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On systematic criteria for the global stability of nonlinear systems
via the Koopman operator framework

Christian Mugisho Zagabe and Alexandre Mauroy

Abstract— We present novel sufficient conditions for the
global stability of an equilibrium in the case of nonlinear
dynamics with analytic vector fields. These conditions provide
stability criteria that are directly expressed in terms of the
Taylor expansion coefficients of the vector field (e.g. in terms of
first order coefficients, maximal coefficient, sum of coefficients).
Our main assumptions is that the vector field components be
holomorphic, and the linearized system be locally exponentially
stable and diagonalizable. These results are based on the
properties of the Koopman operator defined on the Hardy space
on the polydisc.

I. INTRODUCTION

In dynamical systems theory, characterizing global sta-
bility remains a challenge. The existence of a Lyapunov
function guarantees global stability due to Lyapunov’s sec-
ond method, but there are very few general constructive
methods. For a linear system, on the other hand, the existence
of a quadratic Lyapunov function is both a necessary and
sufficient condition for global stability. In this context, the
Koopman operator approach provides a “global linearization”
of nonlinear dynamics (see e.g., [1], [7]), which is amenable
to global stability analysis through linear methods [7]. For
instance, specific Koopman eigenfunctions were used in
[6] to obtain necessary and sufficient conditions for global
stability of hyperbolic attractors, a result which mirrors
well-known spectral stability results for linear systems. A
connection between the results in [6] and contraction metric
analysis in stability of nonlinear dynamics was developed
in [13]. Moreover, a numerical method was proposed in [§]
to compute Lyapunov functions from a finite dimensional
approximation of the Koopman operator.

The present work follows the same path as the above-
mentioned results based on the Koopman operator approach.
However, it does not use Koopman eigenfunctions, which are
usually unknown and have to be computed numerically, nor
does it rely on possibly inaccurate approximations of the
operator. Instead, our results provide sufficient conditions
for global stability of equilibrium associated with holo-
morphic vector field, which can be directly verified with
the system vector field. Under mild assumptions on the
linearized dynamics (i.e. exponential stability, diagonalizable
linear system), the specific case of polynomial vector fields is
considered, along with more general analytic vector fields.
Our theoretical findings are built upon our previous work
based on the properties of the Koopman generator defined in
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the Hardy space of the polydisc [14]. But in contrast to pre-
vious work, they do not focus on switched nonlinear systems
and provide stability conditions which are less conservative
thanks to the use of re-scaled Hardy spaces. Moreover, the
obtained criteria are more readily applicable since they are
expressed in terms of simple quantities directly computed
from Taylor coefficients (e.g. first order coefficients, maximal
coefficient, discounted sum of coefficients).

The remainder of the paper is structured as follows.
In Section II, we provide a general introduction to the
Koopman operator framework and some specific properties
in the Hardy space on the polydisc. Our main results are
presented in Section III and illustrated in Section IV with
two examples. Section V gives concluding remarks and
perspectives. The proofs of our main results can be found
in Appendix A and B.

Notations

For multi-index notations & = (¢, ..., &) € N, we define
la| =i+ + 0, and z% =z{" ---z%. The complex conju-
gate and real part of a complex number a is denoted by a and
R(a), respectively. The Jacobian matrix of the vector field
F at z is given by JF(z). The complex polydisc centered at
0 and of radius p > 0 is defined by

D"(p) ={z€C": |z <p, - ,|ml <p}

and dD"(p) and (dD(p))" is its boundary and distinguished
boundary respectively. In particular, D" denotes the unit
polydisc (i.e. with p =1).

II. PRELIMINARIES

We consider a continuous-time dynamical system
¢=F(z), zeD"(p), (D

with p > 0, where the vector field F satisfies the following
assumption.

Assumption 1: The components Fj,[ = 1,--- n, of the
vector field F (i) are holomorphic on the closed polydisc
Dn(p), (ii) belong to the Hardy space H?(D"(p)) (defined
in Section II-A below), and (iii) generate a flow ¢’ that maps
D"(p) to itself.

The previous assumption mostly ensures that the inner prod-
uct defined below makes sense in the Hardy space.
Moreover, we will make the following additional standing
assumption related to the type of dynamical behavior we
investigate.
Assumption 2: The vector field F admits on D"(p) a
unique hyperbolic equilibrium at the origin (without loss
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of generality), i.e. F(0) =0, and the eigenvalues ij of the
Jacobian matrix JF(0) satisfy R{1;} < 0.

In order to investigate the global stability properties of
the above dynamical system, we will define the Koopman
operator on a proper space adapted to the dynamics. Since
we made the assumption of analyticity of vector fields, it
is natural to consider a space of analytic functions, and a
prototypical choice is the Hardy space on the polydisc.

A. Hardy space of the polydisc

The Hardy space of holomorphic functions on the poly-
disc D"(p) is the space

(D" (p)) = { £ : D" (p) — C, holomorphic : ||£[3 < oo
where

I = Jim [ 17 r0) Pdm(o)

and m, is the normalized Lebesgue measure on (dD(p))”".
The space is equipped with an inner product defined by

U8y = [0 S @F@)dm(@)

that the set of monomials

{ea pl¥z%: zeD"(p), @ eN*} is a standard
orthonormal basis on H?*(D"(p)). In the sequel, the
monomials will be denoted by e;(z) = p~!*WIz2*)  where
the map o : N — N, k — a(k) refers to the lexicographic
order'. For f and g in H?(D"(p)), with f = Yen frex and
8 = Y reN 8kek, the isomorphism

Y fie = (fidizo

keN

between H?(D"(p)) and the />-space allows to rewrite the
norm and the inner product as
=) fedr

Ifll =X 1fel® and (g
keN keN
By using the change of variables ¢(z) =z =z/p on D"(p),
the map f+ f' = fo¢~! defines an isometry between the
two Hardy spaces H?(D"(p)) and H?(D") where ||f'||> =

ienl i = 1713 and {e, () =2W : 7 e D", e
the standard orthonormal basis of monomials on H?(ID"). For

more details on the Hardy space, we refer the reader to [9],
[10], [11].

B. Koopman operator on H?(D"(p))

The Koopman operator is defined here as the composition
operator on H?(ID"(p)) with symbol ¢’ (see e.g. [3], [4],
[12]).

Definition 1 (Koopman semigroup [5]): The semigroup
of Koopman operators (in short, Koopman semigroup) on
H2(D"(p)) is the family of linear operators (U"), defined
by

U 9(U") CHXD"(p)) » HA(D"(p)), U'f=fog'

Uthat is, e, < ey, if |a(ki)| < |a(ky)|, or if |a(ki)| = |et(k2)| and
oj(ki) > otj(ko) for the smallest j such that a;(k;) # oj(k2)

with the domain

2(U") = {f e B (D"(p)) : U'f e H*(D"(p))} -
Under a contraction assumption on the flow @', one can
prove the boundedness and the strong continuity of the
Koopman semigroup. In this work, we focus on the evolution
of the evaluation functionals &, of the Hardy space (see [14]
for the technical details), so that the above properties are not
required.

Definition 2 (Koopman generator [5], chapter 7): The
Koopman generator associated with the vector field (1) is
the linear operator

Lr: 9(Lp) CH (D"(p)) —» B2 (D"(p)), Lef:=F-Vf

with the domain

9(Lp) = {f € B (D"(p)) : F-Vf € H*(D"(p))}.
Moreover, the expression of the Koopman generator in
the basis of monomials can be obtained from the Taylor
expansion

Z alaZ

loe|>1

Z ap?® 2

of the vector field on D" (with a slight abuse of notation,
we will use two different conventions for the subscripts of
the Taylor coefficients, i.e. a;, = a;’a(k)). It is shown in [14]
that '

(Lprej. ) = {Zl e if Ja(j)] = [ox(k)]

L(a(f)—a(k))

0 if |a(j)| <|a(k)|.
3)
with
(a(j)—a(k); = (o (j) —ai(k), -, 04(j) — oy (k) +1,
0 () — o (k))

and, by convention, a; o) = 0 if a(k) contains a negative
component. In particular, for monomials ¢} and e’j of same
total degree |at(j)| = |at(k)|, we have

(Lrey.€))
1=t ()] g i J =k
JaWa,,  ifal) = (@, ek -1,
o (k)+ 1, o, (k)),
0 otherwise.
)

C. Stability result

We now present an intermediate result that we will use
to prove our main stability results. It is adapted from [14],
where a switched system was considered instead of (1).

Lemma 1: Consider the nonlinear system (1) satisfying
Assumptions 1 and 2 on the unit polydic. Moreover, assume
that the Jacobian matrix JF’(0) is diagonal and there exists
p €]0,1] such that D" (p) is forward invariant with respect to
the flow. Let (b, ) 14> be a double sequence of positive
real numbers such that bjby; > 0 if (Lprey,e’) # 0 and
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such that Z}’;’:lbjk <1, and define the double sequence

(Q) j521 k<1 With

(ke ®
’9{ (<LF’% />)‘\M@F’%ﬂ@)!bjkbkj

if <LF/e;{,e’j> #0 and Qj; = 0 otherwise. If the series

Qjik

(k)| & p*oW (6)

Zla

is convergent with

> max

o B Ojk, @)

then the system (1) is GAS on D"*(p). Moreover the series

:Zaﬁﬂz (8)
k=1

is a Lyapunov function on D"(p), i.e. F(Z')-VV(Z') <0 for

all 7 e D"(p)\ {0}.

The proof follows on similar lines as in [14].

Remark 1: The assumption that the Jacobian matrix
JF'(0) is diagonal can be extended to a diagonalizability
condition of JF'(0). Indeed, if there exits P such that
JF'(0) = P~'JF'(0)P is diagonal, a change of variables
7= P~'7 in D"(p) can be chosen so that the dynamics
7= I::’(?) = P’IF’(P?) in the new variables has a diagonal
Jacobian matrix and is defined on an invariant set that
is contained in D"*(p) (see the example in Section IV-A).
Therefore, from this point on, we will assume without loss
of generality that the Jacobian matrix JF’'(0) is diagonal.
Moreover, most of our results could be extended to upper
triangular Jacobian matrices, a property which is always
satisfied in C"*" up to a linear change of coordinates (Schur’s
theorem). See [14] for this general case.

Remark 2: The assumption that the polydisc D" (p) is
forward invariant with respect to the flow (Assumption 1)
can be obtained from additional conditions (see Theorem
1 below). In general, if we do not require the invariance
assumption, one can consider the convergent series (8) as a
candidate Lyapunov function and approximate the region of
attraction of (1) as the largest level set of (8) lying in the
region where V(Z') = F(Z)- VV(Z') <0 with Z/ # 0.

III. GLOBAL STABILITY CRITERIA

We are now in a position to present our main results. We
will consider separately the case of polynomial vector fields
and analytic vector fields.

A. Stability criterion for polynomial vector fields

Let us consider a dynamical system with a polynomial
vector field

=Y apz*®, 1=1...n ©)
k=1

We first define the following quantities associated with the
polynomial vector field.

o Let d be the maximal degree of the polynomials Fj, i.e.

d= ?%{{|a(k)\ tapy # 0 for some [} = |a(r)|
¥ :
o Let K be the number of nonzero terms (without counting
the term containing the monomial z; in F}), i.e.

n
K=Y #{k#1:a,#0} (10)
=1
where # is the cardinal of a set.
o Let S be the maximal polynomial coefficient over all
components of the vector field (again discarding the
terms containing the monomial z; in F}), i.e.

S = max  max ]alk‘
I=1,

o
« Let R be the minimal real part of the diagonal entries
of JF(0), i.e
R= limm |EK (al 1)|

Then we have the following result.

Theorem 1: Consider a dynamical system with polyno-
mial vector field (9) on the polydisc D"(u), which satisfies
Assumptions 1 and 2 for some p > 0 large enough. More-
over, assume that the Jacobian matrix JF(0) is diagonal.

Then D" (p) is forward invariant with respect to the flow
and (9) is GAS on D"(p) with

XS if KS/R>1

p< 1—1 R
2 ks/R < 1
ks TKS/R<

provided that u > p.
See Appendix A for the proof.

B. Stability criterion for analytic vector fields

In this section, we provide a result for dynamics with
analytic vector fields, which we rewrite as

Z):Zahkza(k)? l:],...ﬂ’l,
k=1

under the assumption that the Jacobian matrix JF(0) is
diagonal.

We first define the following quantities associated with the
Taylor expansion (2) of the vector field.

(1)

e Let L, be the discounted (infinite) sum of Taylor
coefficients of the vector field, i.e.

=) )u
I=1k=1

Note that Ly, might not be a convergent series for all u,
but is always convergent for g < 1 under Assumption
1. We also have L, =Y} | Fj(u,p) if a; > OV, k.

Ol ay . (12)
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o Let R be the minimal real part of the diagonal entries
of JF(0), i.e
R= l_nlnn |EK (Cl[ 1) |

We have the following result.

Theorem 2: Consider a dynamical system with analytic
vector field (11), which satisfies Assumptions 1 and 2, and
defined on the polydisc D"(u) with g > 0 such that L
is convergent. Moreover, assume that the Jacobian matrix
JF(0) is diagonal.

Then (11) is GAS on D"(p) with

2
R
p< B

L, 13)

provided that D" (p) is forward invariant with respect to the
flow.

See Appendix B for the proof.

Remark 3: If the Jacobian matrix is not diagonal(izable),
the above result can be extended to the case of an upper tri-
angular Jacobian matrix with additional diagonal dominance
conditions

2 1
< E|m(aq7q)‘ ‘%(ar,r)‘ 1<g<r<n

|“q«r‘

and

1
!aq,r| <D R(agq)], 1<g<r<n

where D is the number of upper off-diagonal nonzero entries
of JF(0). See the proof of Corollary 3.9 in [14] for more
details.

IV. EXAMPLES
In this section, we estimate the region of attraction of
an equilibrium by using our stability criteria. We consider
general examples inspired by [2], where the authors provide
some guidelines to construct vector fields that generate
holomorphic flows on the bidisc D?.

A. Polynomial vector field
Consider the vector field
(21— 222)

F(z1,22) = “
e a(z—Lz1+b23),

where @ = —1/4, ¢ =8 and b = —1/50. The dynamics
admit the equilibria (0,0) and (—75,150) so that (0,0) is
the unique equilibrium point on the polydisc D" (u) with
U < 75. The Jacobian matrix JF (0) has negative eigenvalues
a—1/c=-3/8 and a+1/c = —1/8, and is diagonalizable
) _11> Using the change of coordi-

nates 7= P~ 1z, we have

1\ ab (22 > o 52
~ a—)u+%5 (71— 2022 +72
F(z1,22) = {( ) & 2)

(14)

by the matrix P =

15
(a++ )Zz-i—“b( 2Z122+Z2) (15)

For the vector field F, we compute d = 2, I? 6, S = |ab| =
1/200 and R = |a+ 1/c| = 1/8, so that KS/R = 6/25 < 1.
Hence, it follows from Theorem 1 that the nonlinear system

(15) is GAS on the invariance polydisc D?(p) with 1 < p <
25/6. Finally, this implies that (14) is GAS on P(D*(p)) O
D?(p) = D?(p) since ||P||l. =2 > 1 and with p = p.

B. Analytic vector field

Consider the vector field

F(z1,22) = N b2 (16)
2 (d—z1)?)’
where a = —1, b =4, ¢ =30 and d = 20. Since
o k42 k+2
25 (k+1)z
Fi(z) = *Zl+22 o1 2nd P2z *ZZ+4Z 0k+2 ;
we obtain o2 i
H H
L,=2
TR GT T
and R = 1. Then, we must choose t < 20 such that
wR_ e
Ly 2u? 4u*
2
M1 50—n " 2o—np

is maximal, which yields g ~ 11.002 and L, ~40.727. We

verify that the origin (0,0) is the unique equilibrium point
on the polydisc D" (u). If we assume that p €1, u[, D" (p)
is invariant with respect to the flow. Indeed,

s 2
. |z1—p:>9i(21F1(z))——p2+29<< 4%

) < 0 since
Z

30—z

2 .
1> P and it follows that
30—-p
2p3 2p3 2123 2123
2 2 2
> > >2|R| —=—
P 2300 " B0-Ta~ |30-2|" 30— 2

5.2
. |al=p=R(E@PE) = —p>+4R (ml

20—z )2> < 0 since
—21

1> 4+ and it follows that

(20-p)?
p? > 4p? o 4p2 ‘ 475z
20—p[> 7 20— |z ||> T 1(20—21)?

47221
>R —————=)].
_‘ ((20—21)2>’

Hence, it follows from Theorem 2 that (16) is GAS on
D?(p) with p < uR/Ly ~2.972.

V. CONCLUSIONS AND FUTURE WORK

We have obtained new sufficient conditions for global
stability of nonlinear equilibrium by leveraging the Koopman
operator framework in the Hardy space of the polydisc. In
particular, stability criteria were proposed, which provide
an approximation of the region of attraction in the case of
polynomial vector fields and more general analytic vector
fields. These criteria are systematic in that they can be
directly verified with the Taylor expansion coefficients of
the vector field, so that they could be easily implemented in
a toolbox.
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We envision several perspectives for future work. Our
Koopman operator based techniques could be applied to
other types of dynamical systems (e.g. limit cycles dynam-
ics, general attractors). Moreover, our criteria seem to be
conservative in some cases, so that they could be adapted to
yield stability results in larger polydiscs. More importantly,
the relevance and possible extension of our stability results
to C" could be investigated.

APPENDIX
A. Proof of Theorem 1

The proof is inspired by the proof of Corollary 3.8 in [14].

Let us consider the change of variable 7 = z/p which
yields a rescaled dynamics on the unit polydisc D" with the
vector field

= Z Hla(k)‘flal,kz/a(k) = Za; (70 (I7)
k=1 k=1

The Jacobian JF'(0) is also diagonal and K’ = K (see (10)).
In the new coordinates, the inner products (3) and (4) are
given by

<LF’€;<7€;'>

pleWDI=e®@len oy (k) ay () -amy, if 10()] > (k)]
=X oq(k)ay if j=k

0 otherwise.

(18)

Our result is proved through Lemma 1 with the sequence
bjj=(1-¢)
bjr= 2K if j # k with <LF/ek7 > #0 or <Lp/ej,ek> #0
by =0, if j+ k with <Lp/ek, j> —0 or <Lp/ej,ek> —0,

19)
with & €]0,1]. It is clear from (3) that, for a fixed j and
for all k € N\ {j}, there are at most K nonzero values
(Lprey,e’;) and at most K nonzero values (Lgre;,e;), so that
the sequence (19) satisfies ) ;” 1ka < 1. The elements Ok
of the double sequence (5) are given by

K2 ’<LF/e;<,e;->’2
& % ((Lpee;))| |9 (Leef.ep))]

Moreover, using (18), we obtain the inequalities

uloc) |-l 'Z“l ) |4 e

SO (o)

Ojk= k. (20)

[(Lpret.ej)| < J—a(h)|

IN

and

R ((Lre )] = ¥ a4

()R (ara0)| = Rle(j)].

It follows from the above inequalities and from (20) that

K282 CD16D fa i)
R a(j) (k)

where we used |a(j)| > |o(k)].

K2s?

< §2R2“2(\0¢(1)\*\a(/€)|)

Qjr <

If KS/R > 1, we set u = In this case, we
have Q < K*S?/(E°R?) 0 for some & €]0,1[. It fol-
lows that (7) is satisfied with & ~ maxiey; {&. 0}
Hy={ke{l,....,j—1}: <LF/e;<,e'j> # 0}. Hence, this
yields the sequence €; = & (01U for j > 1. It follows that
(6) is convergent with a radius p < 1/4/Q, or equivalently
p < R/(KS) for some £ €]0,1[ large enough. The polydisc
D"(p) is forward invariant with respect to the flow since

(")> <0

with

k=2

| =p=R(ZF() =R (a,) P>+ R (Z a7z

forall [=1,---,n. Indeed, R (a“) < 0 and it follows from
p <R/(KS) <1 that
R (ar1)|p* = Rp*> > p°KS
r
> Z |al,k|p3
k=2
r
> Y lalp O as Ja(k)| > 2
k=2

r

> )

k=2

xR (Z az,kizz“(k)> :
k=2

Finally Lemma 1 implies that the dynamics (9) is GAS on

D" (p).
If KS/R < 1, we can choose u > 1. In this case, we have

aik lea(k) ‘

Y

2(d—1)

p2leWi=letl <y 2(@=la) — ;2

and therefore

K282 2d-1)
0y < *;RZ o<

for some & €]0, 1] and with 1 < u < “/R/(KS). It follows
that (7) is satisfied with €; ~ maxie {0} =1for j>1.
Then, (6) is convergent with a radius p’ < 1 and Lemma 1
implies that the new dynamics z’ = F'(z) is GAS on D"(p’)
(note that the invariance of the new dynamics on D"(p’)
directly follows from the invariance of the original dynamics
on D"(p)). Hence, the original dynamics (9) is GAS on
D"(p), with p = up’ < “3/R/(KS). Moreover, the polydisc
D"(p) is forward invariant with respect to the flow since it

follows from “{/R/(KS) > p > 1 that

“Ji(al,l)’pz ZRP2 > pd+1KS

.
> Y Jalp®t!
=

i jag | p! !
k=2

R Z apk lea(k) .
k=2

v
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B. Proof of Theorem 2

The proof is inspired by the proof of Corollary 3.9 in [14].

Let us consider the change of variable 7 = z/u which
yields a rescaled dynamics on the unit polydisc D" with the
vector field F'(7') (see (17) in the previous proof). In this
case, the Jacobian matrix JF'(0) is also diagonal.

Our result is proved through Lemma 1 with the sequence

bjj = (17 K)
by =0 if j# k with |a(j)| = |a(k)| and

<LF/ek7 > #0 or <Lpze’j7e;€> =0

{treics)

K
2 yoo
Eiy|(erei. )]

{Lrepet)

K_INT 7T
227 (L)

with x €]0, 1[. The sequence b satisfies

bj = ifjou(k)| <[a())l

bjk= ifou(k)| > e ()]

KZ£=1 ‘<LF/6;(,69>)

K) + 7
Yl ‘<LF’€17 ]>‘

K Liejt1 ’<LF/€ ek>’

25 ()

Y by <(1-
k=1

The elements Qj; of the double sequence (5) are given by
Ok

" |(Levelse) | £ [(Lpegel)]
2R ((Lree)) ) ||% (Liveloel))|

fla(k)] # [a()]

and <LF/ek, > #0
0 otherwise.
(21)

We note that ¥j7, L<LF/e;,e’j>‘ and Y77, |(Lpre}.e))| are
finite according to the assumptions. It is easy to see that
Qji > 1 for |a(j)] > [a(k)].

Moreover, with (3), (4) and (12), we obtain

s
s
™=
EQ

|({Lrerep)] <

—
Il

-
Il

-
=
Il

< YleOlY |9, ai)—any,
=1 p=1

< \Ot(j)\l):l Z] %y (a(j)—alD),
=1p=

= \06(1')\

uMg

Al n
“\a( D=l 21 ]ap,m(j)_a(z)),,

- IZu"" N-lett |+12‘

L,L ,
o ,
# ()]

IN

and

Y [(Lreper)l
=1

AN
D18
1=
T‘SQ
=

IA
)
=
D18
D=

(0)-lak 'Z\ 0
- |Zﬂ‘“ ek |+12’ .

Lu
< —|oa(k)l.
< |o(K)]
It follows from the above inequalities and from (21) that
Ly |o(j)| |e (k)] Ly et

Qi = R ()R]

so that (7) is satisfied with &; ~ maxe x; {&.Q} with
Hj={kel,... . j—1:(Lpe,e;) #0 for |o(k)| < |a(j)}.

Hence, this yields the sequence &; = ¢/(QI*V)!). It follows
that (6) is convergent with a radius p’ < 1/4/Q or equiva-
lently p’ < uR/Ly with x €]0, 1] large enough. Then Lemma
1 implies that the dynamics ' = F’(z) is GAS on D"(p’)
(note that the invariance of the new dynamics on D"(p’)
directly follows from the invariance of the original dynamics
on D"(p)). Hence, the original dynamics (11) is GAS on

D"(p), with p = up’ < u*R/Ly.
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