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On the Effect of Quantization on Dynamic Mode Decomposition
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Abstract— Dynamic Mode Decomposition (DMD) is a widely
used data-driven algorithm for estimating the Koopman Op-
erator. This paper investigates how the estimation process is
affected when the data is quantized. Specifically, we examine
the fundamental connection between estimates of the operator
obtained from unquantized data and those from quantized data.
Furthermore, using the law of large numbers, we demonstrate
that, under a large data regime, the quantized estimate can be
considered a regularized version of the unquantized estimate.
This key theoretical finding paves the way to accurately recover
the unquantized estimate from quantized data. We also explore
the relationship between the two estimates in the finite data
regime. The theory is validated through repeated numerical
experiments conducted on three different dynamical systems.

I. INTRODUCTION

Koopman operator theory has found widespread applica-
tions in various fields such as fluid mechanics [1], plasma
dynamics [2], control systems [3], unmanned aircraft systems
[4], and traffic prediction [5]. In addition, it is also being
used for machine learning tasks and training deep neural
networks [6]. One area of active research is the finite-
dimensional estimation of the Koopman operator using data-
driven methods. Dynamic Mode Decomposition (DMD) is
a prominent data-driven estimation technique that involves
solving a least-square problem using data snapshots from the
dynamical system [7]. It is well-understood that the quality
of the Koopman operator estimate improves/degrades with
an increase/decrease in the amount of data, as expected [8],
[9], [10]. On the other hand, it is not clear how the quality
of the data affects the estimation process.

Researchers has primarily focused on developing new
data-driven methods or improving the existing ones for
estimating the Koopman operator. It has been implicitly as-
sumed that the systems implementing these algorithms have
ample resources for handling large datasets, which becomes
a significant concern when these data-intensive algorithms
are implemented on resource limited systems, such as low-
powered light-weight robotics applications [11], [12]. While
implementing these methods on to systems with limited
physical resources (e.g., memory, bandwidth etc.), we may
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need to suitably modify them in a resource-aware fashion
to make them compatible with the underlying hardware
and resource constraints. These resource constraints may
necessitate the data to be quantized, where the qunatization
resolution depends on the available resources.

Quantization is a natural remedy to communication con-
straints in practical implementations. This is particularly
applicable to cyber-physical-systems, multi-agent systems,
and networked control systems where communication among
systems/components are necessary to receive data from dis-
tributed sensors. Other systems may themselves deploy a low
data-length hardware where the data is quantized due to the
computational limitations [13], [14], [15]. Therefore, it is
natural to ask how the quantization process (i.e., the quality
of the data) affects the estimation quality of the Koopman
operator. Furthermore, one might also ask if there are any
quantization schemes that are particularly suitable in this
context.

To that end, we study the effects of dither quantization
[16] — a highly effective and widely used quantization
scheme in communications and signal processing — on the
DMD method. The contributions of this work are: (1) We
address the fundamental question of whether and how one
may recover the original solution (i.e., the one obtained
from unquantized data) even with quantized data. Using
the law of large numbers, we prove in Theorem 1 that the
estimation under quantized data is equivalent to a regularized
estimation under the unquantized data, when we have a
large number of data snapshots. We show the connection
between the regularization parameter and the quantization
resolution. (2) We then further investigate this connection
in the small data regime as well. In that case also, we are
able to analytically show how the difference between the
estimates depends on the quantization resolution. (3) We
validate our theory on three different systems with repeated
experimentation under different quantization resolutions.

The rest of the paper is organized as follows: We provide
necessary background materials on Koopman Operator the-
ory, Dynamic Mode Decomposition, and Dither Quantization
in Section II. We define our problem statement and research
objectives in Section III. We analyze the dither quantized
dynamic mode decomposition (DQDMD) in Section IV and
demonstrate the connection between the solution obtained
from DQDMD and the regular DMD. We discuss our ob-
servations from implementing DQDMD on three dynamical
systems in Section V. Finally, we conclude the paper in
Section VII.

Notations: The set of non-negative integers are denoted by
Np. For a matrix M, we denote its Moore—Penrose inverse by
MY, its transpose by M ", and hermitian transpose by M*.
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|||l denotes a norm, where for vectors we use the Euclidean
norm and for matrices we use the Frobenius norm. The Big-
O notation is denoted by O(-).

II. BACKGROUND
A. Koopman Operator Theory

Consider a discrete-time dynamical system on a n-
dimensional compact manifold M, evolving according to the
flow-map f: M — M as follows:

i1 = f(a), x €M, teNg. (D

Let F be a Banach space of complex-valued observables ¢ :
M — C. The discrete-time Koopman operator IC : F — F
is defined as

Kow()=pof(-), with p(zi11)=Kp(z:), ()

where K is infinite-dimensional, and linear over its argument.
The scalar observables ¢ are referred to as the Koopman
observables.

A Koopman eigenfunction ¢; is a special observable that
satisfies (KC¢p;)(-) = A\i¢i(+), for some eigenvalue \; € C.
Considering the Koopman eigenfunctions (i.e., {¢; };cn) span
the Koopman observables, any vector valued observable
g € FP = [p1, p2, ..., @p] can be expressed as a sum
of Koopman eigenfunctions g(-) = > 72, ¢;(-)vf, where
v € RP,i = 1,2,..., are called the Koopman modes
of the observable ¢(-). This modal decomposition provides
the growth/decay rate |)\;| and frequency Z\; of different
Koopman modes via its time evolution:

gxe) =Y Ni(wo)vf. (3)
=1

The Koopman eigenvalues ()\;) and eigenfunctions (¢;) are
properties of the dynamics only, whereas the Koopman
modes (v;) depend on the observable (g).

Several methods have also been developed to compute
the Koopman modal decomposition, e.g., DMD and EDMD
[7], [17], Ulam-Galerkin methods, and deep neural networks
[18], [19]. In this work, we focus on the DMD method, which
is briefly described below.

B. Approximation of Koopman Operator: Dynamic Mode
Decomposition

DMD is a data-driven method for extracting temporal
feature from a sequence of time-series data using matrix
factorization. Initially, DMD was introduced within the fluid
dynamics community as a means of extracting spatiotempo-
ral coherent structures from intricate flows [7]. Subsequently,
it was demonstrated that the spatiotemporal modes derived
through DMD exhibit convergence to the Koopman modes
when applied to a specific set of linear observables [1].
This characteristic of the DMD has made it a primary
computational tool for Koopman theory. DMD assumes that
state variables themselves serve as the set of observables
g(x) = x € R™ [1]. DMD requires a pair of snapshot
matrices in order to generate a linear model approximating

the desired dynamical system. They are created by sampling
the state variables x € R" at a sequence of time instants
(snapshots) and concatenating them to form snapshot ma-
trices X € R™*T and X’ € R*"*T, where X' is one time
snapshot ahead of the original snapshot matrix X, i.e.,

X = [zo X' = [1 zr]. ()

The DMD algorithm aims to find the best linear operator
Kpwmp that relates the two snapshot matrices X and X’ in
a least-square sense, i.e.,

X/ =~ ICDMDXa (5)

xT—l} )

where Kpymp = argmin 4 cgnxn | X' —AX||2. The algorithm
efficiently extracts the eigenvalues and Koopman modes
of the Koopman operator by determining the eigenvalues
and eigenvectors of Kpyp. The Kpyp matrix represents
the Koopman operator in the newly mapped linear space
of finite-dimensional observables. DMD is performed by
computing the singular-value decomposition (SVD) of X,
and then it is used for the prediction of x;:

X=Uxv"

Kpwp = X'XT = X'VS~1U* (6)

&1 = (Kpmp)' o,
where U, Y and V are found from performing SVD on the
data matrix X.

Remark 1: When the data matrix X has full row rank,
XT has the closed form expression X" (XX T)~!. In that
case, we may write Kpyp = X' X T (XX )7L,

Since the singular-values decay rapidly, first r significant
singular-values of X can be used for computing a reduced-

order matrix Kpyvp,» € R™ ™ by projecting Kpup to a
lower r-dimnesional space as follows:
X=UXV*"=UZX,V}
Kpyvp = X'VTE;lU: (7)
Kpmp . = UfKpmp U, = U X'V, 21
We project Kpmp,» back to the full dimension n by con-
structing a matrix Y, which then can be used to predict the
state:
T=XV,5 'W
et ®)
Ty = TA' YTz,

where W and A can be found from Kpyp , via its eigen-
decomposition Kpyp,» = WAW L.

The algorithm (6) or (7) is further improved [17] by
extending it to a set of observables or dictionary functions
o) = [p'()s o @V ()T : M = CN. We again define
data matrices ®, ' € RV*T such that

@ = [p(20) p(z1) ... plar-1)],
&' = [p(21) p(a2) ... p(zr)],

yielding the Extended Dynamic Mode Decomposition
(EDMD).

Remark 2: Note that DMD is a special case of EDMD
where N = n and ¢'(z) = 2%, € {1,...,n}, and 2 is

©))
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the i component of x. Even though we focus on DMD, we
will use the notation ® and @’ instead of X or X’ for the
rest of the manuscript.

C. Dither Quantization

A quantizer ¢ : (Umin, Umax) € R — {0,...,(2° — 1)}
is a function that maps any & € (Umin, Umax) C R to a b-
bit binary word. For example, a uniform quantizer takes the

form
T — Umin
q(z) = {J :
€

where
Umax — Umin
€=—o (10)
denotes the quantization resolution. Although ¢(-) is defined

on the interval (Umin, Umax), one may extend the definition
of ¢(-) on the entire real line as follows:

Q(x)7 VS (umin7umax)a
(j(l’) = 07 T S Umin,
2b - la x Z Umax;

where g(-) is the extended version of ¢(-). The region outside
the interval [Umin, Umax] 1S the saturation region of the
quantizer q.

The decoding of a mid-point uniform quantizer is per-
formed by

Q(z) = eq(x) + Umin + %

The quantization error is defined to be e(z) = Q(z) — . For
all z € (Umin, Umax), We have |e(z)| < §. The distribution
of the quatization error plays an important role in analyzing
the performance of a system employing quantization. The
distribution of this error is correlated with the distribution
of the source signal z. This correlation often results in
poor performance, besides making the analysis of such
systems complicated. It has been well-established that dither
quantization leads to a better performance, as demonstrated
in the very first work on TV communication [20] as well
as in applications to controls [21]. Since then, a significant
amount of research has been devoted in dither quantization.

Dither quantization prescribes adding a noise w to the
source signal x prior to quantization and subtract that noise
during decoding [16], which yields the decoded signal to be
Q(z + w) — w. Thus, the quantization error becomes

e(z) = Qr+w) —w—z. (11)

Under certain assumptions on the distribution of w, it can be
shown that this new error e(z) is distributionally independent
of the source x. Furthermore, this error can be shown to
have a uniform distribution in [—£, §]. A typical choice of
w is to consider an uniformly distributed random variable
with support [—£, ], which satisfies all the necessary and
sufficient conditions to ensure that e is independent of x and
uniformly distributed in [, §]; see [16]. Throughout this
work, we will consider the dither quantization scheme.

When z is a vector, we perform the quantization and
the decoding component-wise. For quantizing a time-varying
vector-valued process {z;};>0, we will consider a time-
varying vector-valued i.i.d process {w;}:>o as the dither
signal. Furthermore, in the subsequent sections we will use
QY(x) as a shorthand notation for Q(z + w).

III. PROBLEM STATEMENT

Our objective in this exploratory work is to understand the
effects of quantization on the estimated Koopman operator.
To that end, we assume that we have access to quantized
observables, i.e., '(-) = Q¥ oy’(-) fori = 1,..., N, where
Q™(-) is the dither quantization-decoding operator. Hence,
for time instance ¢, the available data is

QU (p!(2r)) — wi
¢(xe) = : ;
Q" (¢"(w1)) — wy'
where w! is the dither signal used during the quantization of
the i-th observable of time ¢, and Q* (¢*(1;)) = Q(¢*(z¢)+
wi) foralli=1,...,Nand t =0,...,T.
Let Kpyp denote the estimate of the Koopman operator
obtained from the quantized data. That is,

(12)

I%DMD = argminAeRNxN H‘i)/ — Ai)||27 (13)
where
® = [p(w0) Gla1) ... Fler-1)],
' = [¢(21) P(x2) ... Plar)],

and where ¢(-) is defined in (12). On the other hand, the
estimate obtained from the unquantized data is

Kpmp = argmin 4 cpnxn || @ — A®|?, (14)

where ®, &' € RV*T are the data matrices defined in (9).
Having obtained the matrices pyp and I@DMD (or, their
reduced order versions), we may predict the state using
(6) (or, using (7) and (8)). In this work, we investigate
the normalized estimation errors for both full and reduced
order Koopman operators, as well as we are interested in

the prediction error of the reduced order model. That is,
IKpmD,r=KpMD, - ||
IKpmp,r |

|IKpmp —Kpwmp|
IKpnmp |l

change as we vary the word length for

we quantify how , and

1 T—1 ||&—])
T £<t=0 —lz.]]
the quantization.

In addition to quantifying the degradation due to quanti-
zation using the three aforementioned metrics, we are also
interested in developing a framework where one may obtain
an improved estimate, K, that is closer to Kpyp than
I@DMD is. In this work we discuss such a potential method
for the large data regime (i.e., when T — 00).

Remark 3: For EDMD under quantization, x; shall be
quantized instead of the observable, i.e., the available data
at time t is @(x) = [P (QY(z¢) —wy), ..., N (Q¥ (2y) —
w;)] " This requires a different analysis technique than the
one presented here and will be a subject of our future works.

b}
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IV. DMD WITH QUANTIZED DATA

Assumption 1: The observables are bounded functions.
That is, for all 7 there exists £; < u; such that £; < '(x) <
u; for all x € R".

A direct consequence of this assumption' is that we may
assume Umin < @' () < umax for all i. In case ¢(-) is
not bounded in between i, and upyayx, We may consider
a shifted and scaled version ¢°(-) w such that
@'(-) satisfies Assumption 1, where the shift and scaling
coefficients s,c € R are chosen appropriately. From this
point onward we will therefore use the following assumption
(Assumption 1’) in place of Assumption 1 without any
additional loss of generality.

Assumption 1. The observables satisfy umin < ¢'(x) <
Umax for all i and x € R™.

Since ¢?(z) = x' for DMD, Assumption 1 (or 1’) requires
the snapshot data x; to be uniformly bounded for all t.

The main result of this section is summarized in the
following theorem.

Theorem 1: As T — oo, I@DMD converges almost surely
to the unique solution of the following optimization problem

min L& — AD|2 4+ || A2 (15)
AERN*N T 12 '
Proof: The proof is presented in Appendix B. [ ]

Theorem 1 states that the solution ICDMD can be inter-
preted as a solution to a regularized DMD problem, where
the regularization parameter depends on the resolution of
the quantizer e. A consequence of Theorem 1 is that the
solution I@DMD converges to Kpyp as € approaches to 0.
Recall from (10) that the quantization resolution € is coupled
with the qunatization word length. Thus, as the number of
bits b increases, we obtain I@DMD — Kpwmp, as one would
expect.

Remark 4: Theorem 1 shows the connection between
Kpup and I@DMD via the quantization resolution e. It is
to be noted that the relationship (15) holds because the
quantization noises are i.i.d., which is due to the fact that
dither quantization is being used. A similar conclusion may
not hold for other forms of quantization.

Remark 5: By solving the optimization on the r.h.s. of
(15), one obtains

Te?

-1
Kpwvp = @@ (MF + I) . (16)

12

In the unquantized case (i.e., € = 0), where the data matrix
d is rank deficient, one needs to use the Moore—Penrose
inverse (see (6)). However, the matrix ®®'T + 7;—622[ is
always invertible, thus alleviating the need for computing
any pseudo-inverse.

Theorem 1 not only helps in identifying the relationship
between Kpyvp and I@DMD, but also provides a convenient

IFor practical purposes, we only need that the data matrices ® and &’ are
bounded, since the EDMD algorithm deals only with the data and not the
functions. Therefore, the observables do not need to be bounded functions
as long as the measured data is bounded.

framework to potentially recover Kpyp from the quantized
data, as discussed later in Section VI-A.

A. Finite Data Regime

So far we have characterized the connection between
Kpwup and I@DMD in a large data setting, i.e., when T is
large (theoretically, we need T" — o0). Next, we discuss the
relationship between pyp and KDMD when T’ is finite and
potentially small (i.e., fewer time snapshots). The main result
of this section is presented in the following theorem.

Theorem 2: Let ® and ® be of full row rank. Then, there
exists a K. such that ||C.|| = O(e) and

Kpwmp = Kpup + Ke.
Proof: The proof is presented in Appendix C.

a7)

|

The condition that ® and ® have full row rank in The-
orem 2 is sufficient but not necessary. In fact, the proof
may be extended without this condition through some tedious
derivations. For the ease of the exposition, we do not delve
into such details here and leave that discussion for a future
work.

Similar to Theorem 1, here also we note that I@DMD —
Kpmp as € — 0, as one would expect. However, Theorem 2
is a stronger result than Theorem 1 since it holds true for
any T whereas Theorem 1 holds when T" — oo. The benefit
of having a large T in previous sections is that we may
potentially recover Kpyp even from the quantized data,
as will be discussed in Section VI-A. On the other hand,
we may not recover Kpyp from the quantized data since
K¢ cannot be computed without having knowledge of the
unquantized data matrix .

It should be noted that /', depends on the realization of
the dither noise, and therefore, it is a random matrix. We
leave the investigation on the statistical properties of . as
a potential future work.

V. NUMERICAL EXAMPLES

The effect of dither quantization on DMD is demonstrated
on three different systems: a simple pendulum with negative
damping, Van der Pol oscillator, and fluid-flow past a cylin-
der.

A. Pendulum with negative damping

A two dimensional oscillatory system with slight insta-
bility is considered as a first example. The dynamics of a
simple pendulum with a destabilizing term is described as:

T1 = T2

Ty = 0.0lzy —sinx;. (18)

Since € R? is very low-dimensional, we choose Hankel
delay-embedding as our DMD dictionary, i.e., we stack up
o(xt) & [x4,. . Toym-1] € R?™ fort = 0,...,T —
1. The data is generated by solving the system for 10%s
and it is sampled at an interval At = 0.1s. We used
an embedding dimension of m = 100 and performed the
DMD with dither quantization for 50 independent Monte-
Carlo trials for training length 7' = 500. The relative
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Fig. 2: Error profile for Van der Pol oscillator (19).

IXpMp=Kpmpll for fyll-order DMD matrix,
IKpwmp ||

for reduced order DMD matrix, and the

2-norm error

IKXpMD,r»—KbDMD, - ||
oMb, [l

. . T—1 &2
time-average relative two norm error = >, w be-

tween predictions using I@DMD,T and Kpmp,, are shown in
Fig. 1.

We notice that the prediction error in Fig. 1(c) decreases
exponentially with the quantization word length. The trend is
consistent in all the three subplots, where the average relative
errors (shown by the red line segments) decrease with the
word length. It is particularly interesting to see that a two-
bit quantizer can provide an average normalized prediction
error of less than 0.02.

B. Van der Pol oscillator

Now, we consider the limit-cyclic Van der Pol oscillator:
T 1 = X2

iy = (1—ad)xy — 2, (19)
with the same Hankel stacking m, sampling interval At, and
training length T to form the data matrices. The relative error
metrics for this example are shown in Fig. 2 for 50 indepen-
dent Monte-Carlo trials. In this experiment too, we notice
the same trend. The average normalized prediction error is

of the order of 1073 even with two bits for quantization.

C. Flow past cylinder

Flow past cylinder [22] is another common dynamical
system used for benchmarking data-driven models [3], [23].
The simulation was carried out using MATLAB’s FEAtool
[23]. A cylinder with a diameter of 0.1m is located at a
height of 0.2m. The fluid is characterized by its density
p = 1 Kg/m3, and dynamic viscosity x = 0.001 Kg/m
s. The flow is unsteady with a maximum velocity of 1m/s
and mean velocity being % of the maximum velocity. The
simulation is run for 80s until the steady state is achieved,
and the horizontal v component of the velocity is probed
at every 0.02s starting from 20s. The complete dataset
O € R2647x3001 congsists of 3001 time samples. More details
regarding the simulation setup can be found in Appendix D.

Due to a large number of states, we only perform the
reduced order DMD on the quantized data for 30 inde-
pendent realization of dither signal and report the error

T—1 ||@c—x¢]| .
—/ 1n Fl .
t=0 Tzl g3

. K =K -
metrics ||Kpmp, DMD, ||
[[Kpmb, =l

for different word lengths

Here the normalized prediction error follows the same ex-
ponential trend with the available word length. However, the
normalized matrix error metric ”’CDI‘ﬁ%;;AEDWD'T“ decreases
at a slower rate. Also, for the 8-bit quantizafir()n, the existence
of several outliers warrants larger number of Monte-Carlo
runs in future. However, these outliers are in our favor since
they all produced lower relative errors.

1
and #
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VI. DISCUSSIONS
A. Regularized DMD

Whereas a regular DMD problem prescribes (13), we
propose the following regularized version in presence of
quantization

Kisp = argmin | — A®[]* +~]|A?,  (20)

where v € R is a regularization parameter. Our hypothesis is
that, by appropriately choosing -, one may obtain an estimate

Khsm such that K55 ~ Kpmp.

Proposition 1: For a given quantization resolution €, one
may recover Kpyp from the dither quantized data, if the
following regularized DMD is solved for a large T’

[y 3112 e 2
FI® — AB|2 - a2, @
Proof: From the proof of Tﬂleorem 1 (see (31)), we
observe that, as T" — oo,

1, = ~ 1 €2 Ne2
—||® — AD|* L5 |9 — AD|]* + —||A|* + ==
TII | TII | +12H -+ 12
Therefore,
argmin, & & — AB|2 — S ||a|?
Smita 12
a.s . 1 N 2
%5 argmin |97~ AD| + 1—; = Kpup. (22)
This completes the proof. [ ]

Remark 6: When Proposition 1 is deployed for recover-
ing Kpnmp from a finite amount of data, one must be cautious
about the convexity of the optimization problem in (21). In
some cases, the problem may not be convex due to the term
—%HAH2 and thus the optimization becomes futile. In such
cases, one may attempt to use a regularizer v € (75—22,0)
to ensure convexity. A thorough investigation on recovering
Kpwup from quantized data is still warranted.

B. Quality vs. Quantity Trade-off

Another interesting avenue to pursue could be understand-
ing the trade-off between the quality and quantity of the data.
It has already been established that the estimation quality
of the operator typically improves as the amount of (un-
quantized) data increases. In this work, we demonstrate that
the estimation quality also improves with the word length
of the quantization. A higher word length per quantized
data implies a smaller amount of data can be processed
(i.e., communicated). This, in turn, negatively affects the

estimation quality while the higher quantization resolution is
attempting to improve the estimation quality. Understanding
this trade-off between quantity and quality of data would
provide valuable insights for practical implementations under
communication constraints.

VII. CONCLUSIONS

In this work, for the very first time, we investigate the
effects of dither quantization on DMD. In a large data
regime, we show that the DMD optimization problem with
quantized data may be interpreted as a regularized DMD
optimization with unquantized data. We leveraged the law of
large numbers to prove our claim. We also investigated the
connection between the estimates of the Koopman operator
under quantized and unquantized data in a finite data regime.
We show that the quantized estimates converge to the true
estimate as the quantization resolutions approach zero.
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APPENDIX
A. Some useful technical results

In this section we provide some technical results that are
used in the proof of Theorem 1. Although similar results
may be derived from textbook knowledge, we provide these
proofs for completeness.

Lemma 1: Let e} = ¢'(x+) — ¢'(x+) be the quantization
error of the i-th observable at time step ¢. Then,
o &
Elelel] = { 127
leied] 0, otherwise.
Proof: Due to the dither quantization scheme and the

i=j and t=s, 23)

dither noise being uniform in [—5,%], each e} is inde-
pendent and also uniformly distributed between [—5,5].
Consequently, when i # j or t # s, we have
lE[e,;ej] = Elei]E[el] = 0. On the other hand, E[(e})?] =
1 2
f6/2 zde:ﬁ. .
Corollary 1: For any fixed i,j € {1,..., N}, let y;/ =
etel, where i # j. Then,
L ij _
Jim Z vy’ =0. (24)

Proof:  One may n0t1ce that {y; ._}_tzo is an iid.

sequence of random variables with E[y,’] = 0 (due to
Lemma 1) and E[( )4 < oo Therefore, from strong law
of large numbers, ~ T Zt o Y¢ — 0 almost surely. [ ]
Corollary 2: For any fixed i,j € {1,..., N}, let 29 =

ejel, 1, where i # j. Then,
3> - e

Proof: The proof follows the same steps as in the proof
of Corollary 1. [ ]

Corollary 3: Let z = €ejei . Then,

=
=0

Proof:  Although {z}};>¢ is an identically distributed

sequence, it is not independent. Therefore, the standard
strong law of large numbers does not apply readily.

To proceed with the proof, let us first note that, for all
7_ Z 1’

lim
T— o0

(26)

E[2 Z§+T] = E[eie§+1 e§+7’e7t;+‘r+1]

= E[e]E[ef; 1€}y €1 ri1] =0, (27)

where the second inequality follow from the fact that e! is
independent of e}, e;, e;, 4 for all 7 > 1. Therefore,
(27) proves pairwise uncorrelation of the sequence {zt}t>0

Now let us define the random variable J7 = Zt 0 2t
‘We note that,

T-1 4
Elor) = |( 3 +)
=0
= TE[(2)"] + 3T(T — 1)E[(2521)°],
where we have used E[z}(z})?] = 0 since z and 2| are
uncorrelated for all k # ¢ and E[z}] = 0 for all k. Given
that e} is uniformly distributed in [—%, §], there exists a

K < o0 such that
K = 4max{E[(2))"], E[(2521)°]},
which then implies

E[(dr)'] < KT?, (28)

for all 7" > 1. Next, we use this bound to show that

71, tT 01 z¢ — 0 almost surely. To that end, let us start with

5] gl gh

T>1
where the first equality follows from the Fubini-Tonelli
Theorem, and the first inequality follows from (28). Having

proven that E [ZT>1 (“F) l

4 . .
ZT>1 (TT) < oo almost surely. Therefore, since the series
converges, the underlying sequence must converge to zero,
which implies

=) E

T>1

< o0, we may conclude that

Or\*
- —0 almost surely.

Consequently, we may conclude that

1<, 9
T Z z = ?T —0 almost surely.
t=0
This concludes the proof. [ ]
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B. Proof of Theorem 1

Notice that we may write

T—-1
19 — AD[* = > | @(wes1) — AB(wo)||*.
t=0

Now, let us define e = & (z¢)— () to be the quantization
error on the i-th observable at time ¢, which is a zero-mean
ii.d. process due to the dither quantization. This implies

Eletel] = 0 when i # j or t # s. Let us further define
Il N1T
er=leg,...,ep ).

We may expand [|@(xs11) — A@(x¢)]|? as follows

C. Proof of Theorem 2

The closed form solution to the DMD problem in (13)
with quantized data is
&eT(57) "

Kpmp = (32)

Let us denote & = & + ®., where the 7j-th element of ®. is
eé, which is the quantization error‘corresponding to the i-th
observable at time step j. Since e} is uniformly distributed
in the range | — &, 5], we may conclude that || @ = O(e),
where O(-) is the Big-O notation. Similarly, we may also
define &' = &’ + &’ and verify that ||®.|| = O(e).

After substituting ® = ® + &, and &' = & + &’ in (32),
and after some simplifications, we obtain

[B(z141) — A@(@e)[|* = [ o(w41) — Ap(we) + €41 — Aee||* Kpup = Kpwmp — Kpwp (@@T‘I’Zl + [)71 Le (&)&)T)ilv
= [lo(@es1) = Ap(ao)|1? + lless || + || Aeq|? where ¥, = &.®7 + ®®] + &) and [, = /T +
- 2e:+1Aet + 2etT+1(<p(:ct+1) — Ap(xy)) O'®] + &' d. Therefore, we may write
- 26:AT(‘P(xt+1) — Ap(zt)). (29) ICDMD = Kpwmp + K,

Now recall that {e{}!=5H is an i.i.d sequence, therefore,

using the law of large numbers, we may write

Zet—o

for all ¢, with almost sure probability. Similarly, we may also
write

T-1
1 )
A 7 2 leenl = ZE

almost surely, where (}) follows from Lemma 1. Similarly,

lim — (30)

T—oo T

62

|€0|| 12

1 T—-1
: S e,
AT vy er1der =0,

almost surely, due to Corollary 2 and Corollary 3.
Therefore, for a large enough 7', we may write

~
[

Nl =

t

Il
<

2

+NS 4 —|\A||2

12 6D

where we have used & Zt o e+ = Ele] =0 on the last two

terms of (29). Thus,

Kpmp = argminA @' — AD|?
= argmin, — Z 1@(xe41) — A ()|

2 2 2
= argming Z lp(zer1) = Ap(a)[I” + 2HAH :

This concludes the proof of Theorem 1.

IB(e) ~ AP = 3 p(aes) — Ap(z)I
=0

—1

where K, =T, (ti)tiJT)71 — Kpump (®@T ¥t + 1) . The
theorem is proven once we have shown that ||| = O(e).
To that end, let us note that | U.|| = O(e) and ||T'c|| = O(e),

O(e). This concludes the proof.

D. Dataset generation for flow past cylinder

FEATool Multiphysics

Fig. 4: Snapshot of velocity field at ¢ = 80s.

The simulation setup [23] is shown in Fig. 4. The 2-
D solution domain (2.2 m x 0.41 m) is discretized using
irregular triangular mesh with number of nodes Ny = 2647,
and number of elements No = 5016. The cylinder has the
diameter of 0.1 m with its center located at (0.2 m, 0.2 m).
The flow is assumed to be incompressible, and governed by
I the Navier-Stokes equations with u, v denoting the hori-
zontal and vertical component of the velocity respectively
while p denotes the pressure field. The density of the fluid
is p = 1 Kg/m? and its dynamic viscosity z = 0.001 Kg/m s.
The flow is unsteady with a maximum velocity of 1 m/s and
mean velocity % of the maximum velocity. The simulation
starts with initial conditions uyg = vg = 0 and po = 0. The
leftmost boundary is set as an inlet with a parabolic velocity
profile, representing a fully developed laminar flow at the
inlet. The rightmost boundary is set as an outflow (pressure
boundary), where we specify the pressure but do not specify
the velocity, allowing the flow to exit naturally based on the
internal flow field. All other boundaries are treated as walls
with a no-slip condition, i.e., the fluid velocity at the walls
is zero. The simulation runs for a total of 80 seconds, with
a time-step size of (.01 seconds.
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