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Towards a Socially Acceptable Competitive Equilibrium
in Energy Markets

Koorosh Shomalzadeh and Nima Monshizadeh

Abstract— This paper addresses the problem of energy shar-
ing between a population of price-taking agents who adopt
decentralized primal-dual gradient dynamics to find the Com-
petitive Equilibrium (CE). Although the CE is efficient, it does
not ensure fairness and can potentially lead to high prices. As
the agents and market operator share a social responsibility
to keep the price below a certain socially acceptable threshold,
we propose an approach where the agents modify their utility
functions in a decentralized way. We introduce a dynamic
feedback controller for the primal-dual dynamics to steer the
agents to a Socially acceptable Competitive Equilibrium (SCE).
We demonstrate our theoretical findings in a case study.

I. INTRODUCTION

The market aspect of smart grids has been studied ex-
tensively in the recent years. General equilibrium theory has
been utilized to understand and devise suitable pricing mech-
anisms. The notion of equilibrium in an electricity market
refers to a condition where a market price is established
through competition. Analogous to microeconomics princi-
ples, a range of competition models have been introduced for
electricity markets, with the Competitive Equilibrium (CE)
receiving particular attention [1]. The emphasis on the CE
stems from its widely accepted status as a benchmark for
market efficiency [2]. When the behavior of a market closely
aligns with the predictions of the CE, it is considered to
be functioning well. Through the CE, optimal pricing of
electricity is achieved, maximizing payoffs for all agents
while matching the supply and demand.

The emergence of information technology and commu-
nication infrastructures in the paradigm of smart grids has
enabled the development of decentralized and distributed al-
gorithms for finding the CE without sharing the sensitive and
private information of market participants [3]. In particular,
primal-dual gradient dynamics, due to their scalability, have
been used in multiple works to determine the CE [1], [4],
[5], [6], and these dynamics will be our starting point.

It is a well-established fact that the CE can be deemed
unfair according to virtually any conceivable definition of
fairness [7]. As the CE depends on individual needs and
resource availability, market dynamics may lead to disparities
in outcomes and increased prices, typically favoring those
with greater wealth and purchasing ability. Additionally,
when the equilibrium price rises excessively, individuals may
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opt out of active market participation. This phenomenon has
been particularly observed in electricity markets recently,
leading to multiple instances of price spikes. For instance,
on April 4, 2022, the French wholesale market experienced
a price spike, reaching up to 4000 euros per MWh for some
hours [8].

To minimize extreme price fluctuations in the CE, the
authors in [9] propose adding a price penalty term to the
system objective, enabling a trade-off between price volatility
and economic efficiency. However, yet the market price may
become very high, and supply and demand may not match.
To address these points, the notion of socially acceptable
price is considered in [10], [11]. A price is considered
socially acceptable if it is deemed fair for everyone in the
community. The agents participating in the market are re-
quested to choose their utility functions from a predetermined
set of socially admissible functions in order to ensure that
the equilibrium price stays below a designated threshold,
and thus socially acceptable. Nonetheless, this set is not
unique, and if chosen without careful consideration, it can
significantly impact the market’s efficiency.

In this paper, we assume that agents engaged in an
electricity market follow the primal-dual gradient dynamics
to achieve the CE. Drawing inspiration from concerns re-
garding the inequity of the CE and the concept of socially
acceptable pricing, we aim for relocating the equilibrium
of the market to a socially acceptable one. In particular,
by viewing the primal-dual algorithm as a to-be-controlled
system, we design a control strategy that can suitably modify
the utility functions such that the resulting market price
does not exceed a certain threshold, without significantly
compromising the market’s efficiency. We note that this
viewpoint results in a setup that is significantly different than
those in [10], where the agents choose their utility functions
from a predetermined set. We analytically establish that the
solutions of the closed-loop system converge to a CE of
the market with a socially acceptable price. The proposed
control algorithm does not rely on knowing or sharing any
potentially sensitive parameters of the agents.

The remainder of the paper is organized as follows. In
Section II, we formulate our problem and review some
equilibrium concepts from microeconomics, as well as the
primal-dual gradient dynamics to reach these equilibria.
The main results of the paper are provided in Section III.
Section IV presents a case study demonstrating the relevance
and effectiveness of the proposed control algorithm. Con-
cluding remarks and future research directions are stated in
Section V. Due to space limitations, proofs for some results
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are omitted and can be found in the appendix of the extended
version of the paper [12].
Notation: We denote the set of real numbers by R and the
set of nonnegative real numbers by R;. We include the
dimension of a set as a superscript, whenever needed. We
use 1 to denote a vector of all ones and O to denote a
vector/matrix of all zeros. The identity matrix is denoted
by I. Given a set N' := {1,2,..., N}, the column vector
obtained by stacking scalars x1,xo,...,xn is denoted by
col(zy, )nen- Moreover, diag(z,)nepn denotes the diagonal
matrix with scalars x1,xs,...,zxy on its diagonal. For
vectors x and y, we write 0 < x 1 y > 0 if 2,y > 0 and
2Ty = 0. For scalars x and y, the operator [z]; is defined
as

]y = {x =0 (1)

max{0,z}, if y=0.

II. PROBLEM STATEMENT AND FORMULATION

A. Market model

We consider a population N := {1,2,..., N} of price-
taking agents that participate in an electricity market. Each
agent ¢ € N possesses a renewable energy source which
generates a; € R electricity with zero marginal cost. The
agents are considered to be in an islanded microgrid, and thus
no external energy supplier exists. Moreover, each agent i €
N is associated with a strictly concave utility function f;(z;)
that depends on their consumption level z;. Given a uniform
price A, the agents are willing to sell their excess supply
(a; — x; > 0) or buy their demand shortage (a; — z; < 0)
through a network. We can capture the goal of agent i €
by the following optimization problem:

min - —fi(z;) + AMz; — a;) (2)

We denote the demand profile vector of all agents by z =
col(z;);enr. The equilibria of interest in this market are
defined below:

Definition 1 (CE). A demand-price pair (Z,)) is a CE of
the market if
1) For each agent i € N, Z; is the optimal solution to
problem (2) with \ := \.
2) The supply-demand matching condition holds, i.e.,
Dien Ti = Djen Gi-
Definition 2 (Social welfare equilibrium). A demand-price
pair (Z,\) is a social welfare equilibrium of the market
if (z,)\) satisfies the KKT conditions of the social welfare
optimization problem

min - — > filw)

iEN
(3)
S.t. Z xTi; = Z a;,
1EN 1EN

ie., ~
Ve fi(@)+A=0, VieN,

iEN iEN

For (strictly) concave utility functions, the aforementioned
two notions of equilibrium coincide:

Lemma 1 ([13, Theorem 1]). Suppose that f;(x;) is strictly
concave for all i € N. Then, the CE coincides with the
social welfare equilibrium and is unique.

B. Decentralized CE seeking

Given the result of Lemma 1, one can find the CE by
solving the social welfare optimization problem (3). Here,
we restrict our attention to linear-quadratic utility functions
of the form 1

filxs) = *iqiwf — Ty, )

where ¢; > 0 and ¢; < 0. To reach the CE, we assume
that the agents follow a decentralized primal-dual gradient
dynamics [14] arising from the social welfare optimization
problem (3). Our interest in this algorithm stems from its
capacity for parallel implementation, which scales effectively
with the size of the energy markets [3]. Additionally, its
widespread adoption highlights its practical applicability and
effectiveness in addressing complex market dynamics [1],
[4], [5], [6]. In particular, under the following decentralized
primal-dual gradient dynamics, the agents’ actions x and the
resulting price A converge to the CE of the market:

T=—-Qx—c—p, (6a)
p=x—a—c¢, (6b)
¢=p— 1), (6¢)
A=1T¢, (6d)

where Q@ := diag(q;)ien, ¢ = col(¢)ien and a =
col(a;)ienr- For each agent, the subdynamics in (6b) provides
a local estimate of the price and (6a) is the gradient dynamics
for each agent’s action under the local price p;. We note that
(6a) and (6b) are performed by each agent, whereas (6¢) and
(6d) are executed by the market operator. In case the vector a
is available to the operator, the primal-dual algorithm can be
reduced by removing the p and e dynamics, and redefining
the price dynamics as A=1Tz-1Ta.

C. A fair CE

Although the CE is Pareto efficient, it does not guarantee
fairness [7]. Namely, market dynamics may lead to unequal
outcomes and high prices, favoring individuals with greater
wealth and purchasing power. Additionally, if the equilibrium
price becomes excessively high, individuals might refrain
from participating actively in the market, instead of contribut-
ing to its self-sustainability. As members exit the system, the
achievable payoff for the remaining agents decreases. This
motivates the following definition:

Definition 3 (Socially acceptable Competitive Equilibrium
(SCE)). Let A™** be a socially acceptable price given a
priori. A CE (z, A) is called socially acceptable if A < \™2,

There is a shared responsibility among the agents and the
operator to maintain prices at socially acceptable levels to
ensure fairness and uphold the market’s self-sustainability.
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As a CE depends on the utility functions of the agents,
bringing price below the threshold A™?* necessitates adjust-
ments in the utility functions of the agents. In particular, to
accommodate for fairness, we modify the functions in (5) to
controllable utility functions given by

—%qz‘ﬂﬁ? — (coi + i)z,

)

where the utility parameter ¢; = ¢;(u;) is split into a nominal

value cy; and a controllable quantity u; correspond to the

needed modifications to bring the market price below A™&.

For a given u := col(u;);ens € RY, the pair (Z, ) is a
SCE if and only if it satisfies

1
Filwi,wi) o= =5 i} — ci(ui)zi =

A << Amax (8a)
Qxr+co+1IN+u=0, (8b)
17z = 1Ta, (8¢)

for (x,\) = (,)). Here, (8a) guarantees that the price is
lower than A™#* while (8b) and (8c) are the KKT conditions
as in (4), written for the utility functions in (7). Observe that
different choices of u result in different socially acceptable
equilibria. Among such choices, we look for the minimum
adjustment w that leads to a socially acceptable equilibrium.
This goal is captured by the following optimization problem:

. 1 2
min = [Jul]
T,\u 2 (9)
s.t. (8).

We denote the solution to the optimization above by
(x*, A*,u*), and we refer to it as the optimal SCE!, bearing
in mind that the pair (z*,\*) is a socially acceptable
equilibrium as it satisfies (8). It should be noted that in
problem (9), if u* = 0, then the CE (see Def. 1) is a socially
acceptable one (see Def. 3 ). Otherwise, when u* # 0, it
indicates that the CE has led to a price higher than A™?*,
and the agents’ utlity functions have to be modified by u*
to reach a SCE.

Recall that by following the primal-dual dynamics in (6)
the agents reach a CE, but not necessarily a socially desired
one. By setting ¢ = ¢y + u, the dynamics in (6) modifies to

T=—-Qx—co—p—u, (10a)
p=1x—a—e, (10b)
E=p— 1\, (10¢)
A=1"e (10d)

Our aim in the rest of the paper is to design a control law
for the primal-dual dynamics in (10), with the control input
u, to achieve the optimal SCE in (9). Moreover, we impose
a decentralized structure on this control protocol to avoid
sharing potentially sensitive information of the agents. This
gives rise to the following problem formulation.

Problem 1. Consider the dynamical system (10), with state
variables (x,p,€e, A) and control input u. Design a decen-
tralized dynamic controller such that the closed-loop system

'We will show later in Lemma 2 that (9) admits a unique optimal solution.

is asymptotically stable and the solution (x(¢), A(t),u(t))
converges to the optimal SCE (z*, \*, u*), i.e., the optimal
solution to (9).

We note that due to the problem formulation outlined
above, the nominal behavior of the agents in (6) remains
in tact since u solely serves as an external input to (6).
This ensures that the solution to Problem 1 is acceptable to
the agents. Such an advantage is not present if the operator
chooses to directly impose a completely new set of primal-
dual dynamics solving (9). The next section is dedicated to
addressing Problem 1.

IIT. MAIN RESULTS

First, we establish a few properties of the optimization
problem in (9).

Lemma 2. Consider the optimization problem (9). Then, the
following statements hold:
(a) The KKT conditions of (9) reduce to

0<1T(p(N) —a) L X" — X >0, (11)

with

dN) == —Q (AN + o).

(b) The linear complementarity relation (11) has a unique
solution \ = \*.

(c) The optimization problem (9) admits a unique primal-
dual optimizer.

12)

Next, to tackle Problem 1, we present an optimization
problem derived from the dual of (3) by incorporating
some modifications. Subsequently, we demonstrate that the
solution to this modified dual problem has a one-to-one
relation with the solution to (9). The modified dual problem
will then be used to devise the decentralized control law
solving Problem 1.

A. Modified dual problem
Consider the following optimization problem:

1
min fyTQy + coTy
y 2

st. 1Ty=1Ta.

13)

Observe that the above problem is the vector form of (3)
with y = x, f; as in (7) and u; = 0. We call the pair
(9, \) a primal-dual optimizer of (13) if it satisfies the KKT
conditions of (13). Note that this optimizer is unique since
(13) is strictly convex. Next, we write the so-called dual
problem of (13) given by

min %(1TQ‘11))\2 +( Q7o +a)TIN  (14)
Lemma 3. Consider the optimization problems (13) and
(14). If X is the optimal solution to (14), then (g, \) is the
primal-dual optimizer to (13) with §j = —Q ' (1\ + ).
Conversely, if (§,)\) is the primal-dual optimizer to (13),
then X is the optimal solution to (14).
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As the dual variable A is a decision variable in (14), to
restrict the price, we can add the constraint A < A™?* to this
problem, which yields

. LT 14142 -1 T
Ag}&x 5(1 QDN+ (Q "co+a) 1A (15)
We now attempt to dualize once more the modified problem
(15). This leads to the following problem:

min
Y,s

st. 1Ty—s=1"Tq,
s >0,

1
§yTQy+C(')|—y+)\maxs
(16)

with the addition of a new scalar slack variable s. We
call ((7,3), (A, fis)) a primal-dual optimizer of (16) if it
satisfies the KKT conditions of (16), where X and i denote
the optimal values of the dual variables associated with
the equality and nonnegativity constraint, respectively. The
duality between (15) and (16) is established below:

Lemma 4. If \ is the optimal solution to (15), then
((7,5), (N i) is the primal-dual optimizer to (16) with
g =900, 5=17(¢(N) —a), is = "™ — X and ¢(\)
as in (12). Conversely, if ((9,5), (\, [is)) is the primal-dual
optimizer to (16), then X is the optimal solution to (15).
Moreover, the KKT conditions of both (15) and (16) reduce
to (11) with A = \.

We conclude this subsection by establishing the relation-
ship between the solutions to (9) and (16).

Proposition 1. Let v* be the optimal dual variable corre-
sponding to the constraint (8¢) and ((y,5), (A, fis)) be the
primal-dual optimizer to (16). Then, we have A = \*,

5[
T

with / Q_21
Mo [O 1TQ21] (18)

Moreover, M is nonsingular.

In the next subsection, we utilize the aforementioned
results to obtain the controller specified in Problem 1.
B. Controller design

We propose the following dynamics as the controller for
the system (10):

U=—-Q 'u—Qr—z—Q '(co + A1),  (19a)
T =Qu— 1, (19b)
v=1"m+p, (19¢)
fo=[~v];. (19d)

We note that (19) is a decentralized dynamic feedback
controller with the input z and output w. While (19a) and
(19b) are performed by each agent, equations (19c) and (19d)
are executed by the market operator. The operator does not
require any information on the private utility parameters ¢;s

and cp;s. We postpone the discussion on how the controller
dynamics can be derived based on the treatment in Subsec-
tion ITI-A towards the end of this subsection.

The next result shows that the closed-loop system, (10) and
(19), possesses a unique equilibrium, and this equilibrium has
the desired properties specified in Problem 1.

Proposition 2. The closed-loop system, comprising (10)
and (19), admits a unique equilibrium (T, p, €\, U, 7, U, fi).
Moreover, & = x*, A = \*, and u = u*, where (x*, \*,u*)
is the optimal SCE given by (9).

The next theorem establishes that the controller (19) solves
Problem 1.

Theorem 1. The equilibrium of the closed-loop system,
comprising (10) and (19), is globally* asymptotically stable.
In particular, lim;_, o (2(t), A(t),u(t)) = (x*, A", u*), ie,
the optimal SCE.

Proof. Let x := col(x, p,e, \,u, 7, v, 1) be a solution of
the closed-loop system, X := col(Z, p, €, \, 4, 7, 7, i) be an
equilibrium of it and X := x — X. Note that as a result of
Proposition 2, X is unique, T = z*, A=\ and @ = u*. We
consider a quadratic Lyapunov function as V/(X) := 3 I1%°.
The time-derivative of the evolution of V' along the solutions

of the closed-loop system is computed as
V=%"x=
Bla4p preE e+ AN+ a u+ 7 w4+ 0w+ fl-v))f
By adding and subtracting ji(—v), we can rewrite V as
V=i"d+p p+éé+IM+aau+7"7+0
+ i(=v) + i([=v]; = (-v)-

Next, we show that the last term on the right-hand side of
the equality above is nonpositive. Suppose that p > 0. Then,
[~v]} = —v and thus i([~v]} — (—v)) = 0. Now, suppose
that y = 0. Then, we have [~v];f > —vand i = p—p* <0.

This proves fi([-]} — (—v)) < 0. Consequently, we have
V<ig+ Mtaa+7 m+ov+a(-v).  (20)

In addition, as X is an equilibrium of the system, the
following equalities hold:

— &' (—Qz—c—p—u) =0,

_ﬁT(j_E_a) :O’

—&'(p—1) =0,
— 178 =0, (21)
— 0 (-Q7'a— Q7 — T — Q7 (c+ AMEX1)) =0,
— 7 (Qu—1p) =0,
~v(1T7+ ) =0.
Moreover, it holds that
—f(=v) = 0. (22)

2Note that the domain of the variable w is restricted to R ; see (1).

4266



To see this, we note that for f > 0, we have 0 = [-7]; =
—v and consequently —fi(—7) = 0. Otherwise, if 1 = 0,
then 0 = [—-7]} > —p and i = (u— 1) > 0.

Now, by adding the expressions in (21) and (22) to the
right hand side of (20), we get V <x"Xx = iTXsymi

. T
with Xy, := X5 and

+
m

—Q —-I 0 0 —I 0 0 O
I 0 —-I 0 0 0 0 0
o I 0 -1 o0 0 0 O
y._|0 O 1T o0 0 0 0 O
~|l-r o 0 0 —-Q' -Q 0 O
0 0 0 O Q 0 -1 0
0O 0 0 © 0 1T 0 1
Lo 0 0 o 0 0 -1 ol
It is easy to see that Xgy, can be written as Xy, = —B' B
with B == [Q= 0 0 0 Q2 0 O O0]. Hence,

Xsym 1s negative semidefinite and 1% < 0. The set of points
satisfying V' = 0 is given by S := {&| Bx = 0}. Then,
by applying a Caratheodory variant of LaSalle’s invariance
principle (see [15]), we conclude that S does not contain
any trajectory of the system, except the point X = 0. Hence,
x converges to the unique equilibrium of the closed-loop
system X with & = z*, X =\ and 4 = u*. O

Insights on the derivation of the controller dynamics (19):
First, we change the variables of (16) from (y, s) to (z,v)
using the map [¥] = M [£], with M as in (18). This change
of variables leads to the optimization problem
1
min ixTQx + (co+ Q7 11v) Ta+

S@1)TQ Q)

(co+ A1) TQ 1 (Q11v) (23a)
st. 1Tz =1Tq, (23b)
v>0. (23¢)

Note that as M is nonsingular, [Z.] = M~ [%] is the
optimal solution to (23) (see [16, Section 4.1.3]). Moreover,
since the problem (16) is convex, this change of variables
does not change the optimal value of the dual variables. Thus,
based on Proposition 1, the optimal value of the dual variable
corresponding to the constraint (23b) is A = \*. Next, mo-
tivated by the fact that u* = Q~11v* (see (26) in [12]), we
substitute Q~'1v in the objective function (23a) with u and
add Qu = 1v as a constraint to the optimization problem.
Furthermore, to facilitate decentralized implementation, we
replace the constraint 1"z = 1"a with x —a — ¢ = 0 and

1"e = 0. This gives us the following problem:

1
ixTQx + (co +u) T2+

min
g
QUTQflu + (co + A1) TQ 1 (24a)
s.t. 1Te=0, (24b)
r—a—€e=0, (24¢)
Qu = 1v, (244d)
v>0. (24e)

Now, let A, p, 7 and p be the dual variables corresponding
to the constraint (24b)-(24e), respectively. Then, the primal-
dual gradient dynamics of this optimization problem coincide
with the closed-loop system (10) and (19). In particular,
the equilibrium of the closed-loop system as specified in
Proposition 2 coincides with solutions of the KKT conditions
of problem (24).

Remark 1. Theorem 1 establishes asymptotic stability of
primal-dual dynamics associated with the optimization prob-
lem (24). While numerous studies have addressed the asymp-
totic stability of the equilibrium point in primal-dual gradient
dynamics, these investigations predominantly rely on the
assumption of strict or strong convexity of the objective
function. Such investigations do not readily apply to the
nonstrict convex optimization problem (24). Nonetheless,
despite lack of strict convexity, (24) has a unique primal-dual
optimizer which enables us to show asymptotic convergence
of the solutions of the closed-loop system (10) and (19) to
its equilibrium point.

IV. CASE STUDY

We numerically demonstrate the merit of the SCE con-
sidered here, along with the controller’s performance in
achieving this equilibrium. We consider a population N =
{1,2,3,4} of agents participating in the market. The data
concerning the agents’ parameters and generations can be
found in Table I. It should be noted that the parameter g;
signifies an agent’s urgency or desire for energy, while c;
indicates the consumption level at which the agent derives
the most utility, represented by ==t. In the particular case we
study here, agents 1 and 2 have }elatively high demand but
with low urgency, whereas agents 3 and 4 show low demand
but with high urgency, as reflected in the chosen parameters
in the first and third columns of the table.

TABLE I: Agents’ data

agent  q;(€/kWh?)  ¢;(€/kWh)  —%2(kWh)  a;(kWh)
1 1 -50 50 48
2 1.5 -60 40 30
3 10 -40 4 1.5
4 20 -20 1 0.5

We first determine the CE of the market by solving the
optimization problem (3). This returns the values of the CE
as

((i‘l, T9,X3, .1734), )\) = ((41.74, 34.5,3.17, 0.59), 8.26),

which means that the market price at the CE escalates to
8.26 € /kWh. Additionally, despite the pressing need for
energy, the CE demand for agents 3 and 4 falls below
their respective demands for maximum satisfaction. This
discrepancy is particularly striking for agent 4, who, despite
having the highest urgency, is allocated a demand of merely
0.59 kWh. This amount represents a notably small fraction of
what would be required for agent 4’s maximum satisfaction.
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Next, we analyze the outcomes of the SCE. We set the
socially acceptable price, denoted by A™**, to 4€/kWh.
Figure 1 displays the SCE results, derived from the dynamics
(10) and (19). The equilibrium is asymptotic stability as
expected, and the SCE of the market is obtained as

(a3, @3, 5, x7), A%, (uf, uy, u3, uy)) =
((40.69,34.98, 3.55,0.79), 4, (5.31, 3.54, 0.53, 0.26)).

Furthermore, in contrast to the CE, the SCE effectively
allows agents 3 and 4 to secure a higher demand due to their
acute urgency. Additionally, agent 1, characterized by the
lowest urgency, consumes less compared to the CE, showing
the SCE capability to more equitably redistribute demand
among agents.

Energy consumption in SCE

—x — Ty T3

T4

z; = 40.69
40 \'VVV =
73 = 34.98

20 —

"ﬁ xf = 0.79 )
0

5 10 15 20 25 30
Time

Price in SCE

s HL AMAAAA A* =4.00 |
YUY

L
0 5 10 15 20 25 30
Time

Input in SCE

15 T T

—u Us Uz ——uy

I I I I
15 20 25 30
Time

o
)
S

Fig. 1: Trajectory of the closed-loop system (10) and (19),
demonstrating convergence to the SCE with price A™®* = 4.

V. CONCLUSIONS

In this work, we have studied the problem of energy
sharing for a population of agents. While the CE is known
to be Pareto optimal, it might lead to high prices. By
considering controllable utility functions for the agents, we
have introduced a decentralized controller which enables the
agents to converge asymptotically to the optimal SCE with
a certain socially acceptable price.

For future work, one avenue is to consider the inclusion of
different market players, such as suppliers of non-renewable
electricity. Additionally, as the physical grid constraints can
change the consumption allocation of the agents, another
direction involves taking these constraints into account.
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