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Abstract— This paper presents insights into the implemen-
tation of transactive multi-agent systems over decentralized
flow networks. Agents have local resource demand and supply
and are interconnected through a flow network to support
resource sharing while respecting capacity constraints. We
establish a competitive market with a pricing mechanism that
internalizes flow capacity constraints into agents’ decisions.
We demonstrate the existence and equivalence of competitive
equilibrium and social welfare equilibrium under convexity
assumptions. We introduce a social acceptance sharing problem
and propose a method to solve it by prescribing socially
admissible utility functions. We provide a pedagogical example
for linear-quadratic multi-agent systems. Extensive experiments
validate our results.

I. INTRODUCTION

Future technologies are being structured as networked
multi-agent systems that take advantage of the Internet of
Things to support critical infrastructure systems [1]. Re-
cently, transactive control has emerged as a new technology
and been applied in various applications, such as transactive
energy [2] and smart city transportation [3], as a market-
based coordination to achieve certain system-level objectives
[4].

Effective resource allocation is a major focus for trans-
active multi-agent systems. The goal of transactive multi-
agent systems is to translate market coordination into lo-
cal decisions that lead to optimal individual payoffs while
maintaining system-level optimality [5]. In light of classical
welfare economics theory, the careful pricing of the resource
unit can possibly contribute to achieving this goal [6]. There
have been many research efforts in developing pricing mech-
anisms [7]–[9]. To improve reliability and sustainability, a
critical factor in the practical implementation of resource
allocation in distribution networks and energy markets is
voltage operation constraints [10]. Some work presented
market mechanisms focusing on voltage regulation [11]–
[14].

Another key factor to consider is line capacity constraints
that may limit the amount of resources that can be shared
between two agents. For example, in inventory sharing,
multiple wholesalers hold inventory of a particular product.
Resource allocation can be used to optimize the distribution
of inventory among wholesalers. But there may be capacity
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constraints on how much inventory can be shared between
two wholesalers. A wholesaler may only be able to share
a limited amount of inventory with his partners due to
logistics limitations and contract stipulations from manufac-
turers. This example highlights the importance of considering
capacity limitations in the design and implementation of
resource allocation for transactive multi-agent systems. Most
existing market designs in the presence of line congestion
were under the setting of transmission networks that are
coupled with other transmission laws such as Kirchoff’s law
[15]–[17]. However, transmission laws do not exist in multi-
agent systems like inventory-sharing systems.

In this paper, we are motivated to investigate transactive
multi-agent systems operating over flow networks where
resources are decentralized. Agents have local resource de-
mand and supply, and are interconnected through a flow
network to facilitate the sharing of local resources. For each
agent, the amount of trading must be equal to the net in-
coming and outgoing flow; the flow between any two agents
is restricted. Then, with the presence of flow constraints,
the optimal sharing prices may be different at different
agents due to punishment of flow reaching flow capacity
boundary, which raises fairness problem and disadvantages
certain agents. The main contributions of the paper are as
follows:

• Inspired by [11], we propose an efficient market with a
pricing mechanism that flow capacity constraints are in-
ternalized into agents’ private decisions, where optimal
trading prices may be different at different agents.

• We define a new social acceptance sharing problem
to investigate homogeneous pricing when the optimal
sharing prices at all agents under the competitive equi-
librium are always equal to each other for social accep-
tance. We propose a conceptual computation method,
which focuses on prescribing a class of socially admis-
sible utility functions.

• A special case linear-quadratic multi-agent systems over
undirected star graphs is provided, which serves as
an pedagogical example regarding how to explicitly
prescribe a class of socially admissible utility functions.

The rest of the paper is organized as follows. In Section II,
multi-agent systems over flow networks are presented and
a competitive market with pricing mechanisms is proposed.
The efficiency of the competitive market is presented in Sec-
tion III. Homogeneous pricing is investigated in Section IV.
Comprehensive numerical experiments are conducted in Sec-
tion V. Section VI concludes the paper.
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II. TRANSACTIVE MULTI-AGENT SYSTEMS OVER FLOW
NETWORKS (TMAS-FN)

In this section, we present multi-agent systems over flow
networks where flow constraints are taken into account.

A. Resource Allocation in Multi-agent Systems (MAS)

Consider a multi-agent system consisting of n agents
indexed in the set N = {1, 2, ..., n}. Each agent i gener-
ates/holds ai ∈ R≥0 units of local resources. The system
resource capacity is defined as the total amount of resources
available in the system, i.e., C =

∑n
i=1 ai. Each agent

i makes a consumption decision to consume xi ∈ R≥0

units of resources. The utility function related to agent i
consuming xi amount of resource is fi(xi) : R≥0 → R.
In the meanwhile, agents are connected within a network to
share their local resources through pricing mechanisms. Each
agent i further makes a trading decision to trade ei ∈ R units
of resources with other agents. A physical constraint for each
agent’s trading decision is ei ≤ ai − xi. The price for unit
resource exchange at each agent i is denoted by λi ∈ R. As
a result, each agent i’s payoff is the summation of utility
from consumption and income/cost from trading.

Denote a = (a1, . . . , an)> as the local resource profile,
x = (x1, . . . , xn)> as the resource consumption profile,
e = (e1, . . . , en)> as the traded resource profile and λ =
(λ1, . . . , λn)> as the unit resource price profile.

B. Trading over Flow Networks (FN)

Consider a directed network G = (N,A) with a set N

of n nodes and a set A of m directed arcs. The directed
flow network considered in this paper is a connected graph.
Each arc (i, j) starts from node i and points to node j, where
node i is called tail and node j is called head. The node-node
adjacent matrix is denoted by G ∈ Rn×n, where the ij-entry
is 1 if (i, j) ∈ A and is 0 otherwise. The node-arc incidence
matrix is denoted by A ∈ Rn×m. Each row of A corresponds
to a node; and each column of A corresponds to an arc. The
column corresponding to arc (i, j) has two non-zero entries
with 1 at row i ∈ N and −1 at row j ∈ N. Denote by Ast the
st-entry of matrix A. We define A+ ∈ Rn×m such that for
s = 1, . . . , n and t = 1, . . . ,m, we have A+

st = 1 if Ast = 1;
otherwise, A+

st = 0. Similarly, we define A− ∈ Rn×m such
that for s = 1, . . . , n, and t = 1, . . . ,m, we have A−st = −1
if Ast = −1; otherwise, A−st = 0.

Each arc (i, j) ∈ A has an associated positive capacity
uij > 0 representing the maximum amount that can flow
on arc (i, j). The actual amount of flow that passes through
arc (i, j) is denoted by yij ≥ 0, which cannot exceed the
capacity of its arc, i.e., yij ≤ uij . For each node i ∈ N,
we define the supply/demand function b(i) : N → R
as the net actual flow of node i, which is described by
b(i) =

∑
j:(i,j)∈A yij −

∑
j:(j,i)∈A yji. If b(i) > 0, node

i is a supply node; if b(i) < 0, node i is a demand node;
and if b(i) = 0, node i is a transshipment node. For a multi-
agent system with trading decisions whose realization is over
a flow network, the trading decision ei at each agent i ∈ N

is a local supply/demand variable, which is equivalent to
b(i), i ∈ N in flow networks.

Denote y = (yij)(i,j)∈A ∈ Rm and u = (uij)(i,j)∈A ∈
Rm. For k = 1, . . . ,m, denote the kth entry of y and u by
yk ∈ R and uk ∈ R, respectively. The supply/demand of
each agent i ∈ N can be rewritten as ei =

∑m
k=1 Aikyk.

C. Trading and Pricing Mechanism

In this subsection, we propose a decentralized resource
market mechanism for transactive multi-agent systems that
respects the flow network constraints. For a transactive multi-
agent system over a flow network, the proposed mechanism
can internalize the flow limitations into the local decisions
of agents.

Denote β∗ ∈ R, q∗ = [q∗1 , . . . , q
∗
n]> ∈ Rn, λ =

[λ∗1, . . . , λ
∗
n]> ∈ Rn and ξ = [ξ∗1 , . . . , ξ

∗
m]> ∈ Rm. We now

definite the notion of competitive equilibrium for TMAS-FN
in Definition 1.

Definition 1 (Competitive Equilibrium): A competitive
equilibrium (x∗, e∗,y∗, β∗,q∗, ξ∗,λ∗) for a TMAS-FN is
achieved if the following conditions hold:
(i) For each agent i ∈ N, the pair (x∗i , e

∗
i ) solves the

following maximization problem

max
xi,ei

fi(xi) + λ∗i ei (1a)

s.t. ei ≤ ai − xi, (1b)
xi ≥ 0. (1c)

(ii) The price for each agent i satisfies

λ∗i = −(β∗ + q∗i ), i = 1, . . . , n. (2)

(iii) The trading decisions balance the total traded resource
across the network, that is

n∑
i=1

e∗i = 0. (3)

(iv) The sum of incoming and outgoing flows of agent i
should be equal to the amount of trading at each agent
i ∈ N; that is,

e∗i =

m∑
k=1

Aiky
∗
k, i = 1, . . . , n, (4a)

y∗k ≥ 0, k = 1, . . . ,m. (4b)

(v) If the flow capacity constraints are not binding, the price
for flow is zero:

ξ∗k(y∗k − uk) = 0, k = 1, . . . ,m. (5)

(vi) There holds

ξ∗k −
n∑
i=1

q∗iAik = 0, k = 1, . . . ,m. (6)

We next assume that there is a social planner who is
responsible for making decisions regarding the consumption
decisions xi, i ∈ N and trading decisions ei, i ∈ N of all
agents in the TMAS-FN, as well as determining resource
flows yij , (i, j) ∈ A over the flow network. The social
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planner considers the social welfare maximization problem
over the flow network. We present the notion of social
welfare equilibrium in Definition 2.

Definition 2 (Social Welfare Equilibrium): The social
welfare equilibrium (x?, e?,y?) is achieved for a TMAS-FN
when (x?, e?,y?) maximizes the following optimization
problem

max
x,e,y

n∑
i=1

fi(xi) (7a)

s.t.
n∑
i=1

ei = 0, (7b)

ei ≤ ai − xi, i = 1, . . . , n, (7c)

ei =

m∑
k=1

Aikyk, i = 1, . . . , n, (7d)

yk ≤ uk, k = 1, . . . ,m, (7e)

xi ∈ R≥0, i = 1, . . . , n, (7f)

yi ∈ R≥0, i = 1, . . . ,m. (7g)
The social welfare equilibrium describes the optimality from
the system-level perspective.

D. Related Work

This work of transactive multi-agent systems over flow
networks builds upon our previous work [5], [18], [19].
The idea of imposing line capacity constraints is originated
from the work of [11], [15]. Different from line capacity
constraints, the work of [11] presented a market framework
in the presence of voltage operation constraints. In [15],
their framework considered line constraints for electricity
transmission networks where other transmission laws such
as Kirchoff’s law are also present. However, our work only
considers two constraints arising from flow networks. For
each agent, the amount of trading must be equal to the net
flow amount going in and out; the flow between ant two
agents is restricted.

III. EFFICIENCY OF PRICING MECHANISMS

In this section, we show that the competitive equilibrium
and social welfare equilibrium coincide with each other for
TMAS-FN with concave utility functions.

Theorem 1: Consider a TMAS-FN. Suppose each fi(·)
is concave over the domain R≥0. Then the social welfare
equilibrium and the competitive equilibrium coincide. To be
precise, the following statements hold:

(i) if (x?, e?,y?) is a social welfare equilibrium, then there
exists β∗ ∈ R,q∗ ∈ Rn, ξ∗ ∈ (R≥0)m,λ∗ ∈ Rn

such that (x?, e?,y?, β∗,q∗, ξ∗,λ∗) is a competitive
equilibrium.

(ii) if (x∗, e∗,y∗, β∗,q∗, ξ∗,λ∗) is a competitive equilib-
rium, then (x∗, e∗,y∗) is a social welfare equilibrium.

Proof: (i) For each i ∈ N, we define Xi = {(xi, ei)|ei ≤
ai − xi;xi ≥ 0}. Define X = {(x, e)|(xi, ei) ∈ Xi, i ∈ N}.
Clearly, X is a polyhedral set. For any (x, e,y) such that

(xi, ei) ∈ Xi, the Lagrangian associated with (7) is

L(x, e,y, β,q, ξ)

=−
n∑

i=1

fi(xi) + β

n∑
i=1

ei +

n∑
i=1

qi(ei −
m∑

k=1

Aikyk) +

m∑
k=1

ξk(yk − uk)

(8a)

=−
n∑

i=1

fi(xi) +

n∑
i=1

(β + qi)ei +

m∑
k=1

(ξk −
n∑

i=1

qiAik)yk −
m∑

k=1

ξkuk.

(8b)

We define

L∗(β,q, ξ) = min
(x,e)∈X, y∈(R≥0)m

L(x, e,y, β,q, ξ).

If (β∗,q∗, ξ∗) are dual optimal (i.e., (β∗,q∗, ξ∗) ∈
arg maxL∗(β,q, ξ)), there holds from strong duality that

(x?, e?,y?) ∈ arg min
(x,e)∈X, y∈(R≥0)m

L(x, e,y, β∗,q∗, ξ∗). (9)

We know (x?, e?) and y? are independant in (8b), which
leads to

(x?, e?) ∈ arg min
(x,e)∈X

(
−

n∑
i=1

fi(xi)−
n∑
i=1

(β∗ + q∗i )ei

)
,

(10a)

y? ∈ arg min
y∈(R≥0)m

m∑
k=1

(ξ∗k −
n∑
i=1

q∗iAik)yk. (10b)

Since (10a) is separable over i ∈ N, an equivalent formu-
lation is (x?i , e

?
i ) ∈ arg min(x?i ,e

?
i )∈Xi

(
− fi(xi) − (β∗ +

q∗i )ei

)
, i ∈ N. From (10b), the stationarity condition for

yk, k = 1, . . . ,m is that ξ∗k −
∑n
i=1 q

∗
iAik = 0. Therefore,

(x?i , e
?
i ) solves the optimization problem (1) and it optimal

duals satisfy Eqs. (2)-(6).
(ii) The proof of this part can be obtained by reversing

the proof of part (i). �

IV. SOCIAL ACCEPTANCE: HOMOGENEOUS PRICING

In this section, we investigate the fair case in which all
agents have the same trading prices.

A. Equal Prices Condition

For the notion of the standard competitive equilibrium
and the standard social welfare equilibrium and for standard
MAS in the absence of network flow constraints (7d), (7e)
and (7g), we refer to [18].

Definition 3 (Standard Social Welfare Equilibrium): A
standard social welfare equilibrium (x?, e?) is achieved for
a standard MAS if (x?, e?) solves the following problem:

max
x,e

n∑
i=0

fi(xi) (11a)

s.t.

n∑
i=0

ei = 0, (11b)

ei ≤ ai − xi, i = 1, . . . , n, (11c)

xi ∈ R≥0, i = 1, . . . , n. (11d)
We next present a special case where the optimal trading

prices at all agents are equal to each other.
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Definition 4 (Interior Implementation): For a transactive
multi-agent system, the optimal trading decision (e?1, . . . , e

?
n)

under the standard social welfare equilibrium can be interi-
orly implemented over a flow network if there exist flows
yk, k = 1, 2, . . . ,m such that

e?i =

m∑
k=1

Aiky
?
k, i = 1, . . . , n, (12a)

0 < y?k < uk, k = 1, . . . ,m. (12b)
Theorem 2: Suppose that trading decisions (e?1, . . . , e

?
n)

in a standard social welfare equilibrium can be interiorly
realized over an FN. Then (e?1, . . . , e

?
n) is a trading decision

of a social welfare equilibrium for this TMAS-FN with equal
trading prices at all agents, i.e., λ∗1 = λ∗2 = · · · = λ∗n.
Proof. Since y∗k < uk for each k = 1, . . . ,m, Eq. (5) leads
to ξ∗k = 0 under the competitive equilibrium. Thus, Eq. (6)
becomes

∑n
i=1 q

∗
iAik = 0, which is a system of m linear

equations with n variables of qi, i ∈ N. For each column
k of A, corresponding to arc (s, t)s,t∈N ∈ A, we have two
nonzero entries Ask = 1 and Atk = −1, leading to q∗s = q∗t .
Since the underlying flow network is a connected graph, it
follows that q∗s = q∗t for all s, t ∈ N. According to to (2),
the trading prices of all agents are the same. �

B. Social Acceptance Sharing

The optimal trading prices of agents, as optimal duals
corresponding to (7c), may be different for each agent.
This is because the optimal trading price at agent i ∈ N

is affected by the capacity of arcs corresponding to agent
i. Given the local resources a, arc capacity u, and node-
arc incidence matrix A, the optimal trading prices rely on
the utility functions of agents. Without restrictions on the
choice of utility functions, the optimal trading prices may be
different, which creates unfairness for resource allocation in
the TMAS-FN and disadvantages certain agents. To improve
the fairness of trading prices, we need an approach that leads
to equal trading prices across the network. In this section, we
define a social acceptance sharing problem in the TMAS-FN,
and present a symbolic algorithm regarding how the social
acceptance sharing problem can be solved conceptually.

Social Acceptance Sharing Problem for TMAS-FN: Con-
isder a TMAS-FN whose agents i ∈ N have parameterized
concave utility functions f(·;θi) with θi ∈ Rp. A utility
function is said to be socially admissible if for agent i ∈ N,
the jth parameter of θi satisfies θ[j]i ∈ [θ

[j]
min, θ

[j]
max], j ∈ P :=

{1, . . . , p}. Find a range Θ for (θ
[j]
min, θ

[j]
max)j∈P such that if

θ
[j]
i ∈ [θ

[j]
min, θ

[j]
max], j ∈ P, i ∈ N, then it yields equal prices

at all agents, i.e., λ∗1 = λ∗2 = · · · = λ∗n > 0 under the
competitive equilibrium.

We present Algorithm 1 for conceptual computation of Θ.

Step 1 involves solving the optimization problem (11) for
given individual parameters θ, and recording the resulting
set of optimal solutions e?. The notation E (θ) refers to the
set of all such optimal solutions e?. Since each parameter
θ
[j]
i for agent i takes value from [θ

[j]
min, θ

[j]
max], Step 2 defines

Algorithm 1 Conceptual Computation for Θ

1: Compute E (θ) = {e?|(x?, e?) solves (11)}.
2: Define the set K (θ

[1]
min, θ

[1]
max, . . . , θ

[p]
min, θ

[p]
max) :=

∪
θ
[j]
i ∈[θ

[j]
min,θ

[j]
max],i∈N,j∈P

E (θ).
3: Define the set M := {h ∈ Rn|h = Ay, 0 ≤ yk ≤

uk, k = 1, . . . ,m}.
4: Compute Θ = {(θ[1]min, θ

[1]
max, . . . , θ

[p]
min, θ

[p]
max)|K ⊆

M }.

all optimal solutions of e? under all possible parameter con-
figurations θ[j]i ∈ [θ

[j]
min, θ

[j]
max],∀j ∈ P by set K depending

on (θ
[1]
min, θ

[1]
max, . . . , θ

[p]
min, θ

[p]
max). Step 3 defines set K as the

image space of arc-node incidence matrix A subject to the
constraints 0 ≤ yk ≤ uk, k = 1, . . . ,m. Step 4 computes
the range Θ for (θ

[1]
min, θ

[1]
max, . . . , θ

[p]
min, θ

[p]
max) such that K is

a subset of M .
Remark 1: It should be noted that while this algorithm

outlines how to compute the parameter range Θ, it is not nec-
essarily numerically implementable. However, it highlights
the need for a conceptual framework to tackle the social
acceptance sharing problem for TMAS-FN.

C. Linear-quadratic TMAS-FN over Undirected Star Graphs

In what follows, we consider linear-quadratic TMAS-FN
over undirected star graphs where utility functions are in the
linear-quadratic form. We present an approach to achieve
social acceptance of sharing (equal optimal trading prices)
under the competitive equilibrium by synthesizing a class of
utility functions from which agents can select. We make the
following assumption.

Assumption 1: For i ∈ N, let fi(xi) = − 1
2θ

[1]
i x

2
i + θ

[2]
i xi,

where θ
[1]
i ∈ R>0 and θ

[2]
i ∈ R≥0. A utility function fi

is socially admissible if there hold θ
[1]
i ∈ [θ

[1]
min, θ

[1]
max] and

θ
[2]
i ∈ [θ

[2]
min, θ

[2]
max].

Social Shaping Problem: Consider a linear-quadratic
TMAS-FN over an undirected star graph. Find the range
for θ[1]min, θ

[1]
max, θ

[2]
min, θ

[2]
max under which there always exists

a competitive equilibrium that leads to equal positive prices
λ∗i = λ∗j > 0,∀i, j ∈ N for all socially admissible utility
functions.

We next present the following lemma and theorem.
Lemma 1: Consider a linear-quadratic MAS over an undi-

rected star graph. If the optimal trading decision e? under
the standard social welfare equilibrium is in

E = {e?|A−i u < e?i < A+
i u,∀i ∈ N}, (13)

then there exists flow vector y satisfying (12).
Proof. Consider any e? ∈ E under the standard social
equilibrium. We know from Eq. (13) that −(u1 + · · · +
un−1) < e?1 < (u1 + · · · + un−1) and −ui−1 < e?i <
ui−1, i = 2, . . . , n. Now, we try to find one optimal solution
for yop

k , k = 1, . . . , 2(n− 1) which satisfies (12).

5472



Expanding (12a), we obtain

e?1 =

n−1∑
k=1

(y?k − y?n−1+k),

e?i+1 = −(y?i − y?n−1+i), i = 1, . . . , n− 1.

Since y?k, k = 1, . . . ,m are independent and satisfy (12), we
can regard y?k −y?n−1+k, k = 1, . . . , n− 1 as new variables,
whose range are [−uk,uk], k = 1, . . . , n−1. We can always
find yop

k and yop
n−1+k satisfying yop

k −yop
n−1+k ∈ [−uk,uk].

We now let yop
k − yop

n−1+k, k = 1, . . . , n − 1 take values
of −e?k+1, k = 1, . . . , n − 1. Then, it is true that e?1 =

−
∑n−1
k=1 e

?
k+1 =

∑n−1
k=1(yop

k −yop
n−1+k). Therefore, we have

found one optimal solution for yop
k , k = 1, . . . , 2(n − 1)

satisfying (12). �
Theorem 3: Consider a linear-quadratic MAS over an

undirected star graph whose agents have limited local re-
sources ai < A+

i u, i ∈ N. Then the optimal trading prices
of all agents under the competitive equilibrium are positive
and equal for all socially admissible utility functions as long
as
(
θ
[1]
min, θ

[1]
max, θ

[2]
min, θ

[2]
max

)
∈ S∗ defined by

S∗ :=
{(
θ
[1]
min, θ

[1]
max, θ

[2]
min, θ

[2]
max

)
∈ R4
≥0 :

θ
[2]
min

θ
[1]
max

>
C

n︸ ︷︷ ︸
condition 1

;A−i u ≤ ai −
θ
[2]
max

θ
[1]
min

,∀i ∈ N︸ ︷︷ ︸
condition 2

}
(14)

Proof. Under the standard competitive equilibrium, each
agent i’s unique optimal consumption decision xi and
optimal trading decision ei can be written as x∗i =

max{0, θ
[2]
i −λ

∗
0

θ
[1]
i

} and e∗i = min{ai−
θ
[2]
i −λ

∗
0

θ
[1]
i

, ai} with λ∗0 =

∑n
i=1

θ
[2]
i

θ
[1]
i

−C∑n
i=1

1

θ
[1]
i

. From condition 1 in (14), the optimal price

λ∗0 is ensured to be positive because
∑n
i=1

θ
[2]
min

θ
[1]
max

− C ≥

n
θ
[2]
min

θ
[1]
max

−C > 0. From condition 2 in (14), the optimal trading

decision e∗i is lower bounded such that e∗i > ai −
θ
[2]
i

θ
[1]
i

≥

ai − θ[2]max

θ
[1]
min

≥ A−i u. The e∗i is upper bounded such that ei ≤
ai ≤ A+

i u. Then, Lemma 1 and Theorem 2 hold. We finally
obtain that λi = λj ,∀i, j ∈ N for all socially admissible
utility functions with

(
θ
[1]
min, θ

[1]
max, θ

[2]
min, θ

[2]
max

)
∈ S∗. This

completes our proof. �

V. NUMERICAL EXAMPLES

In the following experiments, we consider transactive
multi-agent systems over undirected flow networks with 20
nodes and 30 undirected edges (60 directed arcs).

Experiment 1: Consider a transactive multi-agent system
over a flow network with 20 agents. There are 60 directed
arcs (30 undirected linkages) between agents. Each agent i
is associated with a utility function fi, which is represented
by fi(xi) = − 1

2θ
[1]
i x

2
i + θ

[2]
i xi.

System Setting. Each arc k’s capacity uk, k = 1, . . . , 60 is
randomly generated from the interval [0, 2]. Each agent i’s

Fig. 1: SWE and CE in Experiment 1.

local resource ai is a random number in the interval [0, 5].
Each θ[1]i is randomly generated from the interval [0.5, 0.6],
whereas each θ

[2]
i is randomly produced from the interval

[20].

Two System-level Equilibria. The social welfare equilib-
rium (x?, e?,y?) can be computed by numerically solving
the optimization problem (7). The corresponding optimal
dual variables associated with the trading supply and demand
balance constraint (7b), β?, associated with the flow supply
and demand balance constraints (7d), q?, and associated
with (7c), λ?, can also be obtained. Letting λ∗ = λ?,
we then compute a competitive equilibrium (x∗, e∗,y∗) that
satisfies (1)-(6). We plot optimal trading decisions e? and
e∗ and optimal consumption decisions x? and x∗ under the
social welfare equilibrium and the competitive equilibrium
in Fig. 1.

From Fig. 1, we observe that optimal trading decisions
and optimal consumption decisions under the social welfare
equilibrium and the competitive equilibrium agree. The opti-
mal solutions for y? are not unique. However, since e? exists,
the corresponding y? must obey (7d). Consequently, we find
y∗ = y? as one optimal flow solution under the competitive
equilibrium. The above analysis verifies Theorem 1. �

Experiment 2: Consider the same transactive multi-agent
system over a flow network in Experiment 1. Follow Exper-
iment 1’s system setting but with a different random seed.
We only modify values for uk, k = 1, . . . ,m, which are
randomly generated from the interval [0, γ]. This parameter
γ is taken value from {0.01, 0.1, 0.5, 1, 10}. For each value
of γ, we take a run to compute the SWE by numerically
solving (7).

We plot optimal duals of q? and optimal trading decisions
e? under the social welfare equilibrium versus parameter γ
in Fig. 2. As indicated by the size of the circles, the smaller
the circles are, the smaller the value for γ is.

We can see from the top graph in Fig. 2 that the optimal
duals q?i , i = 1, . . . , n become farther away from zero when
γ decreases. According to Eq. (6), when arc capacity be-
comes smaller, it is more likely for y?k to reach the boundary
u?k, inevitably leading to non-zero ξ?k as a punishment for
preventing the breach of capacity constraints (7e). As a
consequence, more qi will be driven to be non-zero to make
Eq. (5) valid. It is shown in the bottom graph of Fig. 2 that
the optimal trading decisions e? become closer to zero when
γ decreases. This is mainly because the trading prices λ?
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Fig. 2: Optimal duals and trading versus γ in Experiment 2.

become larger as a result of larger q. Possibly, some agents
gain more from consumption rather than trading. The trading
activities over this TMAS-FN are thus discouraged to some
extent. �

Experiment 3: Consider a transactive multi-agent system
over an undirected star graph with 5 agents. There are 8 di-
rected arcs (4 undirected edges), whose capacity constraints
are u = 15 · 1>8 . Each agent has local resource a =
25·1>5 . Each agent is associated with a linear-quadratic utility
function as fi(xi) = − 1

2θ
[1]
i x

2
i + θ

[2]
i xi. Take θ[1]min = 0.5,

θ
[1]
max = 0.6, θ[2]min = 18 and θ[2]max = 20. We can verify such

a configuration of
(
θ
[1]
min, θ

[1]
max, θ

[2]
min, θ

[2]
max

)
is a point in S∗

defined in (14).
We compute the social welfare equilibrium for this TMAS-

FN by solving the optimization problem (7). The correspond-
ing optimal dual variables associated with (7c) are obtained
as optimal trading prices. The optimal trading prices at all
agents are equal to each other, i.e., λ?i = 5, i ∈ N. This
provides validation for Theorem 3. �

VI. CONCLUSION

This paper provided insights into implementing transactive
multi-agent systems on flow networks for decentralized re-
source sharing. We established a competitive market with
capacity-aware pricing, demonstrating the equivalence of
competitive and social welfare equilibria under convexity
assumptions via duality theory. We introduced a social ac-
ceptance sharing problem and a conceptual solution method,
exemplified by a linear-quadratic MAS. Validation was
achieved through extensive numerical experiments. Future
research directions include exploring dynamic cases.
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