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Efficient and Real-Time Reinforcement Learning for Linear Quadratic
Systems with Application to H-infinity Control

Ali Aalipour and Alireza Khani

Abstract— This paper presents a model-free, real-time, data-
efficient Q-learning-based algorithm to solve the H., control
of linear discrete-time systems. The computational complexity
is shown to reduce from O(q®) in the literature to O(q?) in
the proposed algorithm, where ¢ is quadratic in the sum of
the size of state variables, control inputs, and disturbance. An
adaptive optimal controller is designed and the parameters
of the action and critic networks are learned online without
the knowledge of the system dynamics, making the proposed
algorithm completely model-free. Also, a sufficient probing
noise is only needed in the first iteration and does not affect
the proposed algorithm. With no need for an initial stabilizing
policy, the algorithm converges to the closed-form solution
obtained by solving the Riccati equation. A simulation study
is performed by applying the proposed algorithm to real-time
control of an autonomous mobility-on-demand (AMoD) system
for a real-world case study to evaluate the effectiveness of the
proposed algorithm.

I. INTRODUCTION

Reinforcement learning (RL) is one of the three funda-
mental machine learning paradigms, alongside supervised
learning and unsupervised learning, which has a long history
[1]. The dynamical system’s model is typically unknown
in RL settings, and the ideal controller is discovered by
engagement with the environment. It is fundamental for the
RL algorithms to deliver assured stability and performance
as the range of RL extends to more difficult tasks. Due
to deep networks’ inherent complexity and the intricacy
of the tasks, we are still a long way from being able to
analyze RL algorithms. In addition, the majority of them are
neither theoretically tractable nor can their convergence be
investigated.

H.. problem is a classical control problem where the dy-
namical system follows linear dynamics and the cost function
to be minimized is quadratic. It is a robust control method
that is implemented to attenuate the effects of disturbances
on the performance of dynamical systems. It is a great
benchmark for studying since the closed-form solution for
H,, is available. Moreover, it is theoretically tractable in
comparison to the RL algorithms.

As a result of the aforementioned factors, the linear
quadratic (LQ) problem has received greater attention from
the RL community [2], [3], [4], see also [5] for a thorough
overview of RL methods and their properties for the LQ
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problems. In addition, the convergence of policy gradient
methods for the linear quadratic regulator (LQR) problem is
shown in [6]. RL also has been applied for solving optimal
control problems in an uncertain environment,[7], [8], [9].
Inherently, the Q-learning algorithm does not eliminate the
impacts of the probing noise, which is employed to excite the
system, in the Bellman equation when evaluating the value
function. The algorithm’s convergence may be impacted, and
this may lead to bias. In [9], two separate policies are used to
update the algorithm to cancel the effects of probing noise.
However, there should be enough generated data for each
iteration to estimate the policies.

A. Contributions

In this paper, we propose a RL algorithm to solve the
H,, control of linear discrete-time systems. It is model-
free, real-time, and data-efficient, i.e., using a single data,
the parameters of the actor and critic networks are updated.
This feature results in reducing the order of computational
complexity to square (O(g?)) where ¢ is the number of
parameters being estimated, compared to the cube order
(O(g?)) in the state-of-the-art algorithms in the literature
(e.g: [7], [9]). This RL algorithm does not suffer from bias
if probing noise is used. Moreover, a sufficient amount of
probing noise is only needed in the first iteration, i.e., the
policy used to generate data, called the behavior policy is
different only in the first iteration than the policy being
evaluated and improved, called the estimation policy or
target policy. The convergence of the proposed algorithm
is shown. Moreover, we apply the proposed algorithm to
an autonomous mobility-on-demand (AMoD) system which
can be modeled as an H., control of linear discrete-time
systems, in particular, to optimize vehicle scheduling and
rebalancing in the AMoD system that can be modeled as
a linear discrete-time system. To fulfill customer demands,
rebalancing is crucial to ensure that vehicles are distributed
properly which means dispatching available empty vehicles
to areas undersupplied areas. In summary, the contributions
of this paper can be expressed as follows:

1) Proposed a model-free, real-time, and data-efficient
algorithm to solve the H., control of linear discrete-
time systems.

2) Reduced the order of computational complexity form
cube (O(q?)) in the state-of-the-art algorithms in the
literature to square (O(g?)).

3) Discussed the properties of the proposed algorithm and
proved its convergence.
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4) Applied the proposed algorithm to an AMoD system
which can be modeled as an H.,, control of linear
discrete-time systems.

B. Organization

The remainder of the paper is organized as follows. In Sec-
tion II, the discrete-time H, control problem is formulated.
This section is concluded by implementing the value iteration
algorithm. In Section III, the online implementation of the
proposed algorithm and its properties are analyzed. Besides,
the convergence of the proposed algorithm is proved. Section
IV presents the problem formulation and model for the
AMoD system. We present the results of the numerical case
study example in Section V. Finally, the paper is concluded
in Section VI.

C. Notation

T .

VGCS(P) = [plla~"ap1n7p22a-"ap2n7~"7pnn] 18
the vectorization of the upper-triangular part of
a symmetric matrix P € R"", and vecv(v) =
T . .

[0%, 20109, ..., 201U, V3, ..., 2020, ..02] " is the quadratic

vector of the vector v € R".

II. DISCRETE-TIME (DT) H,, CONTROL PROBLEM

Consider the following linear discrete-time system
Ti41 = Al’t + B'Ut + Cdt, (1)

where x; € R™! is the system state, v; € R™2 is the control
input, and d; € R™2 is the external disturbance input.
Assumption 1: The pair (A, B) is stabilizable, i.e., all
uncontrollable modes are asymptotically stable.
We consider the standard Q-learning algorithm and discuss
its properties. Since system identification is not going to be
performed to estimate the parameters of systems, we use the
following objective function
oo
T (@e,ve,dy) =Y r(wi,vi,d;) )
i=t

where
r(zi,viyd;) =zl Rpw; + v] Ryv; —~*dy d;,

for a prescribed fixed value of ~. Matrices R, and R,
are positive semidefinite (PSD) and positive definite (PD),
respectively. In the H,, control problem, «y is an upper bound
on the desired Lo gain disturbance attenuation [10]. Note that
the formulation we used is similar to min-max LQ in [11]
and [12]. In the zero-sum game LQ problem, it is desired to
find the optimal control v} and the worst-case disturbance
dy. Note that functions in Ly [0,00) represent the signals

having finite energy over infinite interval [0,00). That is,
> dtTdt < 00. Moreover, using (2) and given some fixed
t=0

policy for an admissible control policy v; = K,z; and a
disturbance policy d; = K4z, the value function is defined

as
oo

V(w, Ky, Ka) = Y r(@i, Kowi, Kawi), 3)

i=t

Since V(x¢, Ky, Kg) = Q(x4, Kyay, Kgdy), the Bellman
equation under the policy gains K,, and K  can be rewritten
as follows:

Q(z,ve,dy) =7 (24, v¢,di) + V(wpp1, Ko, Ka),  (4)

and the Bellman optimality equation for the Q-function under

the optimal policy gains K and K7 is

Q" (w1, ve, dy) =7 (w4, ve,di) + Q (Tyg1, Kywiy1, K Te41).
&)

A. Derivation of Q-learning Algorithm

We use the Q-function to develop a Q-learning algorithm
([1], [13]) to solve for the DT H., Control Problem using
the Bellman equation (4). The learning process starts with
an initial Q-function Q°(z,v,d) = 0 in the Q-learning that
is not necessarily optimal, and then derives Q*(z,v,d) by
solving Eq. (6) with 7 = 0.

1) Policy evaluation: We evaluate the policy by using
Q-function in (6).

Qiﬂ(xt,vndt) :T(ﬂftﬂ}t, dt) + Qi(xt+17Kj;It+1; in;zt-&-l)-
(6)

2) Policy improvement: The control and disturbance poli-
cies will be improved as follows:

K =arg Hll(in Q" (e, vr, dy)

Kjiﬂ —argmax Q" (e, v, dy).
d
Let z; = [z, v}, dl]T and
. _ T
P=lr k" K]S kTR

Given a linear system, linear policies, and quadratic cost, we
can assume the quality function (Q-function) is quadratic in
the state, control, and disturbance so that

QM () = 21 S 2. @)
Applying (7) in (6), the Lyapunov equation yields
2F Sy = (2, v, dy) + xalPixt_H. (8)
Replacing the dynamics (1) in (8), we have:
thSint = fomxt + fu?vaut — ’yzd?dt
+ (Azy + By + Ldy)T PH(Azy + Bug + Ldy)
=[zf of df]

R, +ATP'A  ATP'B ATPiL 4
BTP'A R, +BTPB BTPiL vy
LTP'A LYPB LTPIL—A | d
R, +ATPIA  ATP'B ATPL

=zI'| BTP'A R, +B"P'B BTPL 2.
LTP'A LTPiB  LTPL -~

Let us partition matrix S**! as
i+l Qitl  qitl
i+1 o 1 Oz 1 Sa‘ﬂil
3 _ 1+ i+ 3
ST = Svil Sp}f-l Sv‘il . )
(3 7 3
Sd:r de de
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Optimizing Q**1(2;) over v; and d; results in

i+1— 1 qit1 i+1
ve= =Syt (Shg de+ Siy ),
dt = —Sgg (SZI—:}_ vy + Slec_ J)t).

Substituting v; in d; and vice versa yields the equations
vitt = Kitlz, and dj™' = K™z, where

-1
i+1 _ [ Qi+l i+1 @i+1— 1 i+l
K7 = (S = Sud Sad S )

VU

< (setent s st aow
i+1 i+1 i1 qit1—1 git1)
}(rijL :<Sd§ _de)r Sv—vt Sder)
< (sartsir s - s aob)

Using (7) and applying the above result in (8), the following
recursion can be concluded:

_ (R, 0 0
Stt=10 R, O
0 0 —2r
G

AT I
+ BT [ kT KT S|k [A4 B £]. an

L7 | K}
Given

P=lr k" K]S KiT KfﬂT,

the following equation can be concluded:

. . : . . T
A e A SR

Substituting (11), (10a), and (10b), one can obtain:
PH =R, + ATP'A— [ATP'B ATPL]

R, + BTPB BTPic 17 [BTPA 12)
LTPB  LTPIL— 21| |LTPIA|

Equation (12) is called Lyapunov Recursion.

In summary, we evaluate the policy gains K, and K, by
finding the quadratic kernel S of the Q-function using (11)
and then improved policy gains are given by (10a) and (10b).

III. ONLINE IMPLEMENTATION OF THE PROPOSED
ALGORITHM

In this section, we discuss the online implementation of
the proposed algorithm and prove its convergence. Algorithm
| summarizes the steps of the proposed algorithm for the Ho,
problem (1).

We will parameterize the Q-function in (6) so that
we can separate the unknown matrix S. Using param-
eterization and defining s = vecs(S), p = vecs(P),
Zt = [x;,v?,d?]T, Qst(Kll}) = [x?,(Kixt)T,d?]T, and
de(KE, KE) = (o], (Kixy)T, (Kixy)T)T, we have the below
equation:

veev(z)sir1 =1 (T, vr, di) + vecv(¢t+1(Kf,, Kfi))sl
(13)

Algorithm 1

1: Initialization: i = 0, Any arbitrary policy gain KU,
K9 and S=0

2. forr=—(¢—1),---,0do

3 Sample A ~ N (0, W) and set v = KOz + \.

4 Take v and d and observe .

5: end for

6: Estimate S! by (14)

7: Improve the policies K! and K} by (10a) and (10b).

8: while ||S™™! — S, > € do

9:  Take K and observe ;1.

10: Estimate S**! by (14).

11: Improve the policies by (10a) and (10b).

12: =1+ 1.

13: end while

To find the optimal policy in each iteration, we need to solve
the following least square (LS) problem:

15 — T3, (14)

Si+1 = min

where:

& =vecs (G) .

Ty =4+ 95, = [F?_l,vf}T where

Yi = veev(di(K,))E + veev(gir1 (K, Kg))si.
d,s; can be written as X;r Di quhere

X = [XitlT,vecv(xiH)T} .

U, = [\I!i_lT,vecv(qbi(Ki))T}T and

.0, = [q);fp_l,Vecv(¢i+1(Kf),Ké))T]T, fori=1,2,--.

The initial values are given as
Uy = Vecv(z,(q,l))T,Vecv(z,(q,g))T, e ,Vecv(zo)T]T,
veev (o gy (Ky, K7))

CI)O = ce . FQ = \Ilof + (I)()So, and
veev(¢1 (K, Kg))
X = [veev(z_(g-2)))7, ,vecv(azl)T}T

Equation (13) is used in the policy evaluation step to
solve for the unknown vector s in the least-squares sense
by collecting ¢ > ¢ data samples of z, v, and d, where
q = (mq + mg +m3)(my +msa 4+ mz + 1)/2. It should be
noted that v; and d; are linearly dependent on z; which
means that UTU is not invertible. To resolve this issue,
excitation noise is added in v, and d; in only the first iteration
such that a unique solution to (14) is guaranteed. On the other
hand, rank (¥) = ¢. In Algorithm (1), instead of getting ¢
samples in each iteration and updating matrix S, we update
the algorithms using only a single data. Another advantage is
that persistent excitation is needed only in the initial iteration.
Note that we only have one index since we use only a single

data in each iteration.

A. Recursive Least Square (RLS)

LS estimation is used when one has an overdetermined
system of equations. If data is coming in sequentially, we
do not have to recompute everything each time a new data
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point comes in. Moreover, we can write our new, updated
estimate in terms of our old estimate [14].
Consider Eq. (14). The solution can thus be written as

\I/Z'T\IfiSiJrl = \I/ZTPZ (15)
By defining =; = U7'¥;, we have
Ei =000 =0 U + veev(oi(K))) T veev(gi(KY))
=Z;_1 + veev(d; (K7)) veev (g (KL)). (16)
Rearranging Eq. (15), we get
Bisiv1 =V, 1 Tiy + veev(gi(K7)) v
=Ei_18; + vecv (i (K2)) ;.
By denoting M; = Ei_l,
Si+1 = Ml (Ei_lsi —+ VGCV(QZ(KZ)))T")Q) .
Plug the above equation into (16), it yields
Siy1 =8 — M,
x (veev(¢s(K3)) veev(di(K3))s; — veev(di(K3)) )
= s8; + Mveev(op; (K2 )T (vi — Vecv(qﬁi(Kf)))si) ,
where M; can be updated in each iteration using Sherman-
Morrison formula ([15]) as follows:
Mi,lvecv(@-(Kf;))Tvecv(qSi(Kf;))Mi,l

1+ veev (¢ (K7))M;_yvecv(¢i (Ki)T
(I7)

M; = M;_1 —

The quantity M;vecv(¢;(K¢))? is called the "Kalman Filter
Gain”, and ; —vecv(¢;(K}))s; is called ’innovations’ since
it compares the difference between a data update and the
action given the last estimate. If the dimension of Z; is
very large, computation of its inverse can be computationally
expensive, so one would like to have a recursion for the M,
as in (17).

Theorem 1 (Convergence of Algorithm 1): Assume that
the linear quadratic problem (1)-(3) is solvable and has
a value under the state feedback information structure or
equivalently assume there exists a solution to the game’s
algebraic Riccati recursion (12). Then, iterating on (11)
(equivalent to iterating on (12)) with S® = 0, K0 = 0,
and K} = 0 converges with S — S* and equivalently
P! — P* where the matrix P* satisfies the following
Recatti equation:

P* =R, + ATP*A— [ATP*B ATP*[]

R,+BTP*B  BTPrL | '[BTP*A 8)
TP B LTPL—~21|  |cTpealr

Proof: The proof can be found in [16]. The key idea of
the proof is to show Algorithm 1| follows Equation (12) in
each iteration, and then by using Lemma 4.1 and Theorem
4.2 in [17], it is shown that iterating on (12) with Py = 0
converges to P*. [ ]

B. Computational Complexity Analysis

Recall ¢ = (m1 +mao +mg3)(my +ma +ms+1)/2 as
the number of parameters to be estimated. In both clas-
sical Q-learning and the proposed algorithm, the number
of parameters being estimated is similar. For the sake of
comparison, assume ¢ = g¢. for the initial iteration both
of the algorithms have a computational complexity of or-
der O(q¢®) while in the rest of the iterations, Algorithm
1 has a computational complexity of order 0(q?), unlike
classical Q-learning that has O(q®) order of computational
complexity. In [7], [9]), to updateithe parameters of the critic
network, at least ¢ data is required, and because there is a
batch of data in each iteration, a pseudo-inverse (with the
computational complexity of O(g?)) in each iteration must
be computed. In contrast, we emphasize sample complexity
and use only a single data to update the parameters of the
critic network. It is a huge advantage for systems that have
long time steps or when acquiring data is not trivial. On
the order of computational complexity, using the key equa-
tion ;41 = s;+ M;vecv(d;(K:))T ('yi — Vecv(@(K,’j_))si) ,
the computational complexity of Miqxqvecv(dai(Ké))qTxl
is O(¢q?) (considering v; — vecv(¢;(K?))s; is a scalar).
The computational complexity of the key equation re-
duces to the computational complexity of calculating
M; in (17). The computational complexity of calcu-
lating the column vector M;_y,, vecv(¢;(K7}))g., and
the row vector vecv(¢i(K7))1xgMi-1,,,are O(g”). Con-
sidering the computational complexity of the scalar
veev(¢i(K3))1xgMi-1,, ,veev(¢i (K7)) a1y is O(¢), there-
fore, the computational complexity of calculating M; is
O(q?), and consequently, the computational complexity of
calculating s;41 is O(¢?).

Remark 1: In section 111, we only have one index, ¢, since
in each iteration we use only a single data. Therefore, we do
not require the use of both subscript ¢ and superscript ¢ and
only use index %.

IV. AUTONOMOUS MOBILITY-ON-DEMAND (AMOD)
MODEL

In this section, a discrete-time linear dynamic model is
formulated for the AMoD system. We relax the model in
[18] by considering origin-destination demand. The linear
discrete-time time-delay dynamic system is as follows:

W' (f 4 1) =" (£) + ™ (£) — U (¢) (192)
pr(t+1) =p, (1) = > (U™ (t) + R™ (1))
seN
i Z <gq; (t)> (19b)

qeEN

g”@+n=(v-1)¢%@+vmm+R”w7

T’r‘s
(19¢)

for Vr,s € N where state variable w™* denotes the waiting
customers at r aiming to go to s. State variable p, charac-
terizes the waiting or available vehicles at station r. State
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variable ¢g"* denotes vehicles moving along the link {r, s},
including both customer-carrying and rebalancing vehicles.
Control input U™ is the number of available vehicles at
station r with a customer that will be dispatched to link
{r,s}. R"® is the number of available vehicles at station
r that will be dispatched to link {r,s} for rebalancing.
The term d"°(t) represents the arrival of customers in a
time step given by the realization of a Poisson process of
parameter A"°. Model (19) is derived using a first-order
lag approximation of the time delays. It is assumed that
the number of vehicles exiting a link is proportional to the
number of vehicles on that link. In other word, at each time
instant ¢, the quantity ¢"® (t) /T,s leaves the link {r,s}.
Therefore, U™ (t — T}.5) + R™ (t — T;s) can be replaced by
g™ (t) [Trs.

This AMoD system is subject to some constraints that en-
force the non-negativity of state and control input variables.
The global system associated with graph G is represented as

Tiy1 = Axy + Bug + Ldy, (20)

where the vector of all 1§tate variables z; € R27°—n
is [w (t)T,p(t)T7g(t)T} and the vector of all con-
trol input Variab%es v € R¥™n=1) s defined as v; =
[U (t)T,R(t)T} . dy € R™M™=1) represents arriving cus-
tomers. Matrices A, B, and £ can be written as below:

Inn_1y O 0
A=| 0o 1, EnT-!
0 0 Iyt —T7']
~Inyg-1y 0 [ L (n-1)
B=| —FEout —FEouw|, L= 0 2D
Intm-1)  Inn-1) . 0

where Ei, and E,. € {0, 1}nxm are the in-neighbors and
out-neighbors matrices. If graph G is strongly connected and
d™s = \'s for ¥ {r, s} € A, where \"* represents the Poisson
arrival rate for the link {r,s}, then equilibrium points of
system (20) are given by T = (w, P, §), where @ and p can
be any arbitrary positive vector, § = T' ()\ + R), U =\, and
R satisfies E (R+ )\) = (. If the number of nodes, n, is
greater than 2, there will be an infinite number of equilibrium
points. Also, the desired equilibrium point that minimizes
the number of rebalancing, R*, can be found by solving the
following optimization problem:

1 12
min HT%RH (222)
R 2
st. E(R+X)=0, R>0. (22b)

where E = Ej, — E,, is the incidence matrix. By changing
the coordinates of (20), we aim to regulate the AMoD system
around the desired equilibrium points.

V. SIMULATION STUDY

We first introduce a network for the test we perform. Then,
we apply Algorithm 1 developed in Section III to obtain
optimal control, disturbance actions, and the value function
parameters in time.

A. Studied Network

The University of Minnesota-Twin Cities (UMN) campus
network is considered as the site on which to perform the
test. The network we consider is partitioned into six zones.
Consequently, a digraph with n = 6 vertices and m = 30
links is produced by partitioning.

B. Case Study

A 12-hour historical trip dataset is considered for the case
study. We consider each time step equal to two minutes.
So, the number of iterations is 360. Some origin-destination
pairs are used more frequently than others, which implies
a significant imbalance in demand. The number of vehicles
is constant at each time step (including equilibrium) and is
equal to 17p () + 15(7171)9 (t) ([191, [18]). Therefore, M =
Vo ng=1T" (A4 R) can be considered a lower bound
for the fleet size. Initial conditions fYQr the AMoD model

are xg = [Ob . The average queue
length, the aver%dge number of relz)alancing vehicles, and the
average number of customer-carrying vehicles are the metrics
that we are interested in investigating using Algorithm 1. The
disturbance attenuation +y is selected to be 0.1. Let W) =
0.011. Weights matrices I?, and R, are chosen as R, =

A0 O |:pT 0 :|

0 0 0| and R, = ~ |, where p = 0.05. The

0 0 0 0 AT
reference being tracked ()\, R*) is recomputed via Problem
(22) every 2 hours (60 iterations). Therefore, R, will change
every 60 iterations. The recursive least-squares algorithm is
used to tune the parameters of the critic network online. The
parameters of the action networks are updated according to
(10a) and (10Db).

The parameters of the critic and the action networks
are initialized to identity and zero, respectively. Based on
this initialization step, the system dynamics move forward
in time, and tuning the parameter structures is done by
observing the states online. In the RLS problems, the per-
sistency of the excitation condition required to converge the
recursive least-squares tuning, i.e., avoiding the parameter
drift problem, will hold. However, In Algorithm 1, the
persistency of the excitation condition is only required for
the initial iteration.

In Fig. la, the convergence of the critic network is
illustrated. Fig. 1b shows the convergence of the control
action network, while Fig. 1c depicts the convergence of the
disturbance action network.

VI. CONCLUSION

In this paper, we proposed a model-free, real-time, data-
efficient Q-learning-based algorithm to solve the H, control
of linear discrete-time systems and applied it to an AMoD
system modeled as an H,, control of the linear discrete-time
system. The convergence of the algorithm was proved and
it was shown that the parameters of the actions and critic
networks converged to the optimal values. Numerical results
from an AMoD system control in a real case study showed
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network.

that the proposed algorithm can be implemented in high-
dimension systems thanks to the quadratic computational
complexity O(g?) and using only a single data point for
updating the actor and critic networks in each iteration.
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