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Variant Predictor-Corrector Method for Linear Predictive Control
Using Modified Uzawa Algorithm
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Abstract— In this paper, a new variant of the predictor-
corrector interior point method (IPM) pipeline is proposed
for model predictive control (MPC) problems for linear
time-invariant systems, which can be reformulated as
quadratic programming (QP) problems. At each iteration
in the IPM, finding the search direction via solving a
linear system of equations is usually the step with the
highest computational cost. A modified Uzawa algorithm
is developed to improve the performance in the proposed
IPM, which can address the ill-conditioning issue at the
late iterations and reduce computational cost. Results of
an MPC problem example are presented to show the
performance of the proposed pipeline.

I. INTRODUCTION

Model predictive control (MPC) is an optimization-
based technique to obtain the optimal control inputs
for a system at a certain sampling instant, providing
optimal control strategies capable of handling various
system requirements [1]. For practical realization of
MPC, improving the efficiency of the optimization step
is critical. A popular class of algorithms is the interior
point methods (IPMs), in which the optimal solution
is iteratively approached by moving inside a feasible
region. Various IPM frameworks have been developed
(see [2], etc. for detailed summaries), which are ac-
knowledged to be more efficient than other algorithms
(e.g., active-set) for large-scale problems. IPMs typically
converge to the optimum in a small number of iterations.
However, at each iteration, a linear system of equations
must be solved to find the search direction, referred to
as the Newton step (Eq. (4)). Hence, the computational
cost per iteration can be expensive [3], and it is always
of interest to reduce this cost to improve the overall IPM
performance.

For solving the Newton step in IPMs, iterative meth-
ods are often preferred due to memory [4] and hardware
implementation efficiency [5], especially for large-scale
problems. However, it is well-known that the matrix
in the Newton step becomes extremely ill-conditioned
in late iterations [3], resulting in slow convergence for
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most iterative methods. Hence, preconditioning tech-
niques have been employed, including preconditioners
for conjugate gradient (CG) [6], [7], Minimal Residual
(MINRES) method [5], [8], Riccati Recursion [9], etc.
In this paper, we devise an iterative method based on
the Uzawa algorithm for this step. The Uzawa algo-
rithm [10] was designed for solving a linear system of
equations with a 2 x 2 block structure. The algorithm
and its variants, including inexact Uzawa [11], [12] and
preconditioned Uzawa [12], [13] algorithms, are mainly
developed for various saddle point problems.

Among all variants of IPMs, the Mehrotra predictor-
corrector (PC) method ([3], [14]), is widely used due
to its superior performance. A predictor and a corrector
step are computed to find the search direction at each
iteration, leading to a faster convergence than other IPM
schemes [2]. Using this framework, a new variant PC
approach to solve MPC in the quadratic programming
(QP) form is proposed in this paper. We derive an
augmented Newton step (Eq. (8)) for computing the
search directions at each iteration, and develop a mod-
ified Uzawa algorithm (Algorithm 1) to solve this step.
It is shown that the convergence of the approach is
not significantly impacted by the condition number of
the matrix, which can address the ill-conditioning issue
in IPMs. The proposed IPM pipeline is validated by
solving a linear MPC problem. To summarize, the main
contributions are as follows,

e A new predictor-corrector IPM approach is pro-
posed. A modified Uzawa algorithm is employed to help
reduce the computational cost at each iteration.

e Numerical results of an MPC problem are presented
to validate the proposed algorithms.

The rest of the paper is organized as follows: Section
IT describes the background of MPC and IPMs. Section
IIT presents the modified Uzawa algorithm and the
overall PC pipeline. A linear MPC example is solved
in Section IV to illustrate the proposed algorithm’s per-
formance. The conclusion and future work are provided
in Section V.

II. BACKGROUND

A. Model Predictive Control (MPC)

This paper focuses on a linearly constrained MPC
problem of a discrete-time linear dynamical system. The



state equations are formulated as x;,,1 = Az; + Buy,
where z; € R"*, u;, € R™ are the state and input
vectors respectively at the i™ time instant, and A €
R"=*"= and B € R™*™« are assumed to be time-
invariant. Additionally, linear constraints are enforced
for states and inputs:

Cix; <dy (i € Zpny), Couwi <da (i € Zio,n-1)),

where (7 € R"¢1 %"= and Cy € R™C2 %" gre assumed
to be full rank. Redundant rows can be removed if
C4, Cy are not full rank.

For the MPC problem, optimal control inputs are
obtained by solving a nonlinear optimization problem
regarding certain objectives within a finite horizon V.
The objective is considered to be of a quadratic form,

N-1 T T
o zi|" [Qi ST [z qi| |z
m =3 ([ & F] (][] )

+ 2 Qnan + ¢han, (1)

with Q; € R*=*"= G, ¢ R"%*"u R, € R™*" g €
R"=, r; € R™. For the probljgm to be convex, it is
Cg: %2 =0,Vi e Z[O,Nfl].
At the time instant ¢, we define the optimizing variable
vector & () ¢ R™¢, which is the concatenating column
vector of variables y, Uz, ..., T4 N—1,Ut+N—1, Tt+N-

For simplicity, we drop the notation ¢ for all variables in

t — [T T T T T T
EWas¢ = [ad, ul, aT, uf, - uk_ |, 2%]7. Hence,

the MPC problem follows a QP formulation at instant ¢,

assumed that Qn > O,

min J(€) = SE7QE 7L sLAE=b, CE<d. )

The detailed matrices and vectors can be found in
Appendix A. For describing the analysis later, let ne =
N(nz + ny) + ng, ngg = (N + 1)ng, and ny, =
N(n¢, +n¢,) + ne, denote the dimension of the opti-
mizing variables, the number of equality and inequality
constraints, respectively.

B. IPM & Predictor-Corrector (PC) Method

In this section, a brief introduction of the IPMs and
the Mehrotra PC method is presented. The detailed
expressions can be found in Appendix A and references
such as [2], etc. IPM is a class of algorithms to solve QP
(Eq. (2)) efficiently. For convex problems, the solution of
the Karush—Kuhn-Tucker (KKT) conditions is the global
optimum of Eq. (2), whose formulation is

Q¢ +q+ ATy +CTo* =0, (3a)
A —b=0, C&—d+s" =0, (3b)
s;¢; =0, 87,07 >0, Vi€ZLyn,- (3c)

Here (-)* denotes the variables evaluated at the opti-
mum, s € R™ is the slack variable vector, € R™
and ¢ € R™ are the Lagrange multipliers for the
equality and inequality constraints, respectively. Let z =

(€7 T, sT ¢T]T. The concept of the path-following
IPMs is to iteratively approach z* as the solution of
Eq. (3) via Newton’s method, instead of solving Eq. (3)

directly. A centering parameter o € [0,1] and a duality
T
measure 4 = % are introduced so that for all 7, s;¢; =

ou is maintained at each iteration. At the k™ iteration,
let Si_1 := diag(s; x—1) and ®p_q = diag(dir—1),
and define ©) = diag(f; 1) = (kak_l, ie., 0,5 = f’—:
The search direction Azy is obtained by ’

Q AT 0 CT7 1A¢ T
A o0 0 0 Anl  |rie @)
0 0 O, I,| |As| — |ra]| ’

C 0 I, 0]l[Ad],

Hi HY| [Az] [ _
‘i’{m HJ [A@}*M & Hiz=1, )

where Az = [AET, AnT|T, Az = [AsT, ApT]T.
The matrices and vectors are detailed in Appendix A.
Compared with traditional path-following [IPMs where
Az is solely determined from Eq. (4), the search direc-
tion by Mehrotra PC method [14] at each iteration is
determined in two steps: i) an affine-scaling ‘predictor’
direction and ii) a ‘corrector’ direction. In the predictor
step, let the centering parameter o = 0, so that Az
can be found by solving Eq. (4) as,

Ir22 k

Q AT o C7T AR ri

A 0 0 0 Ana | |r12 6)
0 0 O I,| |Assx|  |—0|°

c o I, O A pafi ro2

The step lengths v ar and aug ar along Azyy are then
calculated (see [2]), and we obtain Sur = S+ Qg ar AN Safr
and ¢y = @ + g Dgar. Next, in the corrector

step, let o = (par/p)°, where p = (s7¢)/ny and
patt = ((Safr)” (Parr))/nm. The search direction Az of
the corrector step is obtained as,

rn

. ris
HAz = _¢ + O',U/Sil].nln - ASaffAcI)aff‘S’i1]‘"In ’ (7)

r22

where ASyy = diag(As.r) and A®ur = diag(Adag).
The step length « along Az from Eq. (7) can be found
(see [2]), and z is updated by z = z + a/z.

Note that the Newton step is solved twice (Eq. (6), (7))
at each iteration in PC method. However, only the
terms ro1, i.€., the third sub-block of the right-hand side
vector r, differ between the equations. Moreover, the
step lengths are only determined by As and Ag, i.e.,
Azy. Hence, the objective is to accelerate the step of
solving Eq. (6) and (7), which will be presented in the
next section.

III. PROPOSED APPROACH

A. Augmented Newton Step

One common approach in IPMs is to eliminate As
or A¢ in Eq. (4) [3], leading to an ‘augmented system’
to solve A¢ and An. However, as discussed above, As
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and A¢ are the terms of interest in the PC method,
while A€ and An are not required until the end of the
iteration. Hence, we can eliminate A\z; in the Newton
step to obtain

(Ha — HoHT " HE ) Azg =19 — HoHT 'y

VAN Holzy =T, 3)
where

T © Inln _. © Inln

e = {Im" —CMlcT} = [Inm —T} ) )

~ ra1 T2

2= {Pm — CMiry: — CM21'12:| o {?22} ’ (Ob)

Here, M, and M> are the (1,1) and (1,2) sub-blocks
of 7—[1_1 with detailed expressions in Appendix A. Eq. (8)
is referred to as the augmented Newton step. It is seen
that Eq. (6) and (7) follow this augmented Newton step
with a slightly different ry. After finding Az5 in Eq. (8),
Az is obtained by

Nz = Hi (e — Ha Dz), (10)

and Az = [AzT AzF]7T is the search direction solution.
Note that many matrices are constant throughout the
process, so they only need to be computed once.

Due to the complementary slackness (Eq. (3c)), either
one of ¢; and s; will be approximately 0. The i"
inequality constraint is inactive if ¢; — 0, otherwise
active if s; — 0. Hence, 0; = ‘Si will be either very
small (inactive) or very large (acltive), resulting in an
ill-conditioned © in Hy as IPM proceeds close to the
optimum. This can cause a slow convergence for many
iterative methods to solve Eq. (8). Hence, a modified
Uzawa algorithm is presented to avoid this issue.

B. A Modified Uzawa Algorithm

To obtain Az, for Eq. (8), the standard Uzawa
algorithm works as follows. Given an initial value of
Az99 o, the variables are updated at the k™ jteration as,

Nzo1 g1 = O (Fo1 — Azagg)

Azog ki1 = Dzog j + ap(Dzo1 w41 — T D222k — Ta2)

until convergence, where o« is the step size fitting
the convergence condition. However as discussed previ-
ously, at the late IPM iterations, the condition number of
O is large. In this case, small step size ay, is required to
guarantee convergence of the standard Uzawa algorithm,

which leads to a slow convergence.

Therefore, to reduce the influence of the condition
number of © on the convergence, we modify the stan-
dard Uzawa algorithm with an exact step size calcu-
lation, inspired by [15], to solve Eq. (8). First, we
eliminate Az9; in Eq. (8) and obtain,

(@71 + T)AZzQ = @71?21 —Tog & (@71 + T)AZQQ =T.
(11)
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Let Az3, denote the solution of Eq. (11), then it is
clear that Az3, is also the solution to the following least
squares problem I'(Azgz),

: Lo -
Inin ['(Azgg) := §||(@ LT Az — 7). (12)

Hence, we can find Az}, by solving Eq. (12). At
the kM iteration, gr = Aza1 — T Az — Tog is
a descent direction [15]. Thus, along the g direc-
tion, the exact step size oy to minimize Eq. (12) is
a, = (gE (07 +T)gr)/(gi (O~ +T)?gy). With this
information, the modified Uzawa algorithm to solve
Eq. (8) is presented in Algorithm 1, where vectors gy, pi
are introduced to replace the computationally expensive
matrix multiplication operations.

Algorithm 1 Modified Uzawa Algorithm
Select an initial Az . Set k= 0.
Compute AZQLO = @71(}121 — A2’2270).
while not converged do

Compute g = AZQLk — TAZQQJC — Too.

gi Pk
prpr’

Compute g, = O gi, pr = qp+T'gr, ar =
Azog g1 = DNzoo jp + Qg Gp.
Azoy g1 = D2o1 k — QG
Stop if ||[axgE, ekt |leo < Etol-
end while

Computational complexity: To solve Eq. (8), a direct
method to find As and A¢ can take up to 8nj, +2n2 —
ny, floating-point operations. Using Algorithm 1, the
total computational cost for obtaining As and A¢ is
O((2n2, + 10n1,) Ny ), where N is the average number
of iterations to converge for Algorithm 1. Hence, for
solving Eq. (8), Algorithm 1 and existing iterative meth-
ods can be less computationally expensive when N <
ni,. However, it is well-known that N, is negatively
impacted by the condition number of H using iterative
methods like MINRES. Hence, Algorithm 1 is preferable
given Ny is not significantly impacted by condition
numbers, which is shown next.

Convergence analysis: For the convergence analysis
of Algorithm 1, we require a prior result from [15].
Lemma 1. Consider Lemma 3.1 [15] to the augmented
Newton step (Eq. (8)) with Ho matrix structure. Suppose
that for all v € R™n, a constant 3 > 0 exists such that
(©71 + T)v,v) > Bllv||? is satisfied, then we have
(O + T)v,0) > v~ 28|Jo]? for all 7 > {10 m

Amm(e) :
In fact, © is a diagonal matrix with all positive entries,

so Lemma 1 clearly holds in our problem since v > 1.

Next, convergence analysis of Algorithm 1 is shown.

Theorem 1. Consider Algorithm 1 with any Azgs €
R™n_ Assume the stabilized condition [15]

(O~ +T)v,v) > B|v||?, YveR™ (13)



is satisfied for some constant S > 0. Then, Azgs
converges to Az3, with a linear rate as,

[Azoz ki1 — Dzssllfy  T(Azaoks1)
d = d <l-co<1, (14
Dok — Doy Ty — 0 @< h U9
where ¢ = AT 1+ = and M = (671 + T)%

7))
Hence, [Az21 o Azm & TP from Algorithm 1 converges
to the solution Nzy of the augmented Newton step (8).
Proof: The proof is deferred to Appendix B. ]

Remark 1: At late iterations of the IPMs, some entries
of © are large while others are nearly 0, leading to the
condition number that can cause slow convergence for
many iterative methods. Theorem 1 indicates that the
convergence rate of the proposed algorithm is close to 1
under this scenario, since ¢y becomes small. Moreover,
the algorithm requires a low computational cost at each
iteration, leading to an overall improved performance.

C. New Variant PC Method

For the overall PC pipeline, we develop an additional
step to simplify the calculations of the search directions
using Algorithm 1. In the predictor step, As,y and
A¢aff are solved by o1 = —¢. In the corrector step,
rog —¢ + op 1].”1" ASaffA(baffS 1»,”“ Let
As = Asgr + Ase and A¢ = Adar + A, then As,
and A¢. can be solved by

[ ] _ {ausﬁmﬂ

Algorithm 2 Variant PC Method

Select an initial zo = [¢F, nd’, sT, o217
0. Set £ = 0.
while not converged do
2, = [fk L, st ¢T T for the k™ iteration.
1= (s} bn) /.
(Prediction Step)
Obtain A sy, A¢aff by (8) with Ty, = 10} using
Algorithm 1.
Find step lengths v 4ff, vy afr and scale down as
O aff = BsQlsafts O att = BsOl aft-
Saff = 5+ Qg aft NSty Patt = @ + U att APyt
fhatt = (8Lsatt) /11, 0 = (tatt/ ).
(Correction Step)
Obtain As,, A¢e by (15) using Algorithm 1.
As = ANsyfp + DNsey AP = Dt + Npe.
Find step length « and scale down as a = fsa.
Obtain Az, by Eq. (10).
Update z by zx11 = 2 + alz.
Test stopping criteria.
end while

~

Ho Ase

— ASyi AP ST 1,
Ade '

0 15)

with sg, ¢g >

The complete PC IPM pipeline is outlined in Algo-
rithm 2. Note that a small offset exists between Az,
obtained from Algorithm 1 and the actual solution of
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Eq. (8), which is of the magnitude of . If the step
lengths g afr, (vgaff and o are used in the new IPM
pipeline, this error may update the variables out of the
interior region and thus leads to a sub-optimal solution
to the problem. Hence, a parameter [, (0,1) is
introduced for scaling down the step lengths to avoid this
undesired result. The selection of 5 is dependent on &,
in Algorithm 1 and the matrices of the problem. If f; is
a small number, the IPM proceeds more conservatively.
Finally, the stopping criteria consist of i) the primal
feasibility, ii) the dual feasibility, and iii) the duality
gap [16], [17].

Remark 2: Since the majority of computations occur
in Algorithm 1, the proposed approach is expected to
perform better for the problems where the number of the
inequality constraints ny, is not significantly larger than
the total number of the variables and equality constraints
ng+ngq. Otherwise, it could be computationally cheaper
to eliminate Az to calculate Az; as the augmented
Newton step.

IV. NUMERICAL EXAMPLE

In this section, the proposed approach is employed to
solve an MPC problem of controlling a servo motor [18].
The continuous-time system model is,

0 1 0 1 0
. —128 —-2.5 64 0 0
i(t) = 0 0 0 1 z(t) + 0 u(t),
128 0 —-6.4 —-10.2 1
1 0 0 0
v =1l1282 0 —6a0 o] (16)
The system model is then discretized at dt = 0.05 s

using the first-order Euler discretization. The objective
is to maintain the motor position y; to a desired angle
at 30°, subject to the constraints that the shaft torque
ly2] < 78.5 N - m, and the input voltage |u| < 220V.
The weighting matrices are Q; = diag([103,0,0,0]) and
R; = 10~*. The initial states are assumed to be zy = 0.
Four approaches are coded in MATLAB to solve this
MPC problem, including the nominal PC method [3],
and the pipeline of Algorithm 2 with the augmented
Newton step solved by i) MINRES [19], ii) LU de-
composition, and iii) the modified Uzawa method. The
window size N is selected from 30 to 90 with an
increment of 10, and the number of time steps in the
overall MPC problem equals N + 10. The tolerance
values are 107%. As mentioned earlier, since a minor
error in the inner loop results will be created when using
MINRES and the modified Uzawa method, the scaling
parameter 5; = 0.8 is selected for both approaches.
Fig. 1 compares the total computational time for the
overall MPC problem and the average time at each
instant. As N increases, Algorithm 1 performs better
than MINRES. The nominal PC method runs faster than
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Fig. 1. Computational Time for MPC Example: (top) total time for
solving all time instants, (bottom) average time for optimal control
problem at each time instant.
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Fig. 2. Average Number of Iterations to
Augmented Newton Step.

Converge for Solving

Algorithm 2 for relatively small N, but its performance
worsens as [NV becomes large. Fig. 2 presents the average
number of iterations for convergence of the augmented
Newton step using MINRES and our proposed method.
In contrast to MINRES, as the dimension increases,
the average number of iterations using Algorithm 1
maintains approximately the same, as expected. Overall,
the computational time is affected by i) the number of
iterations for convergence, and ii) computational cost at
each iteration. While the modified Uzawa method needs
more iterations to converge, the computational cost at
each iteration is much less than that of MINRES. Hence,
our proposed approach requires less computational cost.
Remark 3: It is worth noting that if LU decomposition
is employed in Algorithm 2, the computational time
is faster than the MATLAB built-in IPM solver (i.e.,
‘fmincon’), and faster than all the iterative methods
presented. However, the proposed iterative method can
be preferable due to a low memory requirement and
parallel computing capability. For example, Algorithm 1
can be calculated in a distributed manner by splitting the
matrix-vector products T'Azyo and T'v, and the overall
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computational time can be reduced accordingly. More-
over, as discovered in the inexact IPM framework [20],
the exact solution for the Newton step may not be
needed at each iteration; i.e., a pre-mature termination
of Algorithm 1, which will be studied in future.

In this example, we present that the modified Uzawa
method can outperform other iterative methods like
MINRES for solving (Eq. (8)), so that performance
of the overall IPM can be improved. Other methods
for linear MPC have not been implemented currently.
Additionally, the algorithm is implemented in MATLAB,
thus is not expected to outperform the state-of-the-art QP
solvers coded in C++, such as PIQP [17], HPIPM [21],
etc. The C++ implementation (with parallel computation
by GPU) will be addressed in our future work.

V. CONCLUSION

This paper proposes a new variant of the predictor-
corrector IPM algorithm for solving a linear MPC prob-
lem. A new augmented Newton step is formulated to
potentially reduce the high computational cost of finding
the search direction at each iteration. A modified Uzawa
algorithm is then employed to solve this step, whose
convergence is not significantly impacted by the ill-
conditioning issue at late iterations. Numerical results
of a linear MPC problem are presented to validate the
proposed algorithm. In future, we will implement the
complete IPM pipeline in C++ to compare its perfor-
mance with state-of-the-art solvers.

APPENDIX
A. Notation

R denotes the real number set. Z,; denotes the
integer set from a to b, where integers a < b. R" is
the n-dimensional real vector set. 1,, € R is the vector
with all 1 entries. R™*™ is the n X m-dimensional real
matrix set. I,, € R"*™ denotes the n x n identity matrix.
‘®’ refers to the Kronecker product. ‘> / = 0’ refers to
positive definite or semidefinite. ||v|| and ||v|| denote
the Lo and L., norm of a vector v. |M|| denotes the
induced Lo norm of a matrix M. ||v||pr = VoT Mo for
a vector v and a symmetric positive definite matrix M.

Amin(M) is the smallest eigenvalue of M.
The matrices and vectors in Eq. (2) are as follows,

g

Qo q0
So Ro 0
Q=2 - ,qQ= :
Qn-1 Sy_, qN-—1
Sn-1 Rn-1 TN-1
QN anN
xo
1., 0 0
A= IN®[ i B} 0 +[g 0 },b: .
0 0 e :
0



Cl 0 dl
c= IN@[O GJ Ol,a= 1N®[d2} :
0 C1 d1

with the dimensions Q € R"¢*"s q € R", A €
RMEaXne b e R™a, C € R™m>"e d € R™n,
The right-hand side of Eq. (4) are as follows,

T11,k Q&1 —q— AT — CTra
T2k

Tk = = —A¢,_1+b
r _ 21k _ —(251@71 +O'kllksk__111n1n
2k = drgg —C&1+d—sp1 |’

The decomposed sub-blocks of H in Eq. (5) are,

_[Q AT _[o o _ [©r-1
Hl_{A o|'M=|c o =1,

Inln
0

|

A closed-form solution of M; and M in Eq. (9) can
be found [22] as,

Mi=Q ' -Q'AT(AQ'AT)T'AQ T,
MQ _ Q*lAT(AQflAT)fl’

(17a)
(17b)

so T'= CM;CT in Eq. (9) is symmetric.

B. Proof of Theorem 1
This proof follows Theorem 3.2 in [15] with o~ l4T
being a symmetric matrix. Let © = ©~! + T. Since
Nzsy = O7T is the solution for Eq. (12), then at the
k™ jteration,
%||AZ22,1@ — Dzl

1

E(Azzzk — N235)" 0 (Azan — Nz3a)

1.~ a * N pay *
5(@A222’k — @AZQQ)T(GAZQQJC — @AZZQ)
1 ~ T /A ~
5(@A2’22,k — r)T(eAZZQJC — I‘) = F(AZQQJC).
Given the selected descent direction g;, and step size o,

[Azoo ki1 — Azgolli;  T(Azao g + argr)

I'(Azoo k)
197 02gra — 297 Ogran + gf gi
10Nz —T)T(OAz99 ) — T)
(9t Eg)?
(9702g1) (9T gr)

For the convergence of the proposed algorithm, we
[ Azo2, k41 =D25 1%

||A2227k - AZS2H?VI

(18)

have Tzan n—Di 2, < 1. Hence,
(9 Ogr)? Ogr9e)°
(9% ©%gx)(gfgr) —  11OgrlPllgrl® —
—4 02 2 2
o 18Nl o B < (19)
€91 rel?
v is a parameter satisfying v > %, and f <

~

Amin(©). Hence, the proposed algorithm is proved to
2

converge with the notation ¢y = SeYTETER |
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