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On L ,-gains in Noisy Event-triggered Control

K. J. A. Scheres, R. Postoyan, W. P. M. H. Heemels

Abstract—This paper investigates the design of event-
triggered control strategies that guarantee L,-stability prop-
erties when measurement noise is present. It is well known
that in many event-based transmission schemes, the inclusion of
measurement noise can lead to the so-called Zeno phenomenon,
where an infinite number of transmissions occur in a finite
amount of time, even when a minimum inter-event time is
guaranteed in absence of noise. In this paper, we present a
solution to the open problem of designing triggering rules,
which ensure bounded L£,-gains from the exogenous inputs
to a desired performance output in the closed-loop system,
in the presence of measurement noise. We guarantee a global
minimum inter-event time by design. Additionally, we show that
suitable choices of the tuning parameters allow us to affect the
“steady-state” inter-event times (when close to the attractor) by
exploiting the design freedom in the parameter selection, which
may result in improved behavior when close to the attractor.
We showcase our results through a consensus example.

I. INTRODUCTION

In recent years, event-triggered control (ETC), see, e.g., [1]
and references therein, has been suggested as an alternative
transmission paradigm in (packet-based) networked control
systems, to time-triggered control (TTC). Whereas in TTC,
the transmission times are determined by a local clock,
in ETC, the transmissions are generated using a threshold
function which incorporates (local) state or output infor-
mation of the system. The intuition behind this strategy is
that transmissions only occur when “needed” to guarantee
certain stability or performance criteria, contrary to TTC,
where they occur based on a timer. In TTC, the performance
of the system is strongly coupled to the inter-transmission
times, which effectively means that the sampling times have
to be chosen for the worst case scenario. However, when
(network) resources are scarce, this may result in redundant
transmissions when not operating in the worst-case scenario.
In ETC, however, this is not the case in principle. As
the transmissions occur only when necessary, the network
utilization can be reduced while still meeting the desired
stability and/or performance criteria.

A notoriously hard problem in ETC is dealing with mea-
surement noise. As was shown in [2], when a popular relative
trigger is used, it is impossible to guarantee Zeno freeness
in presence of additive measurement noise. Some works in
the literature can ensure Zeno freeness by design, see, e.g.,
[31, [4], however, they require that the noise is differentiable
and that its derivative is bounded. A notable exception is [5],
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wherein space-regularization is used to ensure the absence
of Zeno behavior, while requiring only boundedness of the
measurement noise (and no other conditions on, e.g., the
existence or boundedness of its derivative). In [5], a practical
input-to-state stability property is ensured, which means that,
even for vanishing noises, the solutions to the system are not
guaranteed to converge to the attractor, but rather to remain
in a bounded neighborhood of it. A notable exception is
when time-regularization is used. In that case, no space-
regularization is needed to ensure Zeno freeness, thereby
retaining the asymptotic behavior in presence of vanishing
noises, see [5, Remark 5], although, as also illustrated in [5],
in some cases, it may still be beneficial to also use space-
regularization.

Due to the fact that the stability property is practical in [5],
i.e., because of the application of space-regularization, it is
not possible to extend the results in a straightforward manner
to the case where other stability properties are required,
such as, e.g., L£,-stability, which is often essential in, e.g.,
platooning.

In this paper, we showcase some of the difficulties that
arise when dealing with measurement noise in an L,,-stability
setting. Due to the zero-order-hold present as a sampling
mechanism, additional conditions are required to ensure that,
when the measurement signal itself is bounded in an L,
sense, the sampled version of the noise signal is also bounded
in an £, sense. Under these conditions, we design triggers
that ensure bounded L,-gains of the closed-loop system.
We also investigate (using simulations) what the effect of
certain choices are on the qualitative behavior of the closed-
loop system. Using these observations, we put forth some
suggestions on how to select the tuning parameters based
on the specific scenario in mind, and discuss some open
problems related to the notion of £, stability in settings
where only noisy measurements are available.

Hence, the contributions of this work are three-fold:

1) the proposed setup ensures an L,-stability property of
the closed-loop system in presence of measurement
noise;

2) the triggering rules are thus robust to measurement
noises and process disturbances and have a guaranteed
global minimum inter-event time by design;

3) we showcase how the selection of tuning parameters
may affect the qualitative behavior of the closed-loop
system.

All proofs are omitted for space reasons.
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II. PRELIMINARIES
A. Notation

The sets of all non-negative and positive integers are
denoted N and N, ¢, respectively. The field of all reals and all
non-negative reals are indicated by R and R, respectively.
The identity matrix of size N x N is denoted by I, and
the vectors in R™ whose elements are all ones or zeros
are denoted by 1y and Oy, respectively. For any vector
u € R™, v € R™, the stacked vector [uT ’UT] T is denoted
by (u,v). By {-,-) and |-| we denote the usual inner product
of real vectors and the Euclidean norm, respectively. For any
x € R the distance to a closed non-empty set A is denoted
by |z|4 = mingeq |z — y|. We use U°(x;v) to denote
the generalized directional derivative of Clarke of a locally
Lipschitz function U at z in the direction v, i.e., U°(z;v) :=
limsupy, o+ o (U(y + hv) — U(y))/h, which reduces to
the standard directional derivative (VU (x),v) when U is
continuously differentiable; see [6] for more details. We
denote the function space of Lebesgue measurable signals
from R>( to R® by M™ with n € N5(. Given z € M, if
rangex C A C R", ie, if z(t) € A for all t € R5q, we
write z € M 4. By A and V we denote the logical and and
or operators respectively. We use the usual definitions for
comparison functions IC, K, and KL, see [7].

B. Hybrid systems

Based on an extension [8] of the formalism of [7], we
model hybrid systems H(F,C,G, D, X, V) as

£eF(Er) (vecC
ttedGy) (Ev)eD

where ¢ € X C R™ denotes the state, ¥ an external
input taking values in V. C R™, C C X x V the flow
set, D C X x V the jump set, F' : X x V =% R" the
(set-valued) flow map and G : X x V =% R" the (set-
valued) jump map. Sets C and D are assumed to be closed.
We refer to [7] for notions related to (1) such as hybrid
time domains or hybrid arcs. For a hybrid time domain
E, sup, E := sup {t € R5¢ : 3j € N such that (¢, j) € E},
sup; F :=sup {j € N: 3t € R such that (¢, j) € £’} and
sup ' := (sup, £,sup; ). We consider the notion of
solutions proposed in [8]. The set of maximal solutions for
the hybrid system 7 with initial condition ¢(0,0) = x and
input v are denoted Sy (v, x).

For 1 < p < oo, we introduce the £,-norm of a signal z
defined on a hybrid time domain dom z = U/ [t;,;41] X
{4} with J possibly oo and/or t; = oo by

t1+1 1
Izllz, = (Z/ 2(t,j |Pdt> )

Definition 1. Hybrid system H is said to be L,-stable, 1 <
p < 00, from input v to output z = h(§,v) with respect to a
closed non-empty set A with an L,-gain less than or equal
to ¥ € Ry, if there exists 5 € Ko, such that for any initial
condition &y € X and all ¢ € Sy(v,&y) with v € M,

B(1#(0,0)[4) +Fvllce,, 3)

(D

2]z, <

Proposition 1. Consider the hybrid system H with a set of
inputs V C L, and let A C R™ be a non-empty closed set.
If there exist a locally Lipschitz V : R"* = Ry, a, @ € K
and v,9 € R such that

i) for any (€,v) € CUD,
a([¢la) < V(E) <a(lg]a),
ii) for all (§,v) € C and f € F(&,v),
V& ) < v(0Pol” — [2]),
iii) for all (£,v) € D and any g € G(§,v),
Vig) = V(¢ <0,

then ‘H is Ly-stable from input v to output z with L, gain
less than or equal to V¥ with respect to A.

III. PROBLEM FORMULATION

As in [5], we consider a collection of N € Ny
continuous-time plants P;, i € N := {1,2,..., N}, of the
form

Epi = fpi(Tp, ui,vi),
Pi: Yi = Gp,i(Tp,is i), 4)
Yi = yi +wi,
where z,; € R""»: is the plant state, z,, 1= (p.1,Zp2,. - -,

rp N) € R™» with ng,, = Y, \ Nz, is the collection of
the plant states, u; € R™ is the control input, v; € M"™v:
a process disturbance taking values in R™¢, y; € R™¢
the output of the system unaffected by measurement noise,

€ R™¢ the output of the system affected by additive
measurement noise and w; € M™v:i the measurement noise
taking values in R"vi, f,; : R"» x RPwi x RMé —
R"*».i is continuous and g,; : R"™»i x R™i — R"v.i
is continuously differentiable. Each system P;, i € A is
controlled by a local dynamic feedback law C; with dynamics

@ {m.c,z = fc,i(xc,ivghg)v
i =
u

i = gc,i(%,i,?ju?j),

where Tei € R™eci is the controller state, §j :=
(yl,yZ,...,yN) € R™ denotes the “networked” version
of the outputs y; of the systems P;, i € N with f.; :
R"i x R™:i x R™ — R™i and g, ; : R""ei x R™ — R"w
continuous and 7, = ;- Ny ;.

We impose the following assumption on the measurement
noises w; and process disturbances v;.

o)

Assumption 1. For each i € N, v;,w; € L, and w;(t) €
W; for all t € Ry, where W; := {wz € R™i | Jw;| < Ei}
for some known w; € Rxo. Moreover, there exists T;
R>o — Rxq, which is monotonzcally decreasing and satisfies
lwi(t)[P < Yi(t) and [;° Y(s)ds < oo for all p € [1,00).

Assumption 1 imposes boundedness conditions on the
measurement noise and it does not impose restrictions on the
existence or boundedness of their derivatives. The function
T, in Assumption 1 is required in order to ensure that the
“sampled” version of w;, which we will formalize below, also
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Fig. 1.  Networked control setup where the controller and plant are
(physically) separated and communicate via a packet-based network.

has bounded £, norm, see Remark 3 below. This assumption
is satisfied if, e.g., w; is bounded by an exponential function,
ie., if for all t € Rso we have |w;(t)| < ce™ for some
c,a € Ryo. Essentially, it is required that w; vanishes
sufficiently fast when t — oo.

Remark 1. Without Assumption 1, we still obtain a finite
Ly-gain from (v, w,w) to z, hence, |||z, is finite if [|w||.,,
||z, and ||v|c, are finite.

The i-th system, ¢ € N, broadcasts its output g; to
the controllers €y, Cy, ..., Cx over the digital network. The
corresponding transmissions occur at time instants ti,, keN,
which are generated by a local Event-Triggering Mechanism
(ETM), which is to be designed. Because of the packet-
based communication over the network, the i-th controller,
which depends on the outputs of P,,,, m € N, does not have
continuous access to y = (Y1, Y2, - .,Un), but only to its
estimate § := (¥y,Ys,---,yn) and to its local output y;.
When ETM i € N, transmits the measured output of plant
i over the network, y, is updated according to
9: ((t)T) = wlth)- (6)
In between transmissions, a zero-order-holding device is used
to produce a continuous-time estimate, i.e.,

y; =0. (7
For modeling purposes only, we define y,; and w;, where

B (1)) = wit)),

W;((t,)7) = wi(ty),

Hence, w; is the value of w; at the last transmission instant

of ETM 4. Due to the aforementioned definitions, we obtain
that y, = y; + w;.

We define the ideal network-induced error e; as the differ-

ence between the sampled output y; without measurement

noise and the current output y; without measurement noise:

¥i =0,
w; = 0.

®)

Note that e; is not known by the ETM, and therefore, cannot
be used by the corresponding local triggering condition
for determining ti, k € N. Hence, we also define the

measured network-induced error ¢; as the difference between
the estimated output y; and the current measured output y;,
which are both affected by noise, i.e.,

~

€ =y; — Ui =€ +W; — wj. (10)
The local ETM at plant ¢ does have access to ¢;. We denote
the concatenated variables corresponding to (9) and (10) as
e:= (e1,e2,...,en)and € := (€1, €a,...,€eN), respectively.

To determine the triggering times, we define the local
auxiliary variables n; € R, i € N, whose dynamics are
given by

ni((t)") = 0i(04),

where o; 1= @i,?,é},ui,m) € R™ with n,; = 2n,,; +
Ny + Ny + 1 is the locally available information at ETM ¢,
and the functions ¥, and p; are to be designed. The triggering
times are then given by

N = U;(0;), (11)

thoy = min {inf {t > ¢} + 70, | m:(t) <OL T} (12)

with T; € R an arbitrarily large constant. The constant T;
forces transmissions to occur indefinitely, which is needed
to ensure boundedness of the “sampled” noise signal w, see
also Remark 3 below.

Remark 2. The upper-bound w; of the noise is used only
in the reset maps o; presented in Section V. Consequently, if
we design o; = 0, we can forego Assumption 1 and instead
Jjust assume that w; € L, and that it is bounded from above
by the function ;. However, the inclusion of a nontrivial
reset improves the inter-event behavior of the closed-loop
significantly. Therefore, we choose to impose Assumption 1.

We are now interested in designing robust event-triggering
conditions which ensure bounded L£,-gains with respect to
some output variable

z = q(z,v,w,w), (13)
where = := (z1,22,...,2n5) € R", z; 1= (xp,,2c;) €
R™pitei v = (v,v9,...,058) € R™, w :=
(w1, ws,...,wy) € W and @ := (W1,Ws,...,wWy) with

Mo 2= Y e Mvsis N 2= Ny F gy W= W X Wo XX
Wy and W;, i € N as defined in Assumption 1.

IV. HYBRID MODEL

We model the overall system as a hybrid system H
as in Section II-B, for which a jump corresponds to the
broadcasting of the noisy output 7; over the network for
some ¢ € N. We allow the local triggering (transmission)
conditions to depend on two local auxiliary variables denoted
1, 0; € R, as is the case in dynamic triggering [9], [10]. The
dynamics of n; and p; are designed in the following.

The full state for H is £ := (z,e,w,7,7n) € X, where X :=
R" x R™ x W x Rgo X R>q. We define the concatenated
exogenous inputs v := (v,w) € V, where V := R™ x W.
The flow map F': X x V = X can then be written as
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F(&v) = (f(z,e,w,v,w),g(z, e v,w),0,,,
1n,%(0) —0(77)).

Based on 4), (@) and (10), we  obtain
f(x,e,@,v,w) = (fl(xaea@aU17w1)7f2(x767@71)27w2)7
o fn(ze,w,vn, wy)), where f; @ R™ x R™ x W x
R™i x R™» — R™ is given by f;(z,e, W, v;,w;) =

(fp,i(fpagc,i(xc,iagp,i(xp,i) + wiagp(xp) + e+ @)ﬂ}i),

fei (mc)i,gp,i(xm) + wi,gp(zp) + e + @)) with
9p(xp) = (9p1(Tp1),9p2(Tp2),-- s 9p,N(Tp,n)). Based
on (4), (7) and (10), we obtain g(z,e,w,v,w) :=
(g1(z, e,W,v1,w1), g2(x, €,W0,v2,w3),...,gn (T, 6,0, VN,
'LUN))’ where gi(xaeaﬁ\}avivwi) = fh,i(gp,i(xp,i) +
e; +W;) — fyi(x, e, W, v, w;) with fy i(z, e, W, v, w;) =
agp,i
81:1,71'
The function ¥ defines the dynamics of the local triggering
variables 7 and are defined as

V(5,76 u,0) == (U1(01), U2(02), ..., Un(on)), (14)

where U, will be constructed in the following.

The flow set C C X x V is given by C := N;carC; with
Ci={(&v) eXx V|7 <T; An; =0}, where 7}, is to
be designed.

The jump set is given by D := U;enD; with D; =
{(¢&v) e XxV |7 = 7l Ani < 0}. The jump map
G:XxV=Xis, for any (§,v) € X x V, given by

Gi(&,v), when (§v) € Dy,
G v) = {Q) ©v) " (&,v) (15)
ieEN ) otherwise
with
Gi(&,v) = (2,Tie, Ti0 + Tyw, Tin + Tyn° (€,v))  (16)
where T'; :=I,,, —T; and I; := diag (A1, A2, ..., Ay N)
with
Ai,j = O"ywjany.j’ lf’L 7& .].7 (17)
I"y‘j’ ifi=j.

Observe that, by construction of the sets C; and D;, a
trigger is enforced when 7; > T;, which is consistent with
(12). Similarly, a trigger cannot occur when 7; < 7i. .
Although the setup is similar to the setup in [5], the essential
differences here are the inclusion of the timers 7; which
enforce a global minimum inter-event time by design. This

difference is instrumental in showing Zeno-freeness.

V. MAIN RESULTS

With the model in place, we can now present the condi-
tions that are required to ensure L£,-stability.

Condition 1. For all i € N, there exist a constant L; > 0
and a continuous function H; : R"* xR™ x WxR™ — Ry

such that for all v € R™, e € R™, w € R™ and v € R,
‘gi(l'767’L/l\)7U,1U)| < L2|ez‘ + Hi(xveaﬂ\}vvvw)‘ (18)

The inequality in (18) is loosely speaking an upper bound
on the growth of e; between successive transmission instants.

Jpii (Tps ge,i(Teis Gpi(Tpi) + Wi, gp(xp) + €+ W), v5).

This condition is always satisfied, e.g., for linear systems or
when the map g; satisfies a linear growth condition. In the
following, we will omit the arguments of H;, as specified in
Condition 1, for brevity.

Condition 2. There exist a locally Lipschitz function V
R™ — Ry, a supply rate s : R"» x R" x W xV =R, a
non-empty closed set X C R"=, K, -functions o, @, and, for
all i € N, positive semi-definite functions §; : R — Rxq
and constants C;,;, b; > 0 such that for all x € R™=

af|zx) < V(x) <a(z]x), (19)

andforallv € V, e € R", w € W, and almost all x € R"=,

(VV(x), f(z,e,w,v,w))
< a(9P|(w, V)P — |q(x, v, w,w)|P)

+ 3 ien (= 0i(0i) = GHE 4+ (77 — pa)leil?).  (20)

Condition 2 is akin to an L,-gain condition from |e;| to
H, like in [11], which translates the impact of the network-
induced error on the output H;. When e = 0, i.e., in absence
of the network, the condition in (20) ensures the desired L,,-
gain property.

Condition 3. There exist continuous functions H; : R"*¢ —
R0, @ € V, that satisfy for all © € R", e € R™, w € W,
veR™, weW,

ﬂi(oi) < Hi(x,e,@,v,w) (21)

for functions H; as in Condition 1.

Condition 3 is trivially satisfied by taking H,(o;) = 0
for all ¢ € V, o, € R™: as the function H; is non-
negative. However, the introduction of the function H; is
an important feature that allows to capture relevant systems
such as consensus systems with single-integrator dynamics,
as we will show in the case study in Section VI

We are now ready to state the main result of this paper.

Theorem 1. Suppose Assumption I and Conditions 1-3 hold.
For all i € N, select \; > \; > 0 and €; € (0,1]. We define
forall¢ eXandv eV,

U(0;) == 6:(0;) + (1 — )G H; (07) — wi(m)7; €1,

0i(0;) := \;vi(max{|e;| — 2w;, 0})?, (22)
Vi = 7i(2Lid; + (1 + A7)
with w; : R>9 =3 [0, 1] defined as
{0}, ifrne [OvTxl;rxiet)v
UJ(T) = [Oa 1]7 ifTi = Téliet; (23)
{1}’ ifri> 7'rl;uiet'
and ' .. given by
Lilr,; arctan(6;),  Ve&Gy > Ly,
i — 1 XA, fe.Ciri — L,:
Tmiet *= Li it D)X, +1)° €:.Civi = Li, (24)
ﬁ arctanh(0;), e.Gvi < Li,
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where

_ (A — ;)
Z(+XA) + A+ A,

,L. ri=o/leGi(3) - 1],
and L;, and ~; come from Conditions 1 and 2. System
H(F,C,G,D) with triggering dynamics (22) renders the
closed-loop system L,-stable with finite L,-gain from input
(v, W) to output z with respect to A .= {£ € X |z € X,
e = 0,7 = 0} and has a guaranteed minimum inter-event
time given by T, > 0.

The function w;, @ € N, in (23) is defined such that
the flow map F' is outer semi-continuous to ensure that
the hybrid system H satisfies the hybrid basic conditions
as presented in [7, Assumption 6.5].

Remark 3. The requirement that the inter-transmission times
are bounded from above by T; together with Assumption 1
are essential requirements to ensure that w; € Ly. Indeed, as
w;(t) = 0 for t — oo, its sampled version w; — 0 as well,
given that transmissions occur at least every T; time-units.
This is instrumental due to the term W entering the system
through the controller. As a consequence, if, at some point,
transmissions stop and @ # 0 for all t > T € Ry, W, =
oo, even though ||w||z, < oo. Similarly, the requirement that
W € L, essentially also requires the upper bound on |w;(t)[?
given by Y; in Assumption 1. These assumptions together
allow us to ascertain that |||z, < oo if ||lw|, < co. Of
course, when it can be a priori inferred that |||z, < oo,
this requirement is not necessary and I; = oo can be chosen
in that case.

Remark 4. To illustrate the necessity of Assumption I,
consider the signal given by z(t) = 1ift € T, and z(t) =0
ift ¢ T withT = Jyen |F k‘—l—%k}. The signal z is depicted
in Figure 2. For any p € R>1, we have that

2], = (/UOO |z(t)|l’dt>p — (Z;’“)p _ ok

k=0

However, if we sample this signal at every t € N, we find
that its sampled version Z(t) = 1 for all t € Ry. Hence,
Z2¢ Ly

Remark 5. In the literature, the design parameters \; and
; are typically chosen to satisfy \; € (0,1) and \; = 1/),,
see, e.g., [12]. As we illustrate using simulations below, in
some cases, a significant contribution to the favorable inter-
event times in dynamic event-triggered control originate from
the reset maps o; in (22). Thus, often, the resulting average
inter-event times improve when \; € (0, 1) is selected larger,
even though, in these cases, the MIET is smaller due to the
larger )\;. This has also been reported in other literature,
mainly in the context of self-triggered control, see [13]. The
(re)selection or shifting of A\, and \; may help in improving
the (average) inter-event behavior, however, the L,-gain
depends on )\; in the sense that larger \; will result in a
larger Ly-gain.

Fig. 2. Example of a signal z € £, whose sampled version Z ¢ L.

TABLE I
MEAN AND STANDARD DEVIATION OF THE NUMBER OF EVENTS IN 100
SIMULATIONS WITH THE INITIAL CONDITIONS z; (0, 0) CHOSEN
RANDOMLY IN [—10, 10].

XTl=X,=001 | N,7'=)=04 | X =100, ), =04
350.02£50.39 | 315.66E10.14 | 268.30 £ 30.23

VI. CASE STUDY

To illustrate our results, we focus on a consensus problem.
Specifically, we are interested in the consensus of single
integrator systems, where each plant P;, which we call agent
in this section, has dynamics @; = u;, with x;,u; € R, and
the output y; = ;.

For a network topology described by a connected weight-
balanced digraph G with Laplacian L, it is known that agents
achieve consensus when the ideal (static) control law u; =
Zmeviin (x; — ), with Vii“ the in-neighbors of agent ¢, is
applied, see [14]. In vector notation, this is written as 4 =
—Lx, where @ := (uy,us,...,uy) and L is the Laplacian
matrix of the graph. We use the noisy sampled states for
each agent instead of the actual states, resulting in the actual
control law

Ui = Y pevin (Ti + € + Wi — Tj — em — W),

written in vector notation as u = —L(xz +e+@). Hence, the
closed-loop system dynamics are & = —Lx — Le — Lw. We
are interested in the £,-stability properties with p = 2 from
inputs (v, w) to the output g(x) := Lz with respect to the
consensus set

X::{xGRN|x1=x2:...:xN}. (25)

For this particular system, we have the following result.

Proposition 2 ([5], [15]). Consider the above system. Con-
ditions 1, 2 and 3 hold with V (z) = 1" Lz, §;(0;) := (1 —
az)dl(l—QaNZ), Q = (1—d1)(1—2aN1), Yi = 1/%Ni + i
H; = |ui|, Li = 0 and H;, = |u;|, where a € (O,ﬁ),

i >0, a5 € (0,1), ¢, € (0,1) and d; € (0,1) are tuning
parameters.

We now run three different simulations, in the first one
we select \; 1 = A; = 0.01. The second one, we will select
N = A; = 0.4. For the last one, we choose A; = 100 and
A; = 0.2. The resulting inter-event times are depicted in Fig.
3 and the total number of events are stated in Table I.

We can draw several conclusions from Fig. 3. Firstly,
when close to the attractor, the triggering times are indeed
close to the MIET. Thus, in case the parameters i A, are
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Fig. 3. Comparison of inter-event times for the different choices of

Ai, ;. From top to bottom, the minimum inter event-times are given by

(Thiotr T2er) = (0.2132,0.1628), (71, 72:0) = (0.1562,0.1180)
and (T, 0, Toor) = (0.1722,0.1295), respectively.

selected “only” for the best transient response, eventually,
a periodic triggering rule or the triggering rule with larger
A; and smaller \; will always outperform the triggering
rule designed for the best transient response. Moreover,
when )\; = 100 and A; = 0.2, the transient response is
somewhere between the other two responses, i.e., it does not
perform as well as taking \; = 1/0.4 during the transient,
however, it does better vis-a-vis the case where )\, = 0.01.
Similarly, during the ‘“steady-state” phase, i.e., when the
noise is dominant, this reverses: due to the MIET being
the dominant factor in the inter-event times, the simulation
with \;,7! = A; = 0.01 “outperforms” the simulation with
N = A; = 0.4 in terms of average inter-event times.
Again, in this setting, the solution with \; = 100 and
A; = 0.2 performs somewhere in between in terms of inter-
event times, which is to be expected based on the MIET.
Thus, freely selecting the parameters \; and )\;, allows us to
shape the behavior both during the “transient response,” i.e.,
when the initial condition is dominant in the behavior, as well
as during “steady-state,” i.e., when the noise is dominant in
the behavior.

VII. DISCUSSION & FUTURE WORK

Although we can ensure bounded a L,-gain through this
particular design, it requires some additional conditions on
the (measurement) noise signal on top of assuming that it is
bounded in an £, sense due to the zero-order-hold, which
is applied to allow packet-based communication. There are
several interesting directions to pursue in future work. The
first issue we want to address is that, although we prove
L,-stability, it is difficult to obtain the L£,-gain explicitly
due to the conservatism in the analysis. Secondly, we are
interested in relaxing the conditions that are imposed on the
noise signals. As a last potentially interesting direction, it
seems that additional refinement of the reset functions p;
may improve the average inter-event behavior further.

VIII. CONCLUSIONS

In this paper, we have designed time-regularized triggering
rules for the event-based control of distributed systems. Our
approach allows us to ascertain £,,-stability properties of the
closed-loop system. This property is ensured only under mild
conditions on the noise signals and process disturbances. We
ensure a minimum inter-event time by design. Furthermore,
we show that by cleaverly selecting the tuning parameters,
we can affect the average inter-event times both during the
“transient response,” i.e., when the initial condition in dom-
inant in the behavior, as well as during “steady-state,” when
the noises determine the dominant behavior. This allows us
to, loosely speaking, “tune” the behavior to prioritize the
behavior during the “transient” or during “steady-state”. We
envision that this is beneficial in applications where the
attractor is not (necessarily) constant, such as, e.g., tracking
(motion) control. We have demonstrated the benefits of the
proper selection of these parameters on a consensus example.
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