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Safe Stochastic Model-based Policy Iteration with Chance Constraints

Lijing Zhai!, Kyriakos G. Vamvoudakis', Jérome Hugues

Abstract—In this paper, we consider optimal control prob-
lems of stochastic discrete-time systems subject to additive
disturbances. Safety of such systems is guaranteed in a proba-
bilistic sense via chance constraints. We solve the corresponding
chance constrained stochastic control problems by extending
the unconstrained model-based Policy Iteration (PI), and thus
chance constrained PI with safety guarantees is proposed. Ad-
ditionally, the stability of generated control policies is analyzed
in the mean square sense. Numerical simulations are provided
to validate the proposed algorithm performance.

I. INTRODUCTION

In recent years, there has been growing interest in learning-
based control algorithms in academia and industry due
to their potential to find optimal control schemes in the
presence of uncertainty, where closed-form solutions may
be unavailable even with known system dynamics. Safety
is essential for learning-based control applied in real-world
scenarios. Nevertheless, the trade-off between exploration
(learning global optimal policies) and exploitation (find-
ing local optimal policies) can lead to unsafe behavior
during learning. To address safety in uncertain or noisy
systems, probabilistic chance constraints are preferable to
hard constraints, as they ensure safety requirements with high
probability, allowing for less conservative control laws. This
approach is vital in practical scenarios where some degree of
constraint violation is acceptable for economic or optimality
reasons. Research in optimal control with chance constraints,
including the emerging field of stochastic model predictive
control (MPC) [1], has explored various approaches [2]-[8].
Additionally, recent literature has explored the use of control
barrier functions (CBFs) for safe control, akin to Lyapunov
functions for stability [9]-[11].

Apart from the aforementioned works primarily focusing
on addressing chance constraints in the context of optimal
control, the rise of learning-based control has led the com-
munity to explore safe learning in a probabilistic sense. Two
main approaches tackle chance constraints in the learning
process. One approach modifies the reward function to
explicitly balance risk management and task completion.
Frameworks for integrating existing learning algorithms with
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CBFs are commonly investigated [12]. The other approach
focuses on modifying the learning procedure, rather than the
reward function, to ensure safe exploration with satisfied
constraints. This is achieved by methods like the penalty
method (which heavily penalizes constraint violations) and
the Lagrangian method (widely used in constrained optimiza-
tion, with an adaptive weight). A recent work [13] addresses
chance-constrained Reinforcement Learning (RL) problems
using a combination of the penalty and Lagrangian methods.
Most works in this domain employ an actor-critic structure
for solving optimization problems by gradient descent meth-
ods. The primary challenge lies in approximating gradients
of probabilities with respect to parameters [14]. Existing
works primarily ensure chance constraint satisfaction but
lack theoretical stability guarantees for control policies in
systems with stochastic disturbances. Notably, off-policy RL
methods may fail to generate stability guarantees in the
presence of unknown disturbances [15]. Dealing with both
stochastic disturbances and chance constraints adds further
complexity to ensuring stability. Our work aims to bridge this
gap by investigating optimal control problems in stochastic
systems with additive disturbances and chance constraints.
We propose a model-based chance-constrained PI method
with stability guarantees, which lays the foundation for future
data-driven chance-constrained learning algorithms.
Contributions: The contributions of this work are twofold.
Safety constraints are embedded in the PI framework in
a stochastic setting, and a model-based PI algorithm with
chance constraints considered is derived. Additionally, a
stability proof of the equilibrium point of the stochastic
closed-loop system is provided in the mean square sense.
Notation: N is the natural number set including zero. E
denotes expectation operator. P denotes probability operator.
A > 0 (A = 0) represents a symmetric positive (non-
negative) definite matrix. tr(-) denotes trace operator. Within
the work, matrix norm refers to Frobenius norm while vector
norm can be any norms including ||-||1, |||z, and ||-||oo unless
specified. I,, represents an identity matrix with dimension n.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. Problem Description
Consider the following discrete-time linear time-invariant
(LTT) dynamical system with additive noise represented by:
Tpy1 = Az + Buy, + wy, (1)

with discrete time index k € N, state vector x; € R™,
control input u € R™, state matrix A € R™*", input matrix
B € R™ ™ and exogenous noise/disturbance w; € R”,
which can be interpreted as both model uncertainties and
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real noises disturbing the system. Within the work, assume
the pair (A, B) is controllable; the disturbance wy, follows
an independent and identical Gaussian distribution with a
bounded covariance, i.e., wy ~ N(0,%,) with || Xy < co;
the initial state x( is randomly generated from a Gaussian
distribution, i.e., xg ~ N (110, X0), and is uncorrelated to wy.

Assumption 1. Covariance matrices X, > 0, 3o > 0. ]

For safety-critical systems in practice, certain safety con-
straints need to be guaranteed, which are imposed probabilis-
tically as chance constraints on the states as follows:

where hy € R™, g, € R, and & € (0,0.5] is a user-defined
risk tolerance threshold. Accordingly, define the safe region

= {SC e R™ : P[h;fa?k = gk] > 1- fk}, Vk € N.
Constraints (2) guarantee that the state trajectories violate the
linear constraint h}z; > g with a probability of at most &,
at each time step k. In the stochastic context, stability in the
mean square sense is considered. Specifically, mean square
boundedness is considered [16], [17]:

sup E[||z 3] < o0, Vo € So. 3)
keN

For a deterministic control policy 7 : R™ — R™ mapping
from state xj to control input ug, i.e., ug = w(zy), define
the infinite-horizon discounted performance functional:

(o, ) = lszz,uz], “)

where 0 < v < 1 is a discount factor, r(zg, ur) = ngxk +
u} Ruy, : R™ xR™ — R is a stage cost functional incurred at
the kth time step and is defined as non-negative with @ > 0
and R > 0. The expectation operation E is the expectation
with respect to the initial state xy and the disturbance term
wg. This work aims to determine optimal control policies
7*(-) minimizing the expected discounted cumulative cost
(4) with fullfilled chance constraints (2) described by:

Problem 1.

mm J(zo, 2 ¥ (xg, uk ]
sit. Tpp1 = Axy + Bug + wi, up = 7(xg), wr ~ N(0,5y),
zo ~ N(po,%0), P [hjfwp = gr] = 1— & ke N

Definition 1. A control policy uy = 7(xy) is admissible
for system (1) if the closed-loop system under this policy
satisfies (3) and the cost (4) is finite. O

The limit (4) is well-defined for g € Sy if the policy 7
is admissible on Sy, Vk € N. Assume for system (1) there
exist admissible control policies.

B. Stochastic Optimal Control without Chance Constraints

Now we review some existing results on stochastic optimal
control problems that do not involve chance constraints (2).
These results serve as the foundation for our main results in

the next section. Based on the performance functional (4),
the cost-to-go value function at time step k is defined as
V(zr) = E[X;2, v *r(zi,u;)]. The value function can
be further rewritten as V' (xg) = E[r(xg, ug)] + YV (2g+1)-
According to Bellman’s principle of optimality, the optimal
value function V*(-) needs to meet the infinite horizon
Hamilton-Jacobi-Bellman (HJB) equation [18]:

V(@) = min (B (e, u)] + 9V (@) - )
By stationarity condition for optimality, the optimal control
policy 7* should satisfy the first-order necessary condition.
This can be achieved by setting the gradient of the right-hand
side (RHS) of (5) with respect to uj equal to O:

T (zy) = arg m(il)l (Elr(zr, ur)] + V" (k1))
_ ’YR 1BT5V ($k+1). (6)
OTpy1

Now consider a linear state feedback control policy 7(xx) =
uy = Kz, with K € R™>*". The following lemmas provide
a sufficient condition for the admissibility of the control
policy up = Kz and its corresponding value function.

Lemma 1. (Lemma 2 in [19]) Assume there is a unique
solution P € R™ ™ to the following Lyapunov equation:

P=~(A+BK)TP(A+ BK) + KTRK +Q, (1)
then the control policy uy, = Kxy, is admissible.

Lemma 2. (Lemma 3 in [19]) Assume the control policy
ur = Kz is admissible, then the corresponding value
function is given by:

V(ax) = Elef Pay] + — ~r(PY) ®)

where P € R™"*" is the unique solution to (7).

Substitute the value function (8) into the RHS of (6):
K = —y(R+~BTPB)"'BTPA. 9)

The Policy Iteration (PI) [20] technique solves the HIB
equation iteratively via policy evaluation based on (5) and
policy improvement based on (6) with an admissible initial
control policy, which is summarized in Algorithm 1 with
convergence proof shown by [19].

III. MAIN RESULTS

Algorithm 1 addresses stochastic optimal control problems
without considering chance constraints (2). Inspired by the
work [21], our proposed method for solving Problem 1
employs the PI technique to approximate the solution to
Problem 1 while incorporating chance constraints during
policy improvement. To tackle the challenge posed by chance
constraints, we first convert probabilistic constraints into
deterministic ones. Then, we establish a chance-constrained
PI scheme and finally perform a stability analysis of the
resulting control laws in the mean square sense.
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Algorithm 1 Policy Iteration without Chance Constraints

1: Select an admissible initial control gain K and thresh-
old n. For j = 0,1, ..., perform until convergence:

2: repeat

3: Policy Evaluation: Solve for P/ such that

Pi = y(A+ BK/)TPI(A+ BK’) + (K/)TRK7 + Q.
4: Policy Improvement: Update the policy by
K™ = —~(R+~yB"P'B)"'BT P A.

s Setj—j+1.
6: until j > 1 and |P? — P71 <n.

A. Representation of Chance Constraints as Deterministic
Constraints

Recursively propagating system (1) to get z;, = AFzq +
Sl AR By, + YR AR=imly, k> 1. Under the
assumptions of Gaussian distributed xg and wy, introduced in
Section II-A, the distribution of future states is also Gaussian,
ie., zx ~ N(pg, 2r), with g and X given by, Vk > 1:

k—1
pe =Afpo + 3 A B, (10)
=0
k—1 ) )
Sk =AFD(AMT 4 Y AR (AT A
=0

Remark 1. The state mean at time step k& depends on past
control inputs up until k¥ — 1 (i.e., {ug, u1,...,ux—1}) while
the state covariance at time step k does not depend on the
control inputs. This shows states at future steps are Gaussian
distributed with fixed covariance but variant mean. ]

Lemma 3. For a univariate Gaussian random variable
Y ~ N(u,0?) with variant mean p and fixed variance
o2, the probabilistic constraint on' Y can be converted to

a deterministic constraint on its mean as follows:

PlY <t]<d<=pu=ec, (12)
with ¢ = t + /20 - erf 1 (1 — 26),
2 (7 _,;
erf(z) = —J e " dt. (13)
@ =77
Proof. Let Z = (Y —u)/o. Then P[Z < t?T”] = P[% <

L8] = P[Y < t] < 6. The random variable Z follows a
standard Gaussian distribution with mean 0 and variance 1.
By inverse standard normal distribution function (also known
as inverse error function), we can solve for p to obtain a
deterministic constraint on mean, i.e., p > t+\/§a-erf_1(1—
20) with error function erf(-) defined by (13) [22]. [

Based on Lemma 3, the following theorem is introduced
to convert the chance constraints (2) to deterministic ones.

Theorem 1. Assume states follow the propagation rule of
(1), then the chance constraints (2) on states can be con-
verted to deterministic constraints on their mean as follows:

Plhizy = gi] =1 —& <= ¥(u) =0, (14

where

(k) =hi p = g =\ 20 Sihy - erf (1= 2€5), (15)
with the error function erf(-) defined by (13).

Proof. Given zj, ~ N (g, X) for states following the sys-
tem dynamics (1), the term h;ka — g follows the following
Gaussian distribution h;ka — gL ~ N(h;fuk — gk, h;fzkhk).
Denote vy, = hizy — gi, then we have vy ~ N (py,02)

with f1, = hju, — g, and o, = A/h}Sihy. It follows
from equation (12) with ¢ = 0 in Lemma 3 that P[v, <
0] < & <= py = V20, - erf (1 — 2¢;). Thus, we
obtain the deterministic version of the chance constraints
P[h;gxk > gk] > 1 *fk — P[hr]gl’k < gk] < fk —

hE e — g — A/ 2hF Sihy - erf (1 —2&;,) = 0. n

B. Chance Constrained Policy Iteration

In order to solve Problem 1 with chance constraints, the
optimal value function V*(+) needs to meet the HIB equation
subject to chance constraints as follows, k € N:

V¥ (@) = min (Blr(ai, 7(2))] + 7V (@e1)),
(g
S.t. Ty = Az + Bug + wi, P [h;fa:k > gk] =>1—¢&.

Regarding the policy evaluation stage in Algorithm 1, the
goal is to find the approximate value in terms of the current
policy by solving (5). Given an admissible policy 7/, there
is always a solution to (5) and thus an approximate solution
Vi+1 For the policy improvement stage in PI, an updated
policy aims to minimize the RHS of (5) with the solved V71
subject to chance constraints as follows:

T (k) = arg min (Br(zy, ue)] + 9V (2x41))
o (16)
st P[hfar>gr] >1—&, keN.

The chance constraints in equation (16) lack an additive
structure, making them challenging to handle. To address
this, we apply Theorem 1, which converts chance constraints
into deterministic ones. This transformation renders the con-
strained optimization problem (16) equivalent to

™ () =argmin (Blr(zx, ug)] + 9V (2k41), -
st () =0, keN,

with t(u) defined by (15). With this conversion, we can
address the chance constraints using the penalty function
method. We introduce an additional cost penalty for con-
straint violation during the policy improvement stage in PI,
effectively transforming the constrained optimization prob-
lem into an unconstrained one as follows:

T (z)) = arg min (E[r(wk, up)] + AV (@p41)

FAmax(~ (1), 0)%), (18)

where A > 0 is a penalization parameter. This formulation
implies that in the policy improvement stage at time step k,
once the chance constraint at time step & + 1 under current
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control input is violated, i.e., ¥(ugt1) < O, the penalized
cost is enforced to generate a feasible policy within the safe
region such that the constraint at time step k + 1 is satisfied.

Remark 2. We draw inspiration from recent work [21], which
deals with a continuous-time system subject to hard con-
straints. Here, in contrast, we incorporate chance constraints
for a single future time step in the infinite horizon setting,
while the approach in [21] integrates constraints from the
current time instant to the final finite time horizon. ]

With the integration of chance constraints in the policy
improvement stage by the penalty function method, the
following theorem is introduced to derive the solution to the
unconstrained optimization problem (18).

Theorem 2. The solution to optimization problem (18) is
given by, Vk > 1:

K ) =0
W*(l'k) _ uz _ Tk, lfw(ukJrl) (19)
K.xp +ue, otherwise
where
K = —y(R+~BTPB)"'BTPA, (20)

K.=—y(R+~yBY*PB + ABThy1hi,,B) ' BT PA,
21

ue = AR+ yBY"PB + ABThyy1hi 1 B) L ort1, (22)

k-1
Prt1 = (h;fHAkHMo +hier ) AY Buy — gk
i=0

—\20F St - e (1= 26041) ) BThisr. 23)

Proof. To solve the unconstrained optimization problem
(18), we apply the first-order necessary condition for opti-
mality by setting the derivative of RHS of equation (18) with
respect to uy equal to 0. If ¢(ug+1) = 0, there is no extra
penalty cost and thus the optimal control policy is the same to
(6) with the state feedback gain given by (9). If ¢ (ux+1) < 0,
the penalty cost is enforced. Given value function (8), state
mean (10) and deterministic constraints (15), set the deriva-
tive of RHS of equation ( 1§) with respect to uy to zero to
obtain: 0 = 2Ruy, +73T% +2Aw(uk+1)%’:’l) =
2Ruk+2’yBTPBuk+2)\h',£+1BukBThk+1 +2vBTPAx; +
2Apr+1. Note that the term (ur11) contains uy due
to pk+1, whereas the term (ug41) does not contain
ug. So in the above manipulation, we substitute the
state mean (10) to separate uj from t(ugy1). The ob-
jective is to rearrange the terms such that those con-
taining wuy, are on one side with all remaining terms
on the other side. Note that the term hEHBukBTth
contains wuy in the middle. Applying trace operation to
both sides and leveraging the cyclic property of trace
operation: tr ((R+yBYPB + ABThy1h, B)uy) =
tr(—yBTPAz;, — Apg,1). The summation term R +
'yBTPB + )\BTthhEHB > 0 since R > 0, P > 0,
and BTthhE_HB > 0, and thus is invertible. So,

uf = — (R+~yB"PB + AB" hj41hj B) " (yBT P Az,

+ Apr+1)

=R +~yBY*PB + ABThyy1hi 1 B) ' BT PAxy
N - .
~XMR+~B"PB + ABTthhEHB)*HpH5 .

This completes the proof. [ |

Remark 3. For the case of ¢(pr1+1) < 0, the extra term
U acts as a compensation controller to compensate for the
unknown disturbance and violation of constraints. O

Based on Theorem 2, PI with chance constraints is pro-
posed as Algorithm 2, using policy evaluation based on
(5) and policy improvement based on (18). Algorithm (18)
contains two steps. First, the offline PI is implemented to
obtain the converged P and K. Then, for each time step,
assume control policies wug with control gain K. If the
constraint (23) is violated, compute the controller gain K.
and the compensation controller u., and apply uy = K.+ uc
to system (1) to compensate for constraint violation.

Algorithm 2 Policy Iteration with Chance Constraints

1: Select an admissible initial control gain K°, convergence
threshold 7, threshold &, penalty parameter A, and time
steps T'. For 5 = 0,1,..., perform until convergence:

2: repeat

3: Solve for P7 such that

P7 = ~(A+ BK)TPI(A + BK?) + (K')"RK’ + Q.
4: Update the policy by
Kitt = —y(R+~B"P'B)"'BT P A.

5: Set j =4+ 1.

6: until j > 1 and ||P7 — P77 Y| <.

7: for k =0 to T do

8: Set u, = Kitlzy,.

9: if ’(/J(,uk+1) < 0 then

10: K. =—y(R+yB*PB+AB"hj41h}, B) "' x
BTPA

11: set up, = K. + u. with u. given by (22).

12: end if

13: Apply uy to system (1) and store the next state Ty 1.

14: end for

C. Stability Analysis

This section will focus on analyzing the stability of gener-
ated control policies by chance constrained PI Algorithm 2.
We will demonstrate the boundedness of the control policies
(19) and then prove the mean square boundedness for the
closed-loop system (1) under these policies.

Lemma 4. The optimal control policies (19) are bounded,
Uk |loo < Upar Yk € N

ie.,

Proof. When ¢(ug11) = 0, the control gain K given by (20)
is the same to that by Algorithm 1 and thus is bounded. When
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©(pe+1) < 0, consider the terms R and ABThj41h}, B in
(21) together as one single term so that K. has the same
structure to K given by (20) and thus is bounded. u. is
bounded since ¢4 contains a summation of finite bounded
terms. So, uy is bounded in both cases. ]

With Lemma 4, the stability of closed-loop systems under
the control policies (19) in the mean square sense is verified.

Theorem 3. Assume the matrix A is Schur stable. System (1)
with chance constraints (2) under the control policies (19)
is mean square bounded.

Proof. The proof follows a similar reasoning to that in [23].
For system (1), we have E[z] ,Pzri1] = E[(Azp +
Buy, + wy,) Y P(Azy, + Buy + wy)] = Elzf ATPAz), +
227 AT PBuy+2x} A" Pwy+uf BT PBuy+2u} BT Pwy,+
wi Pwy] = 2F AYPAzy, + 22T AT PBuy, + ul BT PBuy, +
tr(PXy). Considering the boundedness of wj and using
Holder’s inequality, ie., ||zTyli < ||z|pllylly with % +

L= 1, the terms on the RHS of the above equation

q
are bounded by ||z ATPBuy|1 < ||[ATYPBugl1 |7kl <
[ATPB|1|lukllwllzkllo < [|ATPB|1Unaxllzklle and
|luf BYPBug||y < ||[BTPB|1U2,. Then it follows that
E[x;fHPmkH] < JZEATPAJUC + 2¢1||zk||oo + c2 With ¢; =
HATPBHlUmaX, co = ||BTPB||1U§13X + tr(PX,). Given
ATPA — P < —1I,, and Schur stable matrix A,

E[:EEHkaH] < xf Pry — ||o1]|3 + 2¢1]| 2|0 + co
(24)

Define a compact set D = {z € R" : |lzk|lo < B} with
B = 1(c1++/3 + c20) and 0 € (max{0,1 — Amax(P)}, 1).
Note that the matrix A being Schur stable guarantees that
such 6 exists. Then it follows that

2¢1 || @l + 2 < Ollaill%, < Ollakllz, Ve ¢ D (25)

Substitute (25) into (24) to get E[IEHP:UICH] < a} Py —
(1 — 0)||zx||3, Yz ¢ D. Combine the above equation with
2 Py < Amax(P)||@ |3, then we get E[z}, | Pxjpiq] <
(1 — =22 Py, Vay ¢ D. This leads to supyey V(zk) <
oo according to Lemma 8 in [23]. Then it follows
from Amin(P)||7x]|3 < af Pz and the value func-

tion (8) that suppeyEf[lzx|3] < s—pyElef Pax] =

. (V(xk) - ﬁtr(PEw)) < . -

IV. SIMULATION RESULTS
Consider a quadrotor described by [24], Vk,

099 0 0 002 0 0
0 099 0 0 002 0
a0 0 099 0 0 0.02
0 0 —002 099 0 E
0 0 0 0 099 0
| 0 0 0 0 0 0.99
s_[0 0 006 0 002 0 T
00 0 0 0 002 °

where the states are zy = [z, @, y, ¥, ¢, ¢|T with (z,y)
the two-dimensional quadrotor positions, ¢ the counter-
clockwise angle to the vertical, u; is the vertical thrust, and

ug is the torque. We slightly modify matrix A to ensure
Schur stability, as per the assumption in this work compared
to that in [24]. The safety constraint enforces z3 > 0.05 (y
position), with hx = [0, 0, 1, 0, 0, 0]T and g, = 0.05.
Disturbance covariance is generated as random numbers from
a normal distribution in the range of [0,1], scaled by 0.001.
Weight matrices are set as R = 1 and ( = 1015. The system
is simulated for 40 seconds with a sampling time of 0.1
seconds, resulting in a total of 400 time steps.

As a benchmark, we first employ model-based PI without
chance constraints using Algorithm 1 in 500 independent
implementations. Figure 1 displays state trajectories, with the
blue line representing the mean, the shaded area indicating a
75% confidence interval, and the red dotted line representing
the safety constraint x3 = 0.05. Algorithm 1 effectively
stabilizes the system with states’ mean values close to zero.
However, due to stochastic disturbances, the 75% confidence
interval for 3 is wide, indicating multiple violations of the
safety constraint 3 > 0.05. This implies that not considering
chance constraints (2) increases the likelihood of violating
safety constraints for state 3.

The evolution of z3 with 75% confidence interval

——mean value of x3

1.2

1

0.8

0.6

0.4

x3

0.2r

ol

-0.2

04
0 50 100 150 200 250 300 350 400

Time step

Fig. 1. State trajectories by the PI Algorithm 1 without chance constraints.
The shaded area represents a 75% confidence interval for 500 independent
experiments. The red dotted line denotes the safety constraint of z3 = 0.05.

Next, we explore different risk tolerance levels, namely
& = 0.2 and £ = 0.45, within the same simulation framework
using Algorithm 2, conducting 500 independent experiments.
Figure 2 illustrates state trajectories, with the blue line
denoting the mean, shaded areas indicating 75% confidence
intervals, and the red dotted line representing the safety
constraint x3 = 0.05. Among the 500 experiments, a certain
number of state trajectories violate safety constraints in both
cases, as expected due to probabilistic constraints. However,
the mean state value with a risk tolerance threshold of
& = 0.2 deviates further from safety constraints compared
to & = 0.45. This suggests that smaller risk thresholds result
in fewer trajectories breaching safety constraints.

Our proposed algorithm also accommodates time-varying
chance constraints. Consider time-varying chance constraints
defined by hy = [0, 0, 1, 0, 0, 0]T and gx = 0.05 + vy,
where vy, is a randomly generated number from a uni-
form distribution between 0 and 0.05. Figure 3 displays
xg trajectories, indicating that the control policies generated
by Algorithm 2 effectively ensure a high probability of
fullfillment with the time-varying safety constraints.
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The evolution of x3 with 75% confidence interval

——mean value of x3

0.8
0.6
0.4

0.2

02 | | | | | | | |
0 50 100 150 200 250 300 350 400
Time step

(a) Risk tolerance threshold £ = 0.2

The evolution of z3 with 75% confidence interval
1
‘—mcam value of .l‘j(‘

0.8
0.6
0.4
0.2

-0.2

04 | | | | | | | |
0 50 100 150 200 250 300 350 400
Time step

(b) Risk tolerance threshold £ = 0.45
Fig. 2. State trajectories by Algorithm 2 with chance constraints. Shaded

areas indicate 75% confidence intervals. The red dotted line denotes x3 =
0.05. Smaller thresholds lead to fewer trajectories violating constraints.

6 The evolution of z3 with 75% confidence interval

——mean value of x5

0.8

T3

0.6
0.4 r

0.2r
AU MNP LT TR O LA ST AN

0.2 L L L L
0 50 100 150 200 250 300 350 400

Time step

Fig. 3. Trajectories of x3 by PI Algorithm 2 with chance constraints.
The shaded area represents a 75% confidence interval for 500 independent
experiments. The red dotted line denotes the time-varying safety constraints.

V. CONCLUSION AND FUTURE WORK

This work addresses optimal control problems in stochas-
tic discrete-time systems with additive disturbances and
chance constraints. We introduce a model-based PI algorithm
with chance constraints and analyze the stability of control
policies in the mean square boundedness sense. We validate
the algorithm’s performance through numerical simulations
for a steering system in autonomous vehicles. Future work
will explore the relationship between risk tolerance (£) and
penalty parameter (\), handle joint chance constraints, and
extend the algorithm to data-based learning frameworks.
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