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Extensions of the Path-integral formula for computation of Koopman
eigenfunctions

Shankar A. Deka and Umesh Vaidya

Abstract— Representing nonlinear dynamical systems using
the Koopman Operator and its spectrum has distinct ad-
vantages in terms of linear interpretability of the model as
well as in analysis and control synthesis through the use
of well-studied techniques from linear systems theory. As
such, efficient computation of Koopman eigenfunctions is of
paramount importance towards enabling such Koopman-based
constructions. To this end, several approaches have been pro-
posed in literature, including data-driven, convex optimization,
and Deep Learning-based methods. In our recent work, we
proposed a novel approach based on path-integrals that allowed
eigenfunction computations using a closed-form formula. In
this paper, we present several important developments such
as finite-time computations, relaxation of assumptions on the
distribution of the principal Koopman eigenvalues, as well as
extension towards saddle point systems, which greatly enhance
the practical applicability of our method.

I. INTRODUCTION

The use of operator theoretic methods involving the Koop-
man operator has become popular in the last decade. The
Koopman operator provides for a linear (albeit possibly
infinite dimensional) lifting of nonlinear system dynamics.
Linear representation of nonlinear system dynamics leads
to the development of systematic methods for data-driven
identification, analysis, and control of nonlinear dynamics
[1]-[11]. The main power of Koopman theory lies in its
spectrum, i.e., eigenvalues and eigenfunctions. While the
Koopman operator is used to study statistical or ensemble be-
havior of a dynamical system, the spectrum of the Koopman
operator, particularly the principal spectrum, can be used to
recover the geometrical structure of the underlying system.
In particular, stable and unstable manifolds can be recovered
as joint zero-level curves of Koopman eigenfunctions [12].
These manifolds find their utility in reduced-order modeling,
identifying stability boundaries, and optimizing the control
design of dynamic systems [13]-[15].

Given the significance of Koopman eigenfunctions, var-
ious computational methods have been developed to ap-
proximate it [16]-[20]. Most existing methods rely on es-
timating a finite-dimensional representation of the Koopman
operator for the approximate computation of the Koopman
spectrum. While this approach is more streamlined, it may be
computationally inefficient. Furthermore, the eigenfunctions
approximated using the Koopman operator may lead to an
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inaccurate approximation of the principal eigenfunction of
the Koopman operator. The principal eigenfunctions of the
Koopman operator are associated with the eigenvalues of
the linearization of the dynamical system at the origin. A
system with a n dimensional state space has only n principal
eigenfunctions. Thus, generating the Koopman spectrum
directly from these n principal eigenfunctions greatly reduces
the computational burden.

For all these reasons, it becomes essential to develop
direct methods for approximating the principal spectrum of
the Koopman operator. In [21], we proposed a path-integral
formula for computation of the principal Koopman spectrum.
We showed that the principal eigenfunctions of the Koopman
operator satisfy a linear partial differential equation (PDE).
A path-integral formula is then proposed for solving the
PDE. One of the distinguishing features of the path-integral
formula is that it does not involve parameterization via a
choice of basis functions, and leads to the computation of
eigenfunction value at any given point in the state space.
The results in [21] for eigenfunction computation were,
however, only restricted to a system with a stable (or anti-
stable) equilibrium point. The path-integral formula for a
stable equilibrium point is asymptotic in nature and involves
computing the integral over infinite time. For a system with
a saddle-type equilibrium point, the path integral computed
over infinite time is not well defined.

In this paper, we extend the results from [21] for systems
with a saddle-type equilibrium point. Computing the princi-
pal eigenfunctions of such systems has several applications.
In [14], the principal eigenfunctions of the Koopman operator
associated with the saddle-type equilibrium point were used
to characterize the stability boundary. In particular, the joint
zero-level curve of eigenfunction associated with positive
eigenvalue of the saddle equilibrium point forms the stable
manifold and the stability boundary. As another example,
Lagrangian submanifolds, which are fundamental objects
used in the construction of solution to the Hamilton Jacobi
equation, can be obtained using the principal eigenfunctions
of the Koopman operator associated with corresponding
Hamiltonian dynamical system [13] (note that these Hamil-
tonian systems have a saddle point equilibrium).

The main contribution of this paper is to provide condi-
tions under which a finite-time path-integral helps approx-
imate the Koopman principal eigenfunctions for a system
with a saddle equilibrium point. We provide two methods for
approximating Koopman eigenfunctions for a system with
saddle-type equilibrium point. Our first method relies on
prior knowledge of Koopman eigenfunctions in a certain
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subset of the state space. We propose using local Extended
Dynamic Mode Decomposition (EDMD) for this. It is im-
portant to emphasize that the EDMD algorithm [20] is only
used locally in a small region of the state space to locally
approximate the eigenfunctions. The computation of eigen-
function values globally in the rest of the state space still
relies on the path-integral formula. In our second method,
we propose a transformation of the original vector field far
from the equilibrium point. The transformed vector field
does not affect the value of the eigenfunction in the region
containing the equilibrium point. Both these methods enable
finite-time computation of the path-integral formula. Finally,
we present simulation results to validate these two methods
for eigenfunction computation. Our simulation results show
that both these methods can approximate the eigenfunction
accurately. We also demonstrate the application of these
methods for the computation of optimal control following
results developed in [13], [22].

II. PRELIMINARIES

Notations: Re(-) denotes the real part of its argument,
which can be a constant or a function. The space of
continuously differentiable functions on a set X is denoted
by C1(X). R denotes set of reals and C is the complex
set. The notation ||-|| is used for 2-norm of a complex vector.

We consider autonomous systems in this paper, given by
the dynamics

% =f(x), x€ X CR", (1)

where f : X — R"™ is a smooth function and X is compact
set containing the origin. We assume that the origin is a
hyperbolic equilibrium point. Let s; : X — & denote the
flow-map of this system, that is, s;(x) = x + fot f(x(s))ds,
forall t >0 and x € X.

Definition 1. [Koopman Operator] Given the dynamical
system (5), the Koopman semigroup of operators is defined
as the linear operators Uy acting on a (Banach) space F of
Sfunctions ¢ : X — C such that

(U] (x) = ¥(s¢(x)), 2)
for every ¢ € F.

We shall take the space F to be the Banach space
C(X) in this paper. The Koopman semigroup U, are linear
operators, and one can correspondingly define their spectrum
as follows.

Definition 2. [Koopman eigenfunctions and eigenvalues] A
function ¢x(x) € C1(X) is said to be an eigenfunction of
the Koopman operator associated with eigenvalue ) if

[Uipa] (x) = e (x) 3)
or equivalently,
0
S0 f(x) = Ao (), )

which is the PDE associated with the infinitesimal Koopman
generator.

III. PATH-INTEGRAL FORMULA

The spectrum of the Koopman operator, in general, is quite
intricate and could consist of discrete and continuous parts.
Furthermore, the spectrum also depends on the underlying
functional space used in the approximation [12]. In this
paper, we are interested in approximating the eigenfunctions
of the Koopman operator with associated eigenvalues that are
the same as that of the linearization of the system dynamics
at the equilibrium point. With the hyperbolicity assumption
on the equilibrium point of the system (5), this part of the
Koopman spectrum is known to be discrete and well-defined
[12].

Following this hyperbolicity assumption, one can write the
system dynamics (5) as

x =f(x) = Ax + £, (x), 5)

where A = %(O) is the Jacobian matrix at the origin and

f,(x) := f(x) — Ax is the purely nonlinear part of the vector
field f(x). Let A be an eigenvalue of the linearization, i.e.,
A, and let ¢, (x) be the eigenfunction associated with the
eigenvalue \ (such eigenfunctions are called principal eigen-
functions). Similar to the system decomposition into linear
and nonlinear parts, the principal eigenfunction, ¢, (x), also
admits a decomposition into linear and nonlinear terms as
follows:

oA (x) :W;\—x—&—h,\(x), (6)

where wj x is the linear part and hy(x) is the purely
nonlinear term and hence satisfies %(O) = 0. Substituting

(6) in equation (4) and comparing terms, we obtain
wy A= \w,, @)

i.e., wy is the left eigenvector of A with eigenvalue .
Similarly, the nonlinear part, hy(x), of the eigenfunction
satisfies the following linear PDE

Oh
0x
We now present the path-integral approach for the computa-

tion of the nonlinear part of the principal eigenfunctions in
the following theorem.

f(x) — Mha(x) +w £,(x) = 0. (8)

Theorem 1. [Path—integral formula [21]] The solution for
the first order linear PDE (8) can be written as

ha(x) = e Mhy(s¢(x)) —|—/O e Mwy £, (s (x))dr, (9)

where s¢(x) is the flow of the system (5).

The solution h)y(x) obtained through equation (9) is an
implicit expression, which needs the value of h) at a point
s¢(x). However, in certain cases, one can resolve this issue
by considering the limit £ — oo. This is presented as follows.

Theorem 2. [Convergence rate of nonlinear term [21]] For
the dynamical system (5), let the origin be an asymptotically
stable equilibrium point with the domain of attraction D and
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let A be Hurwitz. Furthermore, suppose all the eigenvalues
of the A satisfy

—Re(A) + 2Re(Amaz) < 0, (10)

where \paq IS the eigenvalue closest to the imaginary axis
and in the left half plane. Let h) be the solution of PDE (8)
as given in (9). Then,

lim e *hy(s(x)) =0, ¥Yxe&D

t—o0

Y

if ha(x) is purely nonlinear function of x i.e., %LXA(O) =0.

This theorem provides sufficient conditions on the distribu-
tion of the principal eigenvalues of a stable system, such that
the nonlinear part of a principal eigenfunction ¢ decays at a
rate faster than ), leading to the first term on the right-hand
side of (9) to converge to zero asymptotically. The result
is trivially extendable to anti-stable systems by reversing
the flow of the system. This leads to an easily computable
expression for the principal eigenfunction, as summarized in
the following theorem.

Theorem 3. [Eigenfunctions of stable systems [21]] Con-
sider the dynamical system (5) with origin asymptotically
stable and with the domain of attraction D. Let the eigen-
value )\ of matrix A satisfy condition (10). Then the principal
eigenfunction, ¢y, corresponding to eigenvalue ), is well
defined in the domain D and is given by following path-
integral formula:

P (x) :waJr/oo e Mw f,(si(x))dt  (12)
0

where w satisfies Wi A = A\w .

Remark 1. The path-integral formula (12) bears some re-
semblance to the Laplace average-based computation tech-
nique proposed in [23] [24]. Indeed, computation of Laplace
averages also involves evaluating an observable along sys-
tem trajectories, exponentially weighted over an infinite
time horizon. However, finding observables with converging
Laplace averages is non-trivial, and as noted in literature,
these computations can become numerically problematic. By
contrast, the integral in equation (12) is evaluated along an
observable which is known a priori, allowing us to obtain
rigorous convergence guarantees [21]. Interestingly, similar
conditions as in [21] have been shown to be sufficient for
the convergence of Laplace averages of certain observables
[25].

Computation of the Koopman eigenfunction using theorem
3 is restricted to systems with stable and anti-stable equi-
librium points. For systems with a saddle-type equilibrium
point, the path-integral formula in (12) will not work, as
we shall discuss in section IV. Given the usefulness of
the Koopman eigenfunction for saddle point systems, as
described in section 1, it is of interest to develop an approach
for its approximation. Toward this goal, we propose an

approach based on the finite-time evaluation of the path-
integral formula for the computation of the eigenfunctions
in the next section.

IV. PATH INTEGRALS FOR SADDLE POINT SYSTEMS

We note that, although the path-integral (9) provides a
solution to nonlinear part hy(x) of the principal eigenfunc-
tion ¢)(x), the value of hy at any point s;(x) is usually
unknown. While theorem 2 resolves this issue for stable (and
anti-stable systems) by taking the limit ¢ — oo, but for saddle
point systems e~ *hy(s;(x)) can easily diverge since both
the exponential term (with Re(A\) < 0) and s;(x) diverge
as t — oo. Thus, we require a known terminal boundary
condition on h) in order to utilize path-integral formula (9)
over a finite time horizon.

We now present two ways to estimate the value of h)
over a boundary set S. The first method is a data-driven
approach that relies on trajectory data sampled locally near
the set S. The other approach is model-based and involves
transforming the analytical vector fields of the system into
a new system such that the nonlinear part of the Koopman
eigenfunctions, hy, for this new system are approximately
zero on the set S.

Method A: Local-EDMD for approximating terminal
boundary condition

EDMD is a well-known algorithm for estimating Koopman
eigenfunctions and/or finite-dimensional approximation of
the Koopman operator from trajectory data [20]. Typically
for systems with an attractor set .4, EDMD is employed on
trajectory data sampled from the domain of attraction D of
set A. The resulting approximation of the Koopman operator
and its spectrum is expected to hold on this entire set of D.

Consider a set of basis functions 6;(x) € F, i =1,2,.., N
with 6(x) = [01(x),02(x),...,0n(x)]". If we have M
pairs of trajectory snapshots at some uniform sampling time
7, in form of (x;,y;) € D x D with y; = s,(x;) for
1 =1,2,..., M, we recall that the EDMD algorithm yields a
finite-dimensional approximation of the Koopman Operator
IC restricted to the subspace spanned by 6;(x) € F, i =
1,2, .., N. This is expressed in terms of the Koopman matrix
K, by solving the following:

K = argmin |[0(Y) — A0(X)|% (13)

AECN*N
where || - || denotes the Frobenius norm, and
0(x) = [0(x1),0(x2),--+,0(xp)] and 6(Y) =

0(y1),0(y2),- - ,0(yn)] are N x M matrices. The closed-
form expression for K that minimizes the least-squares
problem (13) is K =6 Xy@} » Where 1 denotes the pseudo-
inverse, Oxy = O(Y)O(X)" and Oxx = O0(X)O(X)'.
Koopman eigenfunctions can then be extracted from the K
matrix using its left eigenvectors. That is, if v € RY is a left
eigenvector of K, corresponding to some eigenvalue u, then
clearly v "6(x) approximates the Koopman eigenfunction,
since v'0(s,(x)) # v K0(x) = pv " 0(x) for all x € D.
Note that one can restrict the trajectory samples
(xi,y:), t=1,..., N, to some small neighborhood of a set
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S, leading to local approximations of Koopman eigenfunc-
tions confined to the small region from where the EDMD
samples are drawn. Given a fixed set of basis functions
0;,i=1,..., N, one can argue that EDMD estimates of the
eigenfunctions are more accurate when confined to a smaller
validity domain. For example, given a two dimensional
dynamical system that has a stable origin and a stable
Koopman eigenfunction

Ya(x) = x7 + 2x7 + X1X2 — X2 + X3, (14)

let us say we have EDMD basis functions comprising of
monomials of degree up to 2. Clearly, with these basis
functions, the estimate of the eigenfunction (14) will be
inaccurate away from the origin. However, when restricted
to the manifold S = {x|x{+x3 =1}, we can exactly
estimate the eigenfunction (14) with our given monomial
basis functions since

YA (x) = 2x% +X1X9 — X9 +1Vx €S,

with a nonlinear part h (x) = 2x%+x1x2+1 on the manifold
S. Once we have the estimate of hy(x) on set S, we can
use the path-integral (9) to find k) (x) on an larger, extended
domain (more precisely, on the set {s;(x) | x € S, t € R}).
Note that we require non-recurrence assumption on the set
S, as explained in [19].

Thus, the following theorem provides an approach for
computing the approximation of the Koopman eigenfunction
over some set X based on prior known estimates of the
eigenfunction in some other known region S.

Theorem 4. Ler S C X and X C X be such that for all

x € X there exists a t(x) € R for which sgx)(x) € S.
Furthermore, consider a function hy(x) such that

[ha(x) — ha(x)]| < es
for all x € S. Then for any point x € X, we have

[ha(x) — ha(x)|] < ege™ RV, (15)

where

o #(x)

Fia(x) = e MR, (5500 (%)) + / e w] £ (s, (x))dr
’ (16)
Proof. We know that for any point x € X, there exists a time

t(x) for which sz (x) € S, hence using the PDE solution
formula (9), we have

_ t(x)
ha(x) = e_)‘t(x)h,\(s,g(x) (x)) +/ e_)‘TWIfn(sT(x))dT,
0
a7
The result (15) then follows from (16) and (17). O

Remark 2. For unstable eigenfunctions where Re(A) > 0,
the approximation error bound (15) can be seen to expo-
nentially diminish for points farther away from the set S.
Moreover, once h) is estimated on S using a given choice
of basis functions, the path-integral formula (9) allows us to
estimate h on X in a basis-free manner. A similar approach

of combining local EDMD with Laplace averages evaluated
along global trajectories was recently proposed in [25], albeit
for systems with a stable equilibrium.

Method B: Enforcing zero terminal boundary condition
using vector field transformation

Let us consider the dynamical system (5) again. For our
presentation in this subsection, we are mainly interested in
the computation of unstable principal eigenfunctions for such
systems (stable principal eigenfunctions can be similarly
found by reversing the flow of the dynamics).

One can smoothly transform the vector field f(x) as
follows

E(x) = £(x) + o (|x]| — 7) (Ax — £(x)),

where the scalar function ¢ : R — (0,1) is a smooth
approximation of the unit step function, leading to f(x) =
f(x) for ||x|| << r and f(x) ~ Ax for ||x|| >> . For the
sake of concreteness, in the rest of the paper, we shall take
this scalar function o(z) to be 3(1+tanh(az)) where a > 0
is some large constant. We shall further write o(||x|| — r)
simply as o, for brevity. That is, we take

f(x) = f(x) +%(1+tanh(a(||x|| -7))) (Ax—f(x)). (18)

Assumption 1. We assume that the construction (18) does
not introduce any spurious equilibrium points or w-limit sets.
That is, x = 0 is the only equilibrium of f(x).

Remark 3. Given that the original system has a unique
equilibrium at x = 0, a sufficient condition for uniqueness
of equilibrium at zero for the system x = f(x) is that f T Ax
must be non-negative, since f' Ax >0 = ||f[|?> > 0 for
x # 0. For ensuring that f does not have other types of w—
limit sets, however, a more thorough analysis is needed.

Note that, for the transformed system x = f(x), the origin
remains as an hyperbolic equilibrium. Furthermore, both f
and f have the same principal Koopman eigenvalues, since
Vxf(0) = Vif(0) = A. Thus, we can state the following
proposition.

Proposition 1. Given a system (5) and the transformation
(18), any C' principal eigenfunction ¢y of system (5) is
also approximately a principal eigenfunction for the system
% = f(x) in the region ||x|| < r. That is, for any positive
constants €1 and €3 < r, we can choose the constant a > 0
such that

[£TVadn — Aoall < @ (19)

whenever ||x|| < r — €.

Proof. Since TV, ¢x = A¢y and ||x|| < r — €3, we have
1E7Vadn = Adall = [I(F = £) T Vo

< 2 (1 + tanh(a(x] ) [£2) Vx|

1
< 5(1 — tanh(aey)) 3,
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where § = Sup|xj<,—e, [£.(X) " Vx@all is finite due to
continuity of f,(x)' Vx¢, and compactness of the region
||x|]| <7 — €s. Thus, any a > é tanh ™! (1- 2%) leads to
the inequality (19). This completes our proof.

While proposition 1 establishes that the eigenfunctions of
the original and the transformed dynamical systems within
some domain inside ||x|| = can be made arbitrarily close,
the next proposition provides a closed-form approximation
of the principal eigenfunctions of the transformed system.

Proposition 2. [Eigenfunction boundary condition] Con-
sider again a system (5) and the transformation (18). Given
a fixed €1, €1 > 0 and eigenvalue )\ of matrix A, we can
choose the constant a > 0 such that
[T Vo (wlx) — Aw] x| < 1,

whenever ||x|| = r + ea. In other words, ¢x(x) = w, x
approximates the Koopman eigenfunction for the system x =
f on the sphere ||x|| = r + €9, if a is sufficiently large.

Proof. We have
£ V(W) x) — Awy x|
< (1 =)t Twal + lorxTATwy — Aw x|
= (1= o)t Wl + (o, — DAWL x|
= (1= o) (I "wall + [IAwx])

(20)

where we recall that o,. denotes o (||x||—r), which we take as
1 (1+tanh(a(|[x||—7))). Thus, on the sphere ||x|| = r+ea,
inequality (20) gives us

IE TV (W x) = Aw x| <

1
5 (1 — tanh(aeg)) [lwall <||)\||(r +e)+  sup

Ifl).
lIxl|=r+e:

Thus, similar to proposition 1, we can make an appropriate
choice of a such that the right-hand side of the above
inequality is less than e;. Our proof is now complete. [

While direct application of path-integral formula to saddle
point systems may not always be possible, the key idea we
propose here is to modify the original system just enough
using (18), so that its eigenfunctions approximate the original
system’s eigenfunctions in a certain region of interest within
the state-space (proposition 1), while rendering path-integrals
computationally amenable for the transformed system. No-
tice that, with the construction of vector fields f, one can
employ path-integrals to approximate the principal Koopman
eigenfunctions in a domain inside ||x|| = r, by using the
fact that the eigenfunction ¢ (x) =~ w, x on some sphere
Ix|| = R of radius R > r (proposition 2). In other words, its
corresponding nonlinear part satisfies the boundary condition
hx(x) ~ 0 on ||x|| = R. Thus, given any point inside [|x|| <
r if there exists a time T'(x) > 0 such that ||sp(x)| = R,
we get

) 7() )
ha(x) = e hxtsr(®) + / =W TE, (s, (x))dr.
ﬁ_/ 0
~0

Here, the flow-map s;(-) corresponds to the transformed
vector field f. The assumption 1 is important here, since
we require that the trajectories reach ||x|| = R from almost
everywhere (a.e.) in some subset of ||x|| < r. Otherwise, the
time 7'(x) may become ill-defined.

V. NUMERICAL EXPERIMENTS

This section demonstrates our approach for extending the
path-integral formula towards computation of eigenfunction
for saddle point systems using finite-time integrals. The first
example illustrates how this work overcomes the limiting
assumptions in [21] for path-integral based eigenfunction
computations using method A in section IV. The second ex-
ample focuses on a Hamiltonian system (which is a particular
type of saddle point system) to highlight the practical utility
of Koopman eigenfunction computations within the context
of nonlinear optimal control, while showcasing method B.

Example A: Path-integrals for saddle point systems with
EDMD-estimated boundary conditions

In this example, we consider a 2-dimensional dynamical
system with states x = [x1,xz] " as follows:

(7.5x§+5.0) (x? +x1 +sin(xz))+(—x1 +x§’+2xQ) cos(x2)
9x%x§ +6x% +3x§ +cos(x2)+2

2.5x:13+2.5x1 7(3xf+1) (7x1 +xg+2xQ)+2.5 sin(x2)
9xfxg +6xf +3x§ +cos(x2)+2

2y

The vector field for this system is smooth everywhere on

R?, with a saddle point at the origin as shown in figure

1(a). One can verify that the two principal eigenpairs of this
system are given by

A = —1and
Ao = 2.5.

b, = X1 — 2Xo — X3,
dr, = X1 +sin(xz) + x7,

We note that the principal eigenpairs of this system do not
follow the assumption regarding the spectral distribution or
the assumption on the boundedness of i) in [21], and thus
the infinite horizon path-integral formula proposed in the
prior work [21] is not suitable for eigenfunction computa-
tions.

In order to utilize the finite-time path-integrals in the com-
putation of principal eigenfunctions on a compact set C' =
[—2,2]? from trajectory data, we first use EDMD to compute
the eigenfunction values on the boundary of a sphere of
radius 3 centered at the origin (i.e., B = {x | ||x|| = 3}). For
this preliminary EDMD step, we randomly sample 800 tra-
jectories of length 10 timesteps, only from a small neighbour-
hood of B given by Np = {x| infxep ||x — x'|| < 0.4},
as shown in figure 1(a). We choose a monomial basis of
maximum degree 10. We note that the EDMD estimated
eigenfunctions from such a sampling are expected to be
accurate only locally within N, and not on the whole
of C = [-2,2]%. After extracting the nonlinear part of
the local EDMD estimate, we apply (9) to compute the
eigenfunctions on the entire set C. For a given point x € C,
the integration time is taken to be min {¢ | ||s;(x)|| = 3}, that
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(a) Saddle point system, equation (21).

(b) Computed (surface) vs actual (dots) eigenfunctions.

Fig. 1: Local-EDMD enabled path-integral computation for
Koopman eigenfunctions. (a) Blue dots represent trajectory
samples collected for EDMD, giving us an approximation
of eigenfunctions in the annular disk. This estimate is then
used for the terminal value hj(s;(x)) appearing in the
path-integral formula. (b) Left pane shows stable principal
eigenfunction ¢; with A\; = —1 (Max relative error: 0.055).
Right pane shows unstable principal eigenfunction ¢, with
Ao = 2.5 (Max relative error: 0.039).

is, the integration is terminated when the trajectories reach
the set B. Figure 1(b) demonstrate this for ¢y, and ¢y,
respectively. Note that in order to estimate these entirely
using EDMD, one would require trajectory samples from
the entire domain C, and from our experimental comparison,
we find that this data requirement is an order of magnitude
higher than our current EDMD sampling on the set Ap,
and furthermore yields a larger (i.e., poorer) relative error
between the estimated eigenfunction and the actual one on
the domain C.

Example B: Path-integrals for Hamiltonian systems using
transformed vector fields

Let us consider an optimal control problem [22] as fol-
lows:
Objective: min/ (x% + u2) dt

XL Jo

(22)
Dynamics: X; = —X5 + u,

where x; € R is a scalar state and « € R is the control input.
The solution to the optimal control problem can be obtained
by solving the Hamilton Jacobi equation. In [13], a Koopman
spectral approach is developed for solving optimal control
problems. The solution to the Hamilton Jacobi equation

is obtained from the Lagrangian submanifold. The main
results of [13] show that the Lagrangian submanifold can be
obtained from the joint zero-level curve of the eigenfunction
of the Koopman operator associated with the Hamiltonian
system. The corresponding Hamiltonian system for (22)
is constructed using the Hamiltonian function defined by
H(x1,%2,u) = x3 +u? — x}xa + Xou, where x5 € R is the
co-state variable. The Hamiltonian is minimized w.r.t. u to
obtain u* = —%xz. Substituting for optimal »* in the Hamil-
tonian, we obtain the pre-Hamiltonian H (x1, X2, u*(x)). The
Hamiltonian system associated with H is then given by:

x1(t) —x3(t) — 1xa(t)
' - =f 23
{ X2(1) } [ —2x1 (1) + 3x2(t)xa(t) (x), (23)
Clearly, x = [x;,%2]" = 0 is a saddle point equilibrium

with eigenvalues of A = V«f(0) being A = £1. We choose
the function o(-) as % [1 + tanh(10(-))], with 7 = 4 while
constructing the modified vector field f using equation (18).
Path-integral computations performed directly on system (23)
do not converge to a finite value (except on the stable mani-
fold). However, for the dynamics f, this issue isn’t observed
and the path-integrals converge before the trajectories escape
to infinity.

Figure 2(a) shows the original vector field (23), and
how we transform it such that the nonlinear part of the
eigenfunction corresponding to the transformed vector field
is approximately zero beyond r = 4. The eigenfunctions
can then be computed using path-integrals with such a
transformation, as shown in 2(b).

() (b)

Fig. 2: (a) Setting path-integral boundary conditions. The
darker disk of radius r = 4 is where the two vector fields are
approximately alike, and consequently their eigenfunctions
restricted to ||x|| < r are also alike. (b) Computed unstable
Koopman eigenfunction (A = 1). Path-integrals along trajec-
tories starting inside [—2, 2] x [—2, 2] converge after a finite
number of integration steps. Alternatively, one can choose to
integrate until a given trajectory leaves the r = 4 disk.

The zero level-set of the unstable Koopman eigenfunc-
tions of (23) can be expressed as a manifold of the form
Mo = {(x1,%2) | x2 = y(x1),%x1 € R} for some function
v : R — R, and the optimal trajectories of problem (22)
evolve in this manifold. The v that minimizes H (X1, X2, u)
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Fig. 3: Optimal control extracted from the zero level-set
of the unstable Koopman eigenfunction. The actual optimal
control is obtained from [22] as x3 — x14/1 + x7.

is u*(x1,%2) = —0.5%2 such that (x1,x2) € My. In other
words, u*(x1,7(x1)) = v*(x1) = —0.5y(x1) is the optimal
controller for (22). Figure 3 shows the optimal control for
problem (22) computed from the unstable eigenfunction of
system (23) corresponding to A = 1. For comparison, we
also plot the actual analytically derived optimal controller.

VI. CONCLUSION

Recently developed path-integral based computation of
principal Koopman eigenfunctions has shown promise in
obtaining exact results since they are based on analytical
expressions. However until now, their computation have been
shown to converge only for specific systems, where the equi-
librium is stable or anti-stable, and when the principal eigen-
values satisfy certain conditions on their spectral distribution.
This paper removes these restrictions, and extends the path-
integral approach to systems with saddle point equilibrium.
Furthermore, in our proposed extension, the path-integrals
need to be computed only over a finite horizon as opposed
to the previous work, where the time horizon is infinite.
The practical utility of this extension demonstrated using
numerical examples, including utility in solving optimal
control problems using our path-integral method.
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