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Second Order Approximation of Reachable Sets of LTI Systems

Gunther Reissig

Abstract— We present a novel method to approximate reach-
able sets at time points, of continuous-time LTI systems, in
which initial states are subject to compact convex uncertainty
and the input may arbitrarily vary over time within a zonotopic
uncertainty set. We prove a priori bounds on the approximation
error, which are of second order depending on a discretization
parameter and can be used to subsequently obtain over-
and under-approximations rather than mere approximations.
In contrast to competing approaches, our method does not
iteratively propagate over- or under-approximations, and it does
not reduce the complexity of any of the zonotopes internally
produced at intermediate stages. We compare the performance
of our method to that of competing approaches on examples.

I. INTRODUCTION

Reachable sets represent a central concept in systems and
control theory and have applications in numerous fields; see,
e.g. [1]1-[5] and the references given there. This is why the
problem of efficiently and accurately approximating these
sets has been generating research interest for decades. In
this note, we consider continuous-time LTI systems of the
form

z(t) = Azx(t) + u(t), (1)

where A € R™"*", x(0) € X, and the input signal u may
arbitrarily vary over time within the set U. The matrix A,
the uncertainty sets Xq, U C R" as well as a duration T are
given. The form of the system (1) covers the variant &(t) =
Az(t) + ¢+ Bu(t) for a vector ¢ and a matrix B of suitable
dimensions, with obvious correspondence between the two
problem data. Assuming that X is nonempty compact and
convex, U is a zonotope, and T' > 0, we seek to approximate
the reachable set of (1) at time 7. For a definition of
reachable sets, we refer to Section II-C.

Early attempts have approximated reachable sets by in-
tersections of supporting half-spaces and by convex hulls
of support points [1], [6]. VELIOV has proposed to use
Minkowski sums of linearly transformed copies of the un-
certainty set U instead [7]. His method can be interpreted as
numerically approximating the set-valued integral represent-
ing reachable sets. It applies to reachable sets at time points
of LTV systems and to any compact convex uncertainty
set U. The method shows second order convergence, i.c.,
the approximation error is of second order depending on a
discretization parameter, and this is best possible for linear
quadrature methods unless the uncertainty set U is smooth
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[7], [8]. While the aforementioned research has focused on
qualitative, asymptotic results, specific error bounds allowing
to obtain under- and over-approximations have also been
presented [7], [9]. The thesis [10] provides an excellent
survey of research in linear systems reachability up to the
year 1995.

In an influential paper, GIRARD has proposed a method to
over-approximate reachable sets over compact time intervals
(reachable tubes), which applies to LTI systems under zono-
topic uncertainties [11]. Important variants and extensions
have been proposed in, e.g. [5], [12]-[16]; see the surveys
[17], [18]. The method has been extended to LTV systems
[19]. An effective method to automatically tune the various
algorithm parameters to the reachability problem at hand has
been presented in [20] and has been implemented in the
software CORA [21]. Other variants of GIRARD’s original
method have also been implemented [16], [22]-[24].

All the aforementioned contributions [5], [11]-[16], [19]
show first order convergence and follow, at the algorithmic
level, a two-step procedure, in which a reachable set over
a small time interval is over-approximated and subsequently
and iteratively propagated and extended to obtain a sequence
of over-approximations over longer time intervals. Extremely
complex intermediate results may be produced which are
subsequently reduced to remove information not needed in
the approximation that is actually sought.

Ellipsoidal techniques use intersections and unions of
ellipsoids to enclose reachable sets at time points [3]. In
theory, arbitrarily accurate under- and over-approximations
can be obtained by increasing the number of ellipsoids.
However, error estimates are not available, numerical errors
are neglected, and in practice, neither over-approximations
nor under-approximations can be guaranteed. See, e.g. [3,
Sec. 7.2, Fig. 4.3]. The methods in [4], [25]-[28] compute
interval over-approximations and are not convergent. Finally,
some methods numerically solve partial differential equations
characterizing reachable sets [3], which requires discretizing
the state space and so the computational effort would scale
exponentially with the state space dimension.

In this paper, we present a novel method to over-
approximate reachable sets of the system (1) at time points.
Similar to VELIOV [7], we interpret the problem as one
of approximating a set-valued integral, and we approach
it using the set-valued analog of the Trapezoidal Method.
The resulting method converges quadratically depending on a
discretization parameter, as proved in Section III, and avoids
propagating over-approximations and reducing zonotopes.
Our convergence result is based on two contributions which
may be of independent interest, namely, a novel error bound
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for the (classical, real-valued) Trapezoidal Method, and a
novel result regarding the structure of set-valued integrands
arising in linear reachability problems. In Section IV we
compare the performance of our method to that of competing
approaches on several examples.

II. PRELIMINARIES

A. Notation

The relative complement of the set A in the set B is
denoted by B\ A. R, Ry, Z and Z, denote the sets of
real numbers, non-negative real numbers, integers and non-
negative integers, respectively, and N = Z, \ {0}. [a,b)],
la,b[, [a,b], and ]a,b] denote closed, open and half-open,
respectively, intervals with end points a and b, e.g. [0, oo[ =
R . [a;b], Ja; b, [a;b], and ]a; b] stand for discrete intervals,
e.g. [a;b] = [a,b]NZ, [1;4] = {1,2,3}, and [0;0[ = (. For a
nonempty subset M of the extended reals [—oo, 00], max M,
min M, sup M and inf M denote the maximum, minimum,
supremum and infimum, respectively, of M and we adopt
the convention that sup () = 0.

AXx B is the Cartesian product of sets A and B. f: A - B
denotes a map from A into B, and the image of a subset
C C A under f is denoted f(C), f(C) =, cc f(a).

Arithmetic operations involving subsets of a linear space
X are defined pointwise, e.g. aM = {ay|y € M} and
M+ N = {y+z|lye M,z€ N} whenever « € R
and M,N C X. If X is endowed with a norm | - |,
the norm of a nonempty subset M C X is defined by
[|1M]| = sup,eas ||z, rad(M) is the (Chebyshev) radius of
M, the closed ball with radius » > 0 centered at ¢ € X
is denoted B(c,r) = {z € X ||z —¢|| <r}, and we shall
abbreviate B = B(0,1). See [34]. The notation is used
without change in the case X = R", but if || - || is the
usual p-norm, we add p € [1, 00| as a subscript, e.g. || - ||,
rad,, and B,. (z|y) denotes the standard Euclidean inner
product of z,y € X, (z|ly) = > ,_; @xyx. The support
function o(-, M) of a nonempty subset M C X is defined
by o(v,M) = sup{{v|z)|z € M} for all v € X. If
additionally Y = R™, the set of linear maps X — Y is
identified with the set of real m x n matrices and is denoted
R™m>n L* € R ™ is the transpose of L € R"™*". Given
norms on X and Y, R™*™ is endowed with the norm given
by || L|| = max {||Lz| |# € B C X}, and if the norms on X
and Y are the respective p-norms, we denote || L||, = || L.

A map is of class C* if it is continuous and k times
continuously differentiable, k& € Z,. The class of maps in
C* with locally Lipschitz kth derivative is denoted C*!.

B. Functions of Bounded Variation and Related Concepts

Integration and measure are always understood in the
sense of Lebesgue, and a.e. is to abbreviate both almost every
and almost everywhere. For the concepts in this section, we
refer to [35], [36].

Let I C R be nonempty and f: I — R. The variation var(f)

of f is defined by

k
var(f) =sup »_|f(t:) = f(ti-1)], 2
=1

where the supremum in (2) is taken over all £ € N and all
to,...,tx € I satisfying t,_1 < ¢; whenever ¢ € [1; k], and
f is of bounded variation (b.v.) if var(f) < oco.

The function f is absolutely continuous (a.c.) if I = [a,b],
a,b € R, a < b, and f is the indefinite integral of an
integrable function [a,b] — R. In this case, the derivative
f'(t) exists for ae. t € [a,b], ie., f': [a,b] \ E — R for
a well-defined null set £ C [a,b]. In particular, if f is a.c.,
then var(f’) is well-defined and coincides with the essential
variation in the sense of [36] of any extension of f’ to [a, b].

C. Reachable Sets

Let I C R be an interval containing the origin. If u: I —
R™ is locally integrable, we denote by (-, p, u) the unique
solution of (1) defined on I and satisfying ¢(0, p,u) = p for
all p € R,

t
o(t,p,u) = etp + / A=) y(s)ds forall t € I.  (3)
0

Ifte R and X,U C R", then
R(t, X,U) ={¢(t,p,u) |p € X,u: R = U loc. int.}

is the reachable set at time t of the system (1). If X
and U are nonempty, compact and convex, then so are the
reachable sets, which are conveniently written using a set-
valued integral,

i
R(t,X,U) = e X +/ MUds (t>0). (@)
0

See, e.g. [37].
III. MAIN RESULTS

Consider the system (1), where both the initial state (0)
and the input u are subject to uncertainty as detailed in
Section I. We assume the following.

(Hy) The uncertainty set U C R"™ is a zonotope,
U= Z(UQ, G),

where ug € R", G € R"*™, and m € Z. The uncertainty
set Xo € R™ is nonempty, compact and convex, 7" > 0, and
A € R*"™" where n € N.

We propose to approximate the reachable set R(T, X, U)
as follows. Given a discretization parameter N € N, we
produce a sequence {)g,...,«2x of subsets ) given by

Q() = Xo and by
h k—1 )
Q=P Xy + £+ 5 (Uo+ OUy) + Y €+ hl) (5)
=1

for all k € [1;N], where h = T/N, Uy = Z(0,G), and
&€ R™ and ® € R™ " are given by the identity

B 9-(t 7)o
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We here assume the ability to compute the set ®*X,. By
suitably representing X and possibly requiring X to belong
to a specific class of sets, the right hand side of (5) can be
evaluated on a computer. In addition, we assume throughout
that the exponential of a matrix can be computed exactly,
and we note that (6) implies

h
® = exp(Ah) and £= / exp(As)upds. (7)
0

As it will turn out, each set £, approximates R(kh, Xo,U),
and in particular, 2 is an approximation of R(T, Xy, U).
We emphasize that, in contrast to existing methods [11],
[13], [19], the sets 2 are not, in gengral, over- or under-
approximations. Over-approximations {2; will be produced
from ) only later, see (9), and will never be propagated.

In order to quantify the approximation error, we shall rely
on the bound

| exp(At)[|loo < M exp(nt). (8)
We summarize our assumptions as follows.

(Hz) N e Nand h = T/N. The constants M,n € R satisfy
(8) for all t € [0, 7], and the sequence £, ..., Qy is given
by Qo = Xo and by (5) for all k € [1; N].

We next present the main result of this note.

III.1 Theorem. Assume (Hy) and (Hz), denote by || - || the
infinity norm, and let the radius rad, the Hausdorff distance
dg and the closed unit ball B be defined w.r.t. this norm.
Define

_ M|[A|rad(U)
B 24

for all t € R, and define

t
9 Le(t) = HAH/ o1 ds, 5(t) = 1 + "
0

Qp, = Qi + 20e(kh)h*B )
for all k € [1; N]. Then we have
R(kh) C Q, (10)
Q. € R(kh) + 9 (36(kh) + 5e(kh)) R*B,  (11)
di (R(kR), Q) < 0 (36(kh) + Te(kh)) b (12)

for all k € [1;N], where we have denoted R(kh) =
R(kh, Xo,U).

We briefly discuss the result. The only non-trivial assump-
tion is the growth bound (8), which is satisfied, e.g. by any
pair of constants

(M) € { (n 2 (4)), (02, 1o (A)), (Lpoe (4) ]+ (13)

where p,,(A) denotes the logarithmic norm of A w.rt. the
p-norm [38]. The quantities 1, £(¢) and d(¢) in the theorem
depend of our choice of M and 7 and define the amount by
which the set {2y, is enlarged to obtain the over-approximation
O, of R(kh, Xo,U). Importantly, for any choice of M and 7,
the functions ¢ and ¢ are bounded on the interval [0, 7], and
hence, the bound (12) on the approximation error is of order

h? as h — 0, uniformly for k € [0; N]. While in this paper
we focus on over-approximations, under-approximations of
second order accuracy may be obtained from the inclusion
(11) in a similar fashion.

Theorem III.1 has been established with the help of two
contributions presented in Sections III-A and III-B.

A. Error bounds for the Trapezoidal Method

We consider integrable functions f: [a,a+ T] — R for
some a € R and some 7" > 0. To approximate the integral
f;+T f(t)dt, we divide the interval [a,a + T] into N € N
sub-intervals of length h and apply the Trapezoidal Method
QL defined by

N-1

(f(@)+ fla+T)+h Y fla+kh), (14)

k=1

No(f) =

| >

where h = T'/N is the step size. The error functional EQ’T
for this quadrature method is defined by

a+T
BN ()= [ f0dt- Q)

In our proof of Theorem III.1, f will be the integrand in the
identity

T
o(v, R(T, Xo,U)) = / o(v, e U) dt, (15)
0

which is why we are interested in accurate bounds on
the quadrature error EV.(f) for functions f satisfying an
exponential growth bound similar to the one in (8).

II1.2 Proposition. Let a,n,M € R, T > 0 and N € N,
and denote h = T/N. Then the following holds for every
function f: [a,a+T] = R.

(i) ENL(f) <0 whenever f is convex.

(ii) |E£\]T(f)\ < eh?MT/12 whenever f is of class C1*
and |f"(t)] < M=) for a.e. t, where ¢ = 1 if n = 0
and otherwise

gie”Tfl. 12 ( nh 1)
nT (nh)? \ 2tanh(nh/2) '

(iii) |E£XT(f)\ < h2var(f’)/8 whenever f' is of b.v..
The bounds given in (i) through (iii) are attained. Moreover,
we have ¢ < T~1 fOT exp(nt) dt < (1 + exp(nT))/2 in (ii).

(16)

The bounds in (i) and (iii), and their sharpness, are well
known, and the same holds for the one given in (ii) in
the special case n = 0, ¢ = 1. See [39]. If n # O,
the latter estimate would have to be applied with ¢ =
max{1,exp(nT)} instead, which is where our estimate in
(ii) improves upon the known one.

B. Regularity of the integrand in (15)

The integrand in (15) equals (v|exp(At)ug) +
|G* exp(A*t)v||;. Our next result shows that we can
bound the quadrature error resulting from the second
summand, using a combination of (i)-(iii) in Proposition
I1.2.
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I11.3 Proposition. Let f: [a,b] — R™ € CY! and define

b
V=1 (@l + 1) +/ I @l dt, A7)

where a,b € R, a < b, and n € N. Then there exist functions
a,B: [a,b] — R satisfying the following conditions.

(i) B is convex and Lipschitz, and 5’ (b) — '(a) < V.
(ii) a € CHY and | (t)| < ||f" (1)1 for a.e. t € [a,b].
(iii) a(t) + B(t) = || f()|l1 for every t € [a,b], and for

a.e. t € [a,b] we have |/ (t) + B ()] < || f' ()]

The above result implies that

b
var(g) < V + / £ (6) ] dt, (8)

where g is given by g(t) = |/f(¢)||1, and hence, allows
bounding the error of the Trapezoidal Method applied to
f; Il (®)|]1 dt using Proposition II1.2(iii). Bounds similar to
(18) are known [8], [40]-[42] and have been applied to bound
quadrature errors [7]-[9], [41]. The main advantage of the
decomposition established in Proposition II1.3 is that due to
the convexity of the summand § the corresponding quadra-
ture error can be ignored when we enlarge the approximation
), to obtain the over-approximation 2, in (9). This reduces
the error of our over-approximation of the reachable set and
explains the difference between the upper and lower bounds
in (10) and (11), respectively.

IV. NUMERICAL EXPERIMENTS

In this section, we compare the performance of the four
methods listed in Tab. I. In all examples, the uncertainty set
X is a zonotope, and hence, the sets €2 and 2, in Theorem
III.1 are zonotopes. We over-approximate the reachable set
R = R(T, Xo,U) by the set Qy and report the approxima-
tion error, i.e., the Hausdorff distance between R and Qy,
ora bouncl on that error, as well as the computgtional time
to obtain 2y and the number of generators of (2. We are
particularly interested in the dependence of the error on the
number of generators in the over-approximation, and on the
computational time to obtain the over-approximation.

TABLE I
METHODS COMPARED IN SECTION IV

Method Description
CORAa ([J) | CORA [21]; automatic parameter tuning; theory in [11], [14],
[15], [20]

CORAs () |CORA [21]; standard algorithm without zonotope reduction,
9 Taylor terms; theory in [11], [14], [15]

KK (0) method from [9], using [9, equ. (2.1)] to obtain over-
approximation'; theory in [7], [9]; implemented by present
author

GR (@) method proposed in present paper

The software CORA (v2024.1.1) [21] is run under MAT-
LAB (R2023a) [43], GR and KK are run under Mathematica
(13.2.1) [44]. All tests are run in serial mode on a computer
equipped with AMD EPYC 7452 32-core processors and 1
TB of RAM under Linux x86 (64-bit).

'We have replaced || exp(AT)||2 in [9, equ. (2.1)], an obvious misprint,
by exp(||A[[2T).

A. Oscillator
Consider the reachability problem from [21, Sect. 9.3.1]

given by
_(=T7/10 -2
A= ( 2 _7/1o>’

Xo = (10,5) + [-1/2,1/2)%, U = [3/4,5/4]*, and T = 5.

For GR, Theorem IIL.1 is applied with M = 2'/2 and n =
p2(A) = —7/10. The approximation error ¢ is the Hausdorff
distance w.r.t. the Euclidean norm, which has been computed
with relative error not exceeding 1% using the method from
[10, Sect. 3.1.4]. From the results presented in Fig. 1 we can
clearly distinguish between the two second order methods
GR and KK, and the two first order methods CORAa and
CORAs. In addition, the results for CORAs show the huge
complexity of the over-approximations generated by the
algorithms in CORA [21], which is subsequently reduced
by a post-processing step. For this example, GR shows the
best performance and KK shows the worst, in terms of both
the dependence of the error on the number of generators and
in terms of the dependence on the computational time. The
performance of KK is the result of the conservativeness of
the a priori error bound in [9, equ. (2.1)] that we have used
to obtain over-approximations, and KK would be expected
to outperform CORA only if very accurate approximations
of the reachable set are to be computed.

We would like to add that the relatively large compu-
tational times for CORA compared to GR should not be
interpreted as a deficit of CORA, as CORA additionally
approximates reachable tubes while GR does not. However,
the computational times of CORA for ever stricter error
requirements seem to grow faster than those of both KK
and GR.

B. Platoon of vehicles

We consider a reachability problem proposed in [45],
which is also used in [46], [47]. The system (1) describes a
controlled platoon of three vehicles with a manually driven
leader whose acceleration is uncertain. We focus on the
case without any communication between the vehicles, for
which the matrix A € R9%9 is given in [45, p. 40], U =
{0} x [-9,1] x {0}7, Xo = {0}, and T = 20.

We compare GR to CORAa. As for GR, all pairs (M, 7)
in (13) lead to overly conservative estimates of the norm of
the exponential matrix, which is why we have resorted to
M = 300 and n = —0.4, which are easily demonstrated to
satisfy the condition (8).

The results presented in Fig. 2 show that for over-
approximations of comparable complexity, the approxima-
tions produced by CORA are more precise than those
produced by GR. The second order method GR can be
expected to outperform the first order method CORAa only if
extremely accurate approximations are required. In addition,
the presentation Fig. 2 gives a slight advantage to GR over
CORAa, since ¢ is a bound on dg (R, Qx) w.r.t. the 2-norm
for CORAa and w.r.t. the oo-norm (GR). Similarly to the case
of KK in Example IV-A, this is due to a very poor a priori
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Fig. 1. Results for the example in Section IV-A. Approximation error € over the number of generators g in the zonotopic over-approximation Q ~ of the
reachable set R (left) and over the computational time in seconds (right). € is the Hausdorff distance between R and 25 w.r.t the Euclidean norm, and

— — — marks rada(R). See also Tab. L

bound for the exponential matrix used by GR to obtain over-
approximations. Computational times are comparable, but
again, CORAa additionally approximates reachable tubes.
The computational times of CORAa for ever stricter error
requirements seem to grow faster than those of GR.

V. CONCLUSIONS

We have proposed a novel method to over-approximate
reachable sets of continuous-time LTI systems. Our method
is convergent of second order and outperforms the second
order method from [9] in terms of accuracy and speed
by several orders of magnitude. In general, the proposed
method performs very well, and even extremely well when
highly accurate over-approximations are to be computed,
provided that the norm of the exponential matrix can be
effectively bounded by an a priori estimate. Otherwise,
the method may perform rather poorly, when compared to,
e.g. the excellent performance of CORA [21]. To combine
the proposed method with less conservative, and in particular,
with a posteriori bounds is a subject of our current research.

ACKNOWLEDGMENT

The author thanks M. Althoff (Munich), V. Chaim (Munich)
and M. Wetzlinger (Munich) for helpful comments on suit-
able test cases.

REFERENCES

[1] G. Basile and G. Marro, Controlled and conditioned invariants in
linear system theory. Englewood Cliffs, NJ: Prentice Hall, 1992.

F. Blanchini and S. Miani, Set-theoretic methods in control, ser.
Systems & Control: Foundations & Applications.  Boston, MA:
Birkhduser Boston, 2008.

A. B. Kurzhanski and P. Varaiya, Dynamics and control of trajec-
tory tubes, ser. Systems & Control: Foundations & Applications.
Birkhduser/Springer, 2014.

G. Reissig, A. Weber, and M. Rungger, “Feedback refinement
relations for the synthesis of symbolic controllers,” IEEE Trans.
Automat. Control, vol. 62, no. 4, pp. 1781-1796, Apr. 2017.
doi:10.1109/TAC.2016.2593947

M. Althoff, “Reachability analysis of large linear systems with uncer-
tain inputs in the Krylov subspace,” IEEE Trans. Automat. Control,
vol. 65, no. 2, pp. 477-492, 2020.

[2]

[3]

[6] T. Pecsvaradi and K. S. Narendra, “Reachable sets for linear dynamical
systems,” Inform. and Control, vol. 19, pp. 319-344, 1971.

V. M. Veliov, “Discrete approximations of integrals of multivalued
mappings,” C. R. Acad. Bulgare Sci., vol. 42, no. 12, pp. 51-54 (1990),
1989.

V. Veliov, “Second-order discrete approximation to linear differential
inclusions,” SIAM J. Numer. Anal., vol. 29, no. 2, pp. 439-451, 1992.
M. Krastanov and N. Kirov, “Dynamic interactive system for analysis
of linear differential inclusions,” in Proc. Conf. Modeling techniques
for uncertain systems, Sopron, Hungary, Jul. 6-10, 1992, ser. Progr.
Systems Control Theory, A. B. Kurzhanski and V. M. Veliov, Eds.
Birkhduser Boston, Boston, MA, 1994, vol. 18, pp. 123-130.

R. Baier, “Mengenwertige Integration und die diskrete Approximation
erreichbarer Mengen,” doctoral thesis, Univ. Bayreuth, Fakultit fiir
Mathematik und Physik, Bayreuth, Germany, 1995, (“Set-valued inte-
gration and the discrete approximation of reachable sets”, in German).
A. Girard, “Reachability of uncertain linear systems using zonotopes,”
in Proc. 8th Intl. Workshop on Hybrid Systems: Computation and
Control (HSCC), Ziirich, Switzerland, Mar. 9-11, 2005, ser. Lect. Notes
Comput. Sci., M. Morari and L. Thiele, Eds., vol. 3414.  Springer,
2005, pp. 291-305.

A. Girard, C. Le Guernic, and O. Maler, “Efficient computation of
reachable sets of linear time-invariant systems with inputs,” in Proc.
9th Intl. Workshop on Hybrid Systems: Computation and Control
(HSCC), Santa Barbara, CA, U.S.A., Mar. 29-31, 2006, ser. Lect.
Notes Comput. Sci., J. Hespanha and A. Tiwari, Eds. Berlin: Springer,
2006, vol. 3927, pp. 257-271.

C. Le Guernic and A. Girard, “Reachability analysis of linear systems
using support functions,” Nonlinear Anal. Hybrid Syst., vol. 4, no. 2,
pp. 250-262, 2010.

C. Le Guernic, “Reachability analysis of hybrid systems with linear
continuous dynamics,” Ph.D. dissertation, Universit¢é Grenoble I -
Joseph Fourier, Ecole Doctorale Mathématiques, Sciences et Tech-
nologies de I'Information, Informatique, 28 Oct. 2009.

M. Althoff, “Reachability analysis and its application to the safety
assessment of autonomous cars,” Ph.D. dissertation, Technische Uni-
versitiat Miinchen, 7 Jul. 2010.

G. Frehse, C. Le Guernic, A. Donzé, S. Cotton, R. Ray, O. Lebeltel,
R. Ripado, A. Girard, T. Dang, and O. Maler, “SpaceEx: scalable
verification of hybrid systems,” in Proc. 23rd Intl. Conf. Computer
Aided Verification (CAV), Snowbird, UT, USA, Jul.14-20, 2011, ser.
Lect. Notes Comput. Sci., vol. 6806. Springer, Heidelberg, 2011, pp.
379-395.

M. Althoff, G. Frehse, and A. Girard, “Set propagation techniques
for reachability analysis,” Annual Review of Control, Robotics, and
Autonomous Systems, vol. 4, no. 1, pp. 369-395, 2021.

M. Forets and C. Schilling, “Conservative time discretization: A com-
parative study,” in Proc. 17th Intl. Conf. Integrated Formal Methods
(IFM 2022), Lugano, Switzerland, Jun. 7-10, 2022, ser. Lect. Notes
Comput. Sci., M. H. ter Beek and R. Monahan, Eds., vol. 13274.
Springer, 2022, pp. 149-167.

[7]

[8]
[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

6695



(U

50F

10F

0.50

'

cpu
01 05 1 5 10 P

Results for the example in Section IV-B. Bound £ on approximation error over the number of generators g in the zonotopic over-approximation

Qn of the reachable set R (left) and over the computational time in seconds (right). € is the Hausdorff distance between R and Q2 w.r.t the Euclidean

é
50F
(]
D .
10¢ C
‘ (]
5F |
O ‘
o
1 o
0.501 - ®
|
|
3 - B [ ]
0.10 ]
I Il I I I Il n g
50 100 500 1000 5000 10
Fig. 2.
norm, and — — — marks rada(R). See also Tab. L.
[19] M. Serry and G. Reissig, “Overapproximating reachable tubes of linear

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

[28]

[29]

(30]

[31]

[32]

time-varying systems,” IEEE Trans. Automat. Control, vol. 67, no. 1,
pp. 443-450, Jan. 2022. doi:10.1109/TAC.2021.3057504

M. Wetzlinger, N. Kochdumper, S. Bak, and M. Althoff, “Fully
automated verification of linear systems using inner and outer approx-
imations of reachable sets,” IEEE Trans. Automat. Control, vol. 68,
no. 12, pp. 7771-7786, 2023.

M. Althoff, N. Kochdumper, T. Ladner, and M. Wetzlinger, CORA
2024 Manual, Techn. Univ. Miinchen, D-85748 Garching, Germany,
Oct. 23 2023.

R. Ray, A. Gurung, B. Das, E. Bartocci, S. Bogomolov, and R. Grosu,
“XSpeed: Accelerating reachability analysis on multi-core processors,”
in Proc. 11th Intl. Haifa Verification Conf. (HVC), Haifa, Israel, Nov.
17-19, 2015, ser. Lect. Notes Comput. Sci., vol. 9434, 2015, pp. 3-18.
S. Bogomolov, M. Forets, G. Frehse, K. Potomkin, and C. Schilling,
“JuliaReach: a toolbox for set-based reachability,” in Proc. 22th ACM
Intl. Conf. on Hybrid Systems: Computation and Control (HSCC),
Montreal, QC, Canada, Apr. 16-18, 2019, 2019, pp. 39—44.

S. Bak and P. S. Duggirala, “Simulation-equivalent reachability of
large linear systems with inputs,” in Computer aided verification. Part
1, ser. Lect. Notes Comput. Sci. Springer, 2017, vol. 10426, pp. 401—
420.

K. Shen and J. K. Scott, “Exploiting nonlinear invariants and path
constraints to achieve tighter reachable set enclosures using differential
inequalities,” Math. Control Signals Systems, vol. 32, no. 1, pp. 101-
127, 2020.

M. Zamani, G. Pola, M. Mazo, Jr., and P. Tabuada, “Symbolic models
for nonlinear control systems without stability assumptions,” I[EEE
Trans. Automat. Control, vol. 57, no. 7, pp. 1804-1809, 2012.

M. Serry and G. Reissig, “Hyper-rectangular over-approximations of
reachable sets for linear uncertain systems,” in Proc. 57th IEEE Conf.
Decision and Control (CDC), Miami, FL, USA, 17-19 Dec. 2018,
2018, pp. 6275-6282. doi:10.1109/CDC.2018.8619276

N. S. Nedialkov, K. R. Jackson, and G. F. Corliss, “Validated solutions
of initial value problems for ordinary differential equations,” Appl.
Math. Comput., vol. 105, no. 1, pp. 21-68, 1999.

A. Weber, G. Reissig, and F. Svaricek, “A linear time algorithm to
verify strong structural controllability,” in Proc. IEEE Conf. Decision
and Control (CDC), Los Angeles, CA, U.S.A., 15-17 Dec. 2014, 2014,
pp. 5574-5580.

A. Weber and G. Reissig, “Classical and strong convexity of sublevel
sets and application to attainable sets of nonlinear systems,” SIAM J.
Control Optim., vol. 52, no. 5, pp. 2857-2876, 2014.

M. Rungger and G. Reissig, “Arbitrarily precise abstractions for
optimal controller synthesis,” in Proc. 56th IEEE Conf. Decision and
Control (CDC), Melbourne, Australia, 12-15 Dec. 2017, 2017, pp.
1761-1768.

G. ReiBig, “Abstraction based solution of complex attainability prob-
lems for decomposable continuous plants,” in Proc. 49th IEEE Conf.

[33]

[34]

[35]

[36]
(371
[38]
[39]

[40]

[41]

[42]
[43]
[44]

[45]

[46]

[47]

6696

Decision and Control (CDC), Atlanta, GA, U.S.A., 15-17 Dec. 2010,
2010, pp. 5911-5917.

G. Reifig and U. Feldmann, “A simple and general method for
detecting structural inconsistencies in large electrical networks,” IEEE
Trans. Circuits Systems 1 Fund. Theory Appl., vol. 50, no. 11, pp.
1482-1485, Nov. 2003.

G. Beer, Topologies on closed and closed convex sets, ser. Mathematics
and its Applications. Dordrecht: Kluwer Academic Publishers Group,
1993, vol. 268.

1. P. Natanson, Theory of functions of a real variable - Vol. I, 2nd ed.
Frederick Ungar Publishing Co., New York, 1961, translated by Leo
F. Boron with the collaboration of Edwin Hewitt.

V. V. Chistyakov, “Selections of bounded variation,” J. Appl. Anal.,
vol. 10, no. 1, pp. 1-82, 2004.

H. Hermes, “The generalized differential equation ¢ € R(t, z),”
Advances in Math., vol. 4, pp. 149-169, 1970.

W. A. Coppel, Stability and asymptotic behavior of differential equa-
tions. D. C. Heath and Co., Boston, Mass., 1965.

H. Brass and K. Petras, Quadrature theory, ser. Mathematical Surveys
and Monographs. AMS, 2011, vol. 178.

L. Vesely, “Topological properties of monotone operators, accretive
operators and metric projections,” CSc thesis, defended Jul. 1, 1991,
Charles Univ. Prague, Dept. Math. Anal., Faculty of Math. and Phys.,
Sokolovska 83, 186 00 Praha 8, Czechoslovakia, 1990.

B. D. Doitchinov and V. Veliov, “Parametrizations of integrals of set-
valued mappings and applications,” J. Math. Anal. Appl., vol. 179,
no. 2, pp. 483-499, 1993.

L. Vesely and L. Zajicek, “On vector functions of bounded convexity,”
Math. Bohem., vol. 133, no. 3, pp. 321-335, 2008.

MATLAB version 9.14.0.2206163 (R2023a), The Mathworks, Inc.,
Natick, Massachusetts, 2023.

S. Wolfram, The Mathematica® book, 5th ed. Wolfram Media, Inc.,
Champaign, IL, U.S.A., 2003.

I. B. Makhlouf and S. Kowalewski, “Networked cooperative platoon
of vehicles for testing methods and verification tools,” in Proc. Ist
and 2nd Intl. Worksh. Appl. Verification for Continuous and Hybrid
Systems (ARCH), ser. EPiC Series in Computing, G. Frehse and
M. Althoff, Eds., vol. 34. EasyChair, 2015, pp. 37-42.

M. Wetzlinger and M. Althoff, “Backward reachability analysis of
perturbed continuous-time linear systems using set propagation,”
arXiv.org, Tech. Rep., Oct. 29 2023.

M. Althoff, M. Forets, Y. Li, S. Mitra, C. Schilling, M. Wetzlinger,
and D. Zhuang, “ARCH-COMP23 Category Report: Continuous and
hybrid systems with linear continuous dynamics,” in Proc. 10th
Intl. Worksh. Appl. Verification for Continuous and Hybrid Systems
(ARCH), ser. EPiC Series in Computing, G. Frehse and M. Althoff,
Eds., vol. 96. EasyChair, 2023, pp. 34-60.



