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Stochastic Model Predictive Control
using Initial State and Variance Interpolation

Henning Schliiter and Frank Allgower

Abstract— We present a Stochastic Model Predictive
Control (SMPC) framework for linear systems subject to
Gaussian disturbances. In order to avoid feasibility issues,
we employ a recent initialization strategy, optimizing over
an interpolation of the initial state between the current
measurement and previous prediction. By also considering
the variance in the interpolation, we can employ variable-
size tubes, to ensure constraint satisfaction in closed-
loop. We show that this novel method improves control
performance and enables following the constraint closer,
then previous methods. Using a DC-DC converter as
numerical example we illustrated the improvement over
previous methods.

I. INTRODUCTION

Many problems in control require achieving good
performance, while guaranteeing safety constraints in the
face of model uncertainty. A prominent method to address
these requirements is model predictive control (MPC) [1].
This optimization-based control strategy allows to directly
consider constraint and performance [2]. These methods
can be extended to handle various types of uncertainty
[3]. In particular, we focus on stochastic MPC, which
employs probabilistic information to reduce conservatism,
by allowing small probability of constraint violation [4].
In this work, we consider an initialization strategy for
SMPC, loosely inspired by [5] and building upon ideas
from [6].

Related work: There are two primary philosophies when
it comes to handle uncertainty in MPC.

On the one hand there are approaches following
Chisci et.al. [7], where the MPC problem is initialized
using the measurement directly. This then requires to con-
sider the new starting point for recursive feasibility, which
is generally challenging in the stochastic setting. While for
disturbance with bounded support, such approaches for
SMPC [8], [9] exist. These methods are often conservative,
as feasibility relies on mostly using the bounds, discarding
most stochastic information.

In SMPC for unbounded disturbances, two lines of
thought are followed to achieve recursive feasibility despite
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the unboundness. One is to employ a backup strategy,
when initializing with the measurement is infeasible. For
example, in [10], [11], the last prediction is used for which
feasibility can be ensured. This is taken to the extreme
in [12], where the prediction for the constraint is always
initialized with the previous predication. Feedback can
then be achieved by using the actual measurement for the
cost function. Both of these ideas lack feedback on the
constraint, which maybe undesirable.

On the other hand there are the schemes based on
Mayne et.al. [5]. Here, the predication is initialized
from some set containing the measurement and the
last predication with the optimizer choosing the optimal
starting point. While this make recursive feasibility a non-
issue, ensuring closed-loop constraint satisfaction is the
challenge. SMPC approaches with guarantees following
this philosophy are a quite recent development.

First steps in this direction in [6], [13] initialize the
predication by interpolating between the measurement and
the last predication. Thus, mixing ideas from approaches
such as [10]-[12]. The concept have since also applied in
other settings, such as data-driven MPC [14] and output-
feedback SMPC [15]. While restrictive only optimizing
over a line and employing a fixed-size tube for constraint
tightening, the result are quite promising. We expand upon
these ideas by also considering the variance, which enables
us to employ variable-sized tubes. The ability to adapt the
tube size allows to closely approach the constraint yielding
significant performance gains.

Another important aspect in SMPC is the choice of
constraint tightening and propagation method for the
stochastic uncertainty [4]. In the literature there several
solutions available. The propagation can be, for example,
achieved via randomized methods using scenarios, analyt-
ical reformulations, concentration inequalities, or polyno-
mial chaos expansion. Since we have a known distribution
for the disturbance, an exact analytical reformulation is
available.

Contribution: In this article, we improve upon the
initialization strategy employed by state-of-the-art SMPC
framework, primarily [6], but also [10], [11], [13]. We study
linear systems with additive Gaussian disturbances subject
to individual chance constraints on state and input. We
relax the fixed-size tubes use in [6]. Considering the error
variance under the initialization yields variable-sized tubes.
We show that the resulting scheme still satisfies the chance
constraint in closed-loop, while achieving a superior
performance. Beyond that in a numerical study we find
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evidence that the assumptions for the reconditioning of
the chance constraints can be relaxed beyond the proven
limits. This indicates that the interpolation improves the
chance constraint interpretation, even if the measurement
is never chosen exactly as is required by the theory.
Notation: We use x;(k) to denote x predicted i time
steps ahead from time k and x(k) for quantities realized
in close-loop. The probability of A, the expected value of
x and the variance of x are written as P(A), E[x], and
V[x], respectively. E; is the expectation conditioned on
the measurement at the time ¢. The weighted 2-norm
is denoted as [|x|| = x'Qx for positive-definite matrices
Q > 0 and a sequence as Xy.n = {Xg, ... » Xn}. For A,Q > 0,
dlyap(A4, Q) := P is the positive-definite solution of the
Lyapunov equation APAT + Q = P. The columnwise
vectorization of a matrix A is denoted by vec{A}, while
the trace is tr[A]. The Kronecker product is written as ®.

II. PROBLEM SETUP
Consider the linear discrete-time system

x(t +1) = Ax(t) + Bu(t) + w(t) €))

with additive Gaussian noise w(t) ~ N(0, Vw), state x(t) €
R"x, and input u(t) € R,

The goal is to design a state feedback MPC minimizing
expected LQR cost subject to individual chance constraints

P(c]x () <d))>¢  Vi: (2a)
P(Jur(t) < dj) > g (2b)

on state and input with ¢; € R™, G € R"™, and
d;,d; € R. The number of constraints on the state and
input is n., and ng,, respectively. The conditioning of
these probabilities is specified later in Sec.III-A. The
guaranteed satisfaction probability ¢;, ¢; € (0,1) allows for
some acceptable risk of constraint violation. Due to the
unbounded support of the Gaussian noise, hard constraints
cannot be enforced.

Remark 1: While beyond the scope of this work, the al-
gorithm can be adapted to handle joint chance constraints
using one of the inequalities in [16], e.g., Boole’s inequality.
Thereby the joint constraint can be split into individual
constraints, while assigning their violation risk based on
these inequalities online.

In order to keep the uncertainty of the predictions
bounded, we employ a disturbance-affine feedback param-
eterization, as is common in the literature [4]. To this end
the system is prestabilized by the matching LQR controller
K. This allows us to split the dynamics into a nominal and
an error part, which is purely driven by the disturbance.
Thus, choosing x = z + e, we obtain

0 <i<ng

Vj:nCXSj<nCX+nCU

Zk41 = AZk + BUk
ex+1 = Agey + Wy
with the input u = v+ Ke and Ag := A + BK. Thereby, the

nominal part is a deterministic process, while the error
is a Gaussian random process, since only it is driven by

P<20%

Fig. 1. Illustrates how conditioning the probability distribution on differ-
ent information affect the interpretation of a chance constraint. Shown
in blue the distribution without taking measurement information into
account, i.e., conditioned on the initial time. In green, the distribution
conditioned on the current measurement at time k is shown, which
due to the disturbance up to k violates the constraint conditioned on
time k. Lastly, in orange we show our proposed solution considering
the interpolation between these extreme. The shown confidence bounds
of the distribution match the chance constraint, i.e., should lie below
the constraint indicated in red.

the Gaussian noise. Thus, we can compute the variance
of the error

Veyq = AgVer Ak + Vw,

which yields in absence of the constraints the steady-state
variance Ve, := dlyap(Ag, Vw).

III. STOCHASTIC MODEL PREDICTIVE CONTROL

One of the central problems in formulating the SMPC
problem is achieving recursive feasibility in spite of
the chance constraints permitting violations up to a
probability. In particular, this problem arises when taking
new measurement into account as illustrated in Fig. 1.
The predicted distribution of the future system state is
based on all possible future trajectories for all possible
disturbance realizations. By taking the measurement into
account, we select a subset of these trajectories. Thereby
the percentage of trajectories that violate the constraint
may increase beyond the proscribed limit, as illustrated
by the confidence bounds in the figure.

To overcome this obstacle, there are three established
methods in the literature. While, for bounded disturbances,
one often conservatively relies on methods from robust
MPC to ensure recursive feasibility[8], [9], for unbounded
disturbances, commonly the methods allow that the
optimization problem becomes infeasible with a non-zero
probability. Then, either the recursive feasibility statement
becomes probabilistic or a fallback strategy [10], [11]
is devised for when the original problem is inevitably
infeasible. Lastly, some approaches even simply argue
against taking the measurement into account for the
chance constraint [12] and, thus, avoid any feasibility
issues.

Recently, we proposed a novel approach [6] to overcome
this issue by interpolating between the measurement and
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the last predicted nominal state, thus initializing with
zo(t) = (1 = §O)x(0) + §()z,(¢1-1), (3

where &£(t) is chosen by the optimizer. Thus far, that
approach was not able to take the error distribution into
account, thus the tightening of the chance constraint has
to rely conservatively on some fixed upper bound on the
distribution. Hence, that tightening is the same regardless
of how close to the true measurement the prediction was
initialized.

This work rectify this limitation by interpolating the
entire distribution, as visualized in orange in Fig. 1. For
simplicity, we assume the measurement is exact, i.e., has
zero variance. Then, since the state distribution is Gaussian
due to the Gaussian noise, we only need to consider the
expected value and variance for the interpolation. Thus,
for the variance we obtain

Veo(t) = E[(x(t) — zo(1)*] = E2(t)Vey (t=1),  (4)

while the expected value is the nominal state, hence, the
same as (3). This type of initialization can be interpreted as
conditioning on a prior artificial point in time. In another
interpretation we compare this to an observer such as
the Kalman filter, where the a posteriori state estimate is
derived from a mixture of the predicted and measured
state. While this interpolation is vastly more simplistic,
it is based on the same idea that the measurement is
not necessarily the correct or best state to work with.
As long as we can show that the scheme ensures the
chance-constraint in closed-loop, the interpretation for
the open-loop prediction is secondary. We will show that
initializing with this interpolation, is meaningful for the
closed-loop constraint via Thm. 2, and yields a meaningful
cost function.

In the remainder of this section, we derive a determin-
istic surrogate for the SMPC problem by constructing
a constraint tightening, a cost function, and terminal
ingredients.

A. Constraint Tightening

In order to construct a tightening for the chance
constraints, we consider the case Ee = 0, as results from
& = 0. The other case do not need to be considered
explicitly, as shown later in 2. Then, exploiting that
the noise is Gaussian by assumption, the state chance
constraints can be restated as

—cl
0 <P(c]x<d)=P(cfe<d—c]z) = @D(M)

Vel Vec;

= cjz <d;—/c[Vec; (g)) (35)

with the cumulative density function of the standard
normal distribution @(x). Similarly, one can derive

¢fv < d; —\/JKVeKTe; &7\ (g)) (©)

as deterministic replacement for input chance constraints.

Remark 2: This constraint tightening is exact, but just as
the chance constraints themselves the resultant constraint
is not convex, unless ¢ = 0.5, in which case the problem
would reduce to expectation constraints, since @1(0.5) = 0.
Thus, one uses either a nonlinear solver or employs a
convex approximation of the tightened constraint. Two
common methods to approximate these constraints [17]
are either a first-order Taylor approximation or split the
constraint into one on the variance and one on the
nominal value by fixing the value of the square root.
Either approximation is update based on the last solution.

B. Cost Function

Since the objective is to achieve stability, by minimizing
the expected LQR cost over the infinite horizon, we first
have to ensure that the cost remains finite despite the
additive noise in the system. Therefore, we derive a cost
function inspire by the LQR cost

[Et[ - (Il + uell - ess]] ™

k=0

as in [3, Sec. 6.2] with the expected steady-state step-cost
Oy = tr[QgVey] and Qg := Q + K'RK in absence of
the constraints to achieve a convergent series. With this
conditioning the expected error E,e is not zero, thus we
apply the decomposition x = z + e. However, as mixed
products in z and e, while do not affecting stability would
require additional computation, these are dropped from
the cost. Therefore, we obtain for the cost

70 =Y 12kl + ol + ] QcEy [exef]] - ss)
k

N

il
Lo

(s}
(Izel+ o3+ trlQeVerl) + - IE el
k=0 k=0
=)

=:5(-) + const.

[Se]

+ lzwlid + Y (tr[QVer] — £55) = Neys
k=N

with P := dlyap(Ag,Qg). The initial cost term § and

terminal cost term f are discussed in the following.

1) Initial Cost B,(&(t)): The expected value of the initial
error Eey(t) is not zero due to the conditioning on
the current time step, but has to be derived from the
initialization via Eey(t) = x(t) — zo(t). Thus, we obtain

BiE(1) = IEceoIE = 1x(£) — 21 (t=D)I[BE*(1)

which only depends on the interpolation variable &.

2) Terminal Cost f(zy(t), Zn(t)): In order to obtain a
tractable formulation for the terminal cost f(-), we have
to address the infinite sum inside

FG) = ||zN||123 - tr[QKZ [\/e00 — \/ek] + const.
k=N
| N —

=8N
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Using that Vw = Ve, — AxVe, A per definition of Ve,
we can then expand the sum

[6e]
Sy = Ve, —Vey +Z[\/eoo — (A+BK)Vey_1(A+BK)" — \/w]
k=N+1
= Ve, —Vey + (A+BK)SN(A+BK)"

= dlyap(Ag, Ve, ) — dlyap(Ag, Ven(t)).

Defining Xy := dlyap(Ag, Vey(t)), then allows to rewrite
F(-) in terms of the optimization variable as

Fzn(), Zn(0) = llzn(O]1 + tr[QrEn(D)]

while dropping the terms that are constant in the opti-
mization. The term Xn(t) is either compute by adding the
constraint

vec{Ven(t)} = (1,2 — Ax ® Ak) vec{Zn (1)}

to compute the required solution of Lyapunov via the
optimization. Alternatively, we can use forward- and
reverse-mode derivatives of the Lyapunov equation [18]
to efficiently use the dlyap-function in the optimization
directly.

Thus, we obtain the final cost function for the MPC
scheme (8a), which is positive, convex, and differs only
by a constant from the original expected LQR cost.

C. Terminal Constraints

Lastly, in order to ensure recursive feasibility, we employ
terminal constraints with the prestabilizing controller as
terminal controller. For the nominal prediction zy the
usual requirements for a terminal set Zr are sufficient.
That is the terminal set is invariant under the controller,
i.e., (A + BK)Zr C Zr and satisfies the tightened con-
straints (5 - 6), such a set can be computed via [3, Alg. 2.1].

For the error variance we require that Vey < Ve.
This inequality, however, follows from the initialization
as Vey(t) < Ve (t — 1) < Ve, and Vey(0) < Ve, since Ag
is Schur stable and K is not optimized. Thus, we do not
require a terminal constraint for the variance.

D. SMPC Scheme

Bringing the ideas from the previous sections together,
we obtain the deterministic surrogate optimal control
problem

N-1
min D Izl + o)1 + tr[Qx Ver ()]

vz,

Ver(0.£(0) +Bi(£(0)) + F(zn(1), En(D) (82)

S.t. Zk+1(t) = AZk(t) + BUk(t) s (Sb)

Vey,1(t) = AgVer (DAL + Vw, (8¢c)

zo(t) = (1 — §(0))x(t) + §(1)z1(¢-1), (8d)

Veo(t) = E2(6)Vey (t-1), (8e)

¢l zi(t) < d; — 1/ c] Ve (1) ;@7 (gy) » (8)

¢fu®) < dj — /K Ve () KT a7 (g), (82)

ZN(t) € ZFa (Sh)
vec{Ven(t)} = (I — (A+BK) ® (A+BK)) vec{Zn(t)} (8i)
§elon], (8))

vk € {0,...,N — 1}
Vi,jEN:0Li<ne < Jj<nhey+ ey

with input sequence vy.n_;, nominal state prediction
Zo.N» error variance Ve, .y, and interpolation variable & as
optimization variables. This problem is solved at each time
step yielding the applied input u(t) = vy(t)+K(x(t)—zy(1)).

IV. THEORETICAL GUARANTEES

The foundation of the theoretical results developed in
this section is that (8) is recursively feasible, which is
immediate by construction.

Theorem 1: If the SMPC scheme (8) is feasible at t =0
with z;(=1) = x(0) and Ve;(—1) < Ve, then it is
recursively feasible.

Proof: The shifted previous solution vy (t) = U, (t—1),
Un_1(t) = Kzn(t—1) is feasible with &(t) = 1, since Z is
invariant and satisfies the tightened constraints. [ ]

While other initialization for z;(—1) might equally yield
recursive feasibility possibly even with a larger feasible
region, starting with zy(0) = x(0) or £(0) = 0, which this
choice ensures, is desirable. This ensures that there is a
point in time to fall back on for the conditioning of the
chance constraints on the closed-loop, see Thm. 2.

A. Chance Constraint Satisfaction in Closed-Loop

Since the constraints tightening assume Ee = 0, i.e., § =
0, recursive feasibility alone is insufficient to ensure that
the chance constraint (2) are satisfied. Thus, additional
steps must be taken to ensure that in closedloop constraints
still hold despite deliberately not always choosing Ee = 0.

In order to address this issue, we consider the error
e(t) for time t, where Ee = 0 not necessarily holds true.
Since the constraint tightening is based upon the error
dynamics, it will enables us to consider satisfaction of
the chance constraints in closedloop. Hence, considering
an arbitrary halfspace constraint we obtain the following
lemma.

Lemma 1: For system (1) controlled by (8) with tight-
ening (5-6), we have for any r € R and any c € R"™
that

P(cTe(t) <) > P(cTei (o) <)

conditioned on e(ty) = 0 holds for all ¢ > ¢,.

Proof: The predicted error e;(t) depends on the
closed-loop disturbances w(ty), ..., w(t — 1) and the future
disturbances wy(t), ..., w;_;(t) via prediction. By collecting
the future disturbances in &,(t) = Z::Ol ALl (1), the
error becomes e, (t) = A%e(t) + é,(t).

Now, in a first step, we show that

P(Ten(t —n) < 1) 3 P(Tenyy(t—n—1)<r)  (9)
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holds. Since e is for all time normally distributed around
zero, we can use the CDF @ for the standard normal
distribution to translate this inequality

) i)
cTVe, (t — n)c \cTVe, 1(t—n—1)c

into an inequality on the variance
!
c"Ve,c < c™Vey, 1 (t—n—1)c

by exploiting the monotonicity of @ and the square root.
Then, by substituting the error we obtain

c"Ve,c = cT(A%Vey(t — nAL™ + VE,(t — n))c
= cI(E2A% Ve (t-n-DA L 4+ EAL Vw(t-n-1) AL "+ Ve, (t-n))c

&1
< cT(AF ey (t-n-1AE™! + AZVw(t-n-1)AL" + Ve, (t-n))c
=c"Ve,1(t —n—1)c,

since variances are nonnegative and A%Vw(t-n-1)AL" is
just an additional for the sum in é.

The statement follows from applying (9) recursively. B
With the recursive feasibility from Thm. 1, we can now
obtain a qualified statement on chance constraints in
closed-loop.

Theorem 2: The chance constraints (2) conditioned on
any x(t,), where £(ty) = 0, are satisfied in the closed-loop
system.

Proof: Since, for all t > t;, Lemma 1 implies

P(cle(t) < vy/elVer_1y(t0)ei®™ (0 10) 2 01,

we apply Thm. 1 and (8f) to show that with probability ¢;

d; > ¢} z(t)++ [ e[ Ve, (to)e; @71 (g;) > ¢] z(t)+c] e(t) > ¢] x(t)

holds. The input constraints follow mutatis mutandis.
Since the initialization from Thm. 1 yields £(0) = 0, at the
least we achieve the same guarantees as indirect feedback
SMPC approaches [12]. Beyond that, the partial feedback
on the chance constraints our method incorporates has a
two-fold benefit.

Firstly, the conditioning can be updated, whenever & =
0, e.g., in case of a disturbance happens to reduce the

cost and thus using the measured state directly is optimal.

Even partial use of the measurement can prevent that the
constraint interpretation becomes mostly independent of

the current state, when the state has nominally converged.

Secondly, our initialization enables a smaller constraint
tightening by decreasing the variance of the error using
the measurement, at least partially. This secondary benefit
is novel compared to previous approaches using initial
state interpolation [6], [13].

B. Stability and Cost

As usual, the stability guarantee for our scheme derives
from the cost function. Given how the choice of the cost
function mirrors the standard LQR cost function for SMPC,
stability can be shown as follows.

w
[

Fig. 2. Plot of averaged closed-loop response of iVSMPC in green (—+—)
compared to icSMPC (——) with ellipses indicating an estimate of the
90%-confidence region. For reference the mean response of LQR ( )
is shown.

Theorem 3: The SMPC scheme (8) is mean square stable
for the feasible region, with

r—1

.1
lim — > [Izo(t+0)lIg + oo+ IR+ Eeo(t+0), | < -
®© k=0

Proof: The cost function (8a) is differs from the
standard expected quadratic cost (7) only by a constant.
Thus, considering (7) and following standard arguments,
by optimality, we have

E[J*(t +1)] < E[J(t +1)]
ST = (2o + lvo(lIR + Eeo(t + K3, — €ss) s

where J* denotes the cost of the optimal solution and J
denotes the cost of the candidate from Thm. 1. The term
€4 is leftover from the time-shift of the terminal cost.
Since J* is finite, taking the expectation conditioned on
X, yields the result, for details see [3, Thm. 7.1]. [ ]

Unlike in previous methods [13] the interpolation
variable £ is already penalized with the normal cost
function, since it affects both the variance and the initial
error. Thus, it is not required to add an artificial cost
for £, to numerical reason or otherwise. Since, in fact,
we already arrived at the optimal penalty for allowing
an initial deviation between the true system state and
nominal state.

V. NUMERICAL SIMULATION

For the numerical study we use the DC-DC-converter
regulation problem, which is a widely used benchmark
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case study in the SMPC literature [8], [9] and for this type
of schemes in particular [6], [19].
The corresponding linear dynamics of the form (1) with

1 00075 4.798
A‘[—0.143 0.996]’ ‘[0.115]’ (10)

using the increased variance X, = 0.11, from [6], [19].
The weights for the cost are Q = diag[1, 10] and R =10
with a prediction horizon N = 8.

To study the constraint satisfaction we consider a single
chance constraint on the first state

P(x'(k) <2)>0.9 (11)
for the system with an initial state x(0) = [1.99, 7]T at
the border of the initially feasible region, cf. Thm. 1.

As direct comparison we consider the initial state
interpolation approach to SMPC as in [6], which we
will denote as icSMPC in contrast to our iVSMPC. That
approach differs in that the error variance is fixed to Ve,
thus the initialization (8e) is missing. Further the chance
constraint tightening differs, relying on Chebyshev’s in-
equality applied to central convex unimodal distribution
instead of the CDF of the Gaussian distribution.

Both schemes were implemented with CasADi [20]
such that the difference is restricted to the outlined points.
Due to the higher dimensionality caused by the need
to calculate the variance, our iVSMPC is on average
30% slower than icSMPC. This is to be expected, and
compensated for by better control performance. It may be
possible to improve the computation time by precomputing
the variance trajectories and then only applying a scaling
online.

A. Constraint satisfaction in closed-loop

In order to illustrated constraint satisfaction, we rely
on the dynamics, which violate the constraint under
unconstrained optimal control. Thereby, we can show
that the scheme follows the constraint border to stay as
close as possible to the optimal trajectory. Therefore, the
chance constraint is active for a considerable amount of
steps, before converging.

In Fig. 2, we contrast iVSMPC with the icSMPC and LQR
trajectories as obtained from a Monte Carlo simulation
over 1100000 different disturbance realizations. First of
all, we observe that the trajectories under the SMPC
schemes smoothly slide along the tightened constraint.
The difference of cause being that the variable-sized tube
of iVSMPC allow a closer approach to the constraint.

Further, by explicitly considering the variance in
iVSMPC, the scheme can actively reduce the close-loop
variance as necessary, which allows to further approach
the constraint.

Lastly, unlike icSMPC the constraint tightening of the
iVSMPC is exact, thus the confidence bounds actually
touch the constraint. Where the conservative Chebyshev
tightening of icSMPC, hinders a closer tracking of the
constraint.

1 1
0.9 |- a
0.8 - a 0.8
0.7 - a
0.6 |- a 0.6
0.5 a
04 a 0.4
0.3 .
0.2 - a 0.2
0.1 a
0 0
3 2.5 2 1.5 1 0.5 0

Fig. 3. Empirical distribution functions of P(x(t + 1) | () < £t <25)
for different £ € [0,1], while the chance constraint is active, i.e., within
the first 25 steps. The red region indicates the chance constraint.

1

0

Fig. 4. The empirical distribution of & for iVSMPC (top) and icSMPC
(bottom) with the median in black.

Figure 3 shows the empirical distribution function
(eCDF) for the state at the next time-step conditioned on £
smaller than some level £ and that the chance constraint
is active. As seen in Fig.2 the constraint is active for
the first 25 time-steps. This figure indicates not only that
the chance constraint is satisfied for & = 0 (top-most
eCDF), as guaranteed by Thm. 2, but additional we observe
in this example that the chance constraint can also be
reconditioned with a £ > 0. This would allow for a cleaner
interpretation of the chance constraint in close-loop, since
we can usually recondition on the current measurement.
Thus, the delay and, thereby, the uncertainty increase over
time is less relevant.

B. Closed-loop performance

Not only are we interested in tighter constraint satisfac-
tion, but iVSMPC also promises an improved performance
as a consequence thereof. This can also be observed in the
Monte-Carlo simulation. Of course, the LQR cost cannot
be achieved under the constraint, yet since the optimal
constraint cost is unknown, it serves as a good reference
point. Thus, normalizing the average cost with respect to
the LQR cost, we have that the cost for the iVSMPC is
178%, whereas for the icSMPC 207% of the LQR cost. This
is the immediate benefit of risking a trajectory closer to
the chance constraint.

C. Interpolating variable

From the derivation of the cost function, cf. Sec. III-B,
we have obtained a scheme that has an explainable cost
to the choice of the interpolation variable &. The older
icSMPC has no such insight available. In Fig. 4, we study
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the impact thereof. We observe that iVSMPC makes more
use of the actual measurement than icSMPC. In particular,
towards the end, i.e., while approaching the steady state,
we see the iVSMPC rarely ignores the measurement & — 1.
The icSMPC, however, has not clear preference, but tends
towards ignoring the measurement. This obviously reduces
nominal cost, since the nominal state converges. However,
this risks higher cost for the true state x as the error
increases.

VI. CONCLUSION

We have presented an SMPC scheme for linear system
subject to additive Gaussian disturbances, guaranteeing
closed-loop constraint satisfaction and stability. By initial-
izing both the nominal state and the error variance, based
on the optimized interpolation variable, we improve upon
previous approaches [6], [13]-[15], enabling improved
control performance with variable-sized tubes. Using
a simple example we illustrate the better performance
compared to previous methods, which is mainly due to op-
eration closer to the constraints becoming feasible with the
variable-sized tubes adapting to the situation. Beyond that
we highlight numerically the flexibility of the proposed
approach, allowing a flexible interpretation of the chance
constraint, and using more of the measurement than
previous methods. Future work will include developing
a more rigorous understanding of the case where the
chance constraint needs not to be conditioned on exactly
zero error. Beyond that extensions to more general system
classes are worthwhile to explore.
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