (1) and
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Fig. 3: Four UAVs tracking a moving target. The centroid
path gradually converges to the target path. The gradient color
of the path indicates a gradual reduction in tracking error.
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Fig. 4: The relative phase of UAVs, denoted by 0; (k) — kT'w;.

the result of Theorem 1, there exist > 0 and 0 < A < 1
such that |le;(k)|| < §\* for all i € V. By applying the
trangle inequality to (15), we get

15: (D) < vk 15 (k)| + > i (k) || (R) || + 63
JEN;
Accordingly, we can rewrite the inequations in matrix form

for all ¢ € V. Thus, we get the following componentwise
inequality

P(k+1) < A(K)P(k) + 1,6\" (16)
where P(k) 2 [|[5y (k)] , -, |5, (k)] and
(k) 2(k) Yin (k)
A(k:)é 721'(/‘?) ’72@) ’Y2n.(k)
Yr(]) Yua(k) oo (k)

Clearly, A(k) is a nonnegative matrix with each row sum
equality occurs if and only if 0 ¢ N;. Thus, A(k)1, < 1,,
and we get

k—1
Plk) <Pk —1) + 1,00 <P(0) + 1,6 Y N
t=0

which means P, (k) is bounded. After showing the bounded-
ness of p,(k), the convergence of p(k) can be proved as a
special case along the similar line as in Theorem IV.2, [25].

O

VI. SIMULATION AND EXPERIMENTS
A. Numerical Simulations

We consider four UAVs tracking a moving target that only
UAV 1 senses the target. Given different initial value for 6;(0),

50 100 150 200 250 300 350
step[k]

Fig. 5: The relative position error max; ;ycg Hﬁ”(k)H

0 0 100 150 200 250 300 350
step[k]

Fig. 6: The formation tracking error ||p(k)]|.

set w; = /2, and choose K; =1 forl € {1,...,n—1}, and
K, = —1. Let p;;(0) = 0,, and I3;(0) = I as the initial
value of (9), and choose 3¢ = 0.7. We select T' = 0.125,
B=7U;=04,anda; =1/[|Ni].

As shown in Fig. 3, we simulated tracking a moving target
with py(k) = [0.1k,0]". Fig. 4 shows the relative phase
between UAVs, thus pattern formation is achieved by the
oscillator network (8). The relative position error and the
formation tracking error can be seen in Fig. 5 and Fig. 6
respectively.

B. Experimental Results

An experiment of four Crazyflies is implemented in
an indoor testing area. One of the Crazyflie was con-
sidered as the target in a circle trajectory py(k) =
[cos(km/90), sin(kx /90)]”. The measurments are obtained
by the OptiTrack system. We choose 7' = 0.1, U; = 0.3,
and assume that all the UAVs can sense the target one. The

Unvs Path,
2.0 —— Centorid Path — Centroic Patn
Target Path LY Torget Path

15 /
\

xim]

steplk]

’ qu:\///
-15 <o

-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
x[m] ) stepikl

yiml

Fig. 7: Experimental results: (a) The path of the UAVs in
XY-plane. (b) The position of UAVs in z-axis and y-axis
respectively. The initial positions are represented in void style,
and given the position of UAVs at time step k = 250 in solid
style.
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Fig. 8: Experimental results: the relative position error
max; j)eg ||Bij (k)]

) s = s 200
steplk]

Fig. 9: Formation tracking error ||p(k)]|| in the experiment.

trajectory of the UAVs is mapped to XY -plane (see Fig. 7).
The formation tracking error may be due to the instability
caused by wind disturbances between the UAVs and the
existence of measurement errors. From the experimental
results, we can conclude that the proposed control algorithm
reaches a reasonable performance.

VII. CONCLUSION

This paper presented a new control strategy to stabilize a
group of UAVs to enclose a moving target via a distance-
displacement-based method. By embedding the Kuramoto-
based pattern design scheme into RLSE, we met the persistent
excitation condition of relative displacements which is further
facilitate the exponential convergence of relative position
estimation. Then, a new framework based on affine transfor-
mations was proposed to obtain more complex time-varying
formations to respond to more practical needs. Based on the
relative position estimate, a formation tracking control scheme
was designed to achieve the center of the formation tracking
the moving target. The main advantage of this approach is that
in the case of only a small number of UAVs sensing the target,
the enclosing objective can also be realized. Numerical and
empirical examples were used to demonstrate the theoretical
findings. Future works will focus on extending this control
strategy including some additional constraints such as adding
potential terms to ensure obstacle avoidance and planning
more flexible trajectories while ensuring that the persistent
excitation condition is satisfied.
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