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On the monotonicity of frequency response gains

Christian Grussler and Thiago B. Burghi

Abstract— Linear time-invariant single-input-single-output
systems with nonnegative impulse responses, commonly called
externally positive systems, carry well-known monotonicity
properties such as: (i) the static gain equals the H..-norm
(peak of the Bode magnitude diagram), (ii) monotone inputs
are mapped to monotone outputs, (iii) the transfer function
is totally monotone on the positive reals. In this paper, we
complement these properties by proving monotonicity proper-
ties of the frequency response gain with the help of variation
diminishing theory. While our results give new insights into
proving monotonicity properties of the gains of positive systems,
they are not limited to such systems, and extend to systems that
preserve the periodic monotonicity of their inputs. In particular,
our results also provide an interesting sufficient condition for
positive dominance.

I. INTRODUCTION

In the past couple of decades, linear time-invariant (LTT)

systems

z(t) = Ax(t) + bu(t)

y(t) = cx(t)
that map positive inputs to positive outputs have become an
essential part of the control engineering toolkit (see, e.g.,
[1-3]). Such systems, which can be characterized by a non-
negative impulse response, possess a number of interesting
properties that have been exploited for the development of
tractable analysis methods and scalable design algorithms
(see, e.g., [2, 3]). An important property of these systems
is that their dominant pole has to be real. As a result,
parallel, series or positive feedback interconnections of such
systems behave closely to a low-dimensional first-order lag.
As demonstrated in [4], very low-order approximations are
often of sufficient quality. This property can also be observed
in the frequency domain: it is well known that the H.-
norm is attained at the DC gain, that is, the peak of its Bode
magnitude plot occurs at zero frequency, a property called
positive dominance [5].

Based on these observations, it seems natural that the
frequency response gains of positive systems are often mono-
tone in practice. Unfortunately, there is no general charac-
terization of this property to this day. The closest related
property is the characterization of positivity via the total
monotonicity of the transfer function G(s) = C(s[—A)~'B,

ie., (—1)’“% > 0 for all s > 0. In this paper, we
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want to focus on another characterization: the preservation
of monotonicity from input to output, i.e, a monotonically
increasing input u is mapped by a positive system to a mono-
tonically increasing output y. Concretely, we will investigate
the periodic analogue of this property, i.e., when the system
is required to preserve the periodic monotonicity of their
inputs. Roughly, a periodically monotone signal is a periodic
signal whose graph within a period can be decomposed into
a monotonically increasing and a monotonically decreasing
part [6]. Such systems are then called periodic monotonicity—
preserving (PMP).

We first show that the frequency response of a PMP
system displays a generalized form of the positive dominance
property of positive systems. More specifically, a system
that preserves the monotonicity of a 7'-periodic input is
shown to amplify particular harmonics of such a signal in
a dominant fashion: |G(iw)| > |G(ikw)| for w = 27 /T for
all £ € IN>,. In particular, this gives the sequential property
that |G (i2Fw)| > |G (128 w)| for all k € Ny if the system
is PMP for all periods T' = 5%, k € Z.

More generally, we show that this property is also pre-
served if the auto-correlation function of the impulse of
(1) gives rise to a periodized PMP convolution kernel via
periodic summation (see, e.g., [7]). To verify this property,
we derive several tractable conditions. In particular, we
discuss conditions when the periodized auto-correlation is
PMP for all possible periods.

Our results constitute a relaxation of related results in [8]
concerning systems with a so-called cyclic variation dimin-
ishing (CVD) convolution transformation. Unfortunately, it is
unknown how to verify the CVD property in most instances.
As a special case of this theory, however, we show that the
nonnegativity of the auto-correlation is a sufficient condition
for positive dominance, which is computationally tractable
through, e.g., [9-11]. Thus, our results support synthesis
efforts such as [5].

II. PRELIMINARIES
A. Periodic monotonicity and variation diminishment

At the heart of the theory used in this paper lies the
concept of the variation of a signal. The two most relevant
types of variation for our purposes are defined next:

Definition 1 (variation). Let u = (u1,usg,...,u,) be a
vector of real numbers. We denote by S(u) the number of
sign changes in the sequence uq,uo,...,u, after deleting
all zero terms, with the special convention that S(0) = —1.

Definition 2 (cyclic variation). For a bounded 7-periodic
function v : R — R, the cyclic variation S.(u) is the
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number of sign changes of w over the course of one period
T'. Formally,

Se(u) :=

sup
ty <tg <. <tn<t1+T
nelN

The idea of periodic monotonicity mentioned in the intro-
duction can now be defined.

S(u(ty),u(te), ..., u(ty), u(tr)).

Definition 3 (periodic monotonicity). A T-periodic function
u : R — R is called T-periodically monotone (v € PMr)
if and only if for any v € R, we have S.(u —~1) < 2,
where 1 is the constant function 1(¢) = 1.

Roughly speaking, this implies that u(t) crosses any con-
stant function y1 at most twice within a period. T-periodic
monotonicity is equivalent to the existence of numbers ¢; <
to < t1+ 7T such that u is nonincreasing for t; <t < ¢, and
nondecreasing for t5 <t <ty + T [6].

The T-periodic monotonicity of a signal u(t) may be
preserved by certain operators. In this work, we are interested
in the cyclic convolution

y(t) = (g*xu)(t) := %/Tg(t —T)u(t)dr, te R (2)

for T-periodic convolution kernels g : R — RU{+o00} such
that fOT lg(t)|dt < 0o (g € L£1(T)), and bounded T-periodic
inputs u.

Definition 4 (periodic monotonicity preservation). The ker-
nel g is said to be T'-periodic monotonicity preserving (g €
PMPy) if y € PMp for all bounded v € PMrp.

For continuously differentiable kernels, the following
lemma provides a way to check the PMPr property:

Lemma 1. Let g € L1(T) be continously differentiable.
Then, g € PMPr if and only if all non-vanishing deter-
minants

1 g(t1) g(t1)
det | 1 g(tg) g(tQ) , hh<to<ts<t;+T
1 g(ts) g(ts)

have the same sign.

Lemma 1 is essentially [6, Lemma 5], which states that
g € PMPr if and only if g+ ¢g is a so-called convex curve.
But it is shown in [8, p. 478] that g 4 ¢ is a convex curve
if and only if the determinant condition above holds.

Lemma 1 may be difficult to use beyond simple cases. A
somewhat more practical test for PMPr is provided by the
main result of [6]:

Proposition 1. Let g € L1(T). Then g € PMPr if and only
if g = g a.e., where g is bounded and satisfies the following
conditions:

(i) g € PMr.

(ii) g is continuous except for at most two points in a
period. If supg § = gs, infr § = ¢i, and § is not continuous
at t = ty, then

lim g(t) — lim g(¢t)

+ -
t—tg t—t;

=9s — Gi

(iii) g is continuously differentiable in each interval inside
which g neither assumes nor approaches g5 or g;. Further-
more, log |g| is concave in those intervals.

We also have the following useful facts:

Lemma 2. For g,u € PMPr, the following hold:
(i) g*u € PMPr.

(ii) g—(t) := g(—t) is in PMPr.

(iii) Vo € R : ag € PMPr.

Proof: For part i, notice that for any bounded v € PMr
we have that y x v = g * (u * v) is PMy. For parts ii and
iii, notice that scaling or flipping the sign of g(¢) does not
change any of the conditions of Proposition 1.

A closely related property to PMP is that of cyclic varia-
tion diminishment [8, p. 259]:

Definition 5. The convolution kernel g(t) in (2) is said to be
T-cyclic variation diminishing of order 2k, or CVDqy (T, if
Se(y) < Se(u) for all T-periodic u such that S¢(u) < 2k.

If a kernel is CVD4(T'), then it is PMPy. Indeed, since for
any v € R and u € PMy it holds that y —y1 = g x (u— 1)
some 5 € R, we have that S.(y—~1) < 2 if g is CVDo(T).
A counterexample for the converse inclusion is shown in [6].

In order to make these tools tractable, we also need the
following algebraic notions. Let the i-th elements of the r-
tuples in

Iny ={v="{v,...

be defined by lexicographic ordering. Then, the (i,j)-th
entry of the so-called r-th multiplicative compound matrix
Xpp € ROVXCY) of X € Rmm s defined by det (X[, J]),
where I is the i-th and J is the j-th element in Z,, , and
Ly, respectively. For example, if X € R3%3, then X 2]
reads
(detx[{1,2},{1,2}]

b CIN: 1 <o <wve <o <wp <}

det X[{1,2},{1,3}]
det X[{1,3},{1,3}]
det X[{2,3},{1,3}]

At

det X[{1,3}, {1, 2}]
det X[{2,3}, {1,2}]

det X[{1, 3}, {2,3}]

det X[{1,2},{2,3}]
detX[{273}7{273}])

The multiplicative compound of e®* can be expressed in

terms of the so-called additive compound matrix ALl [12,

Section 1]: AVl := log(exp(A)(;) = d—ieg]h o’ which
_ eAmh.

satisfies (eA");)

B. LTI systems with periodic inputs

We apply the mathematical machinery of periodic mono-
tonicity theory presented in the previous section to the cyclic
convolution with periodized system functions, in particular
the periodized impulse response and auto-correlation func-
tions. We consider LTI systems (1) with square-integrable
impulse responses g € L1, bounded inputs u, and output

y(t) = (g +u)(t) 3)
(with some abuse of notation, we also use * to denote the
non-cyclic convolution). Assume henceforth that the input
u(t) is T-periodic. Then the cyclic convolution and the
periodized impulse response
o0
9" (t) =

Z g(t — kT)

k=—oc0
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appear naturally in (3), since

g = [ " gt — TYu(r)dr

—o0
00 (2k+1)T

— Z ﬁ%_l)T g(t — T)u(r)dr
=—00 2

T
2

/
g

where we have used the T-periodicity of u(t). Hence the
cyclic convolution can be used with ¢g7'(¢) to determine the
periodic output y(t).

The auto-correlation function of (3) is defined as

Ryy(t) := /OO g(t—|—7')g(7')d7’:/

— 00 — 00

> gt — kT = 7)u(r + kT)dr
k=—o0

Rt

g" (t — T)u(r)dr, 4)

N[N

o0

g(r—=t)g(r)dr (5)

for t € R. Its convolution with u(t) = sin(wt) yields

(Rgg * u)(t) = /_00 Ryy(t — T)u(r)dr = |G (iw)|? sin(wt),
(6)

because its Fourier transform computes as
F(Ryy} (i) = / Ry (t)e™tdt = |G(iw).  (7)

Using the same steps as in those in (4), by defining the
periodized autocorrelation function

RI():= Y Rge(t—kT)
k=—oc0
one can express convolutions such as (6) as
T

(Rgg *u)(t) = B Rng(t — 7)u(T)dT, (8)

whenever u(t) is periodic with period T = %’r Furthermore,
following similar steps to those in (4), it is simple to obtain
the relation

r

RE(0 = [ "+ g (r)ar ©)

2

between the two periodized system functions. The auto-
correlation function of the (causal) impulse response of (1)
can be derived from (5). Since Ry4(t) = Rgq(—t), we have

oo
Ry, (t) = celt! / eAThbTeA dreT = el Pt (10)
0

(oo}
= bTeATlt‘/ AT e drb = b Qe My (11)
0

where P and () are the (symmetric) controllability and
observability Gramians, respectively.

Note that R] (t) is indeed a periodic function of period
T, which on [—Z,0] can be evaluated as

Rng(t) =cC (Z {GA(kT_t) + eA(t‘HfT)} _ eAt> Pt

k=0
and on [0, Z] as
RZg(t) — ¢ (Z [eA(kT—t) 4 eA(t-HcT)} B e—At) Pt
k=0

Using the von Neumann series Y, e*T = (I — AT) 71

Rgg(t) =c [(eAt +e (I —eAT)7 - eiAltq PcT
(12)
]

C. Positive systems

on [-Z,

Nl

This work will in particular deal with externally positive
systems:

Definition 6. An LTI system is said to be externally positive
if its impulse response g(t) is nonnegative for all ¢ > 0.

Such systems are known to satisfy the following property
(see e.g. [5]):

Definition 7. An LTI system is said to be positively domi-
nated if its frequency response satisfies G(0) > G(iw) for
all w > 0.

IIT. MAIN RESULTS

The main objective of this paper is to exploit the properties
of g(t) and Ry, (t) in order to characterize monotonicity
properties of the system gain |G(iw)|. In this section, we
often omit the period 7" from the notation of the PM and
PMP properties, as they will be clear from context.

A. PMP and the frequency response gain

We begin with a technical lemma:

Lemma 3. For w > 0 and k € N+, there exists an a > 0
such that u = sin(wt) — asin(kwt) is PMPsy .

Proof: 1t suffices to show the claim for w = 1 as scaling
of ¢ leaves the claim invariant. By Lemma 1, we need to show
then that there exists an a > 0 such that

sin(t1) — asin(kt1)

1 cos(t1) — ak cos(kt1)
M :=det (1 sin(t2) —asin(kt2) cos(t2) — ak cos(ktz)
1 sin(t3) — asin(kts)

cos(ts) — ak cos(kts)

has the same non-zero sign for all ¢} < t5 < t3 < t1 + 2m.
To verify this, we note that

1 sin(t;) cos(t1)
M =11 sin(ta) cos(t2) | + O(a)
1 sin(t3) cos(ts)

t1 —t to —t t1 —t
:4sin(12 2)Sin 22 3>sin<12 3>+O(a)
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with

ty —t2 ty —t3

0>

>—m, 0>
to—ts _ t1—ts
0 —T.
> D) > 5 > -7
Thus, M < 0 for sufficiently small a > 0.
Our first main result is the following:

27
Theorem 1. Let w > 0 be such that Ry is PMP. Then,
|G(iw)| > |G (ikw)]| for all k € IN>4.

Proof: By Lemma 3, there exists an a > 0 such that
uq(t) = sin(wt) — asin(kwt) is PMP. Let a be the largest
such a. It is easy to see that @ < oo, because for sufficiently

large a, u,(t) will be dominated by sin(kwt) and, then w is
no longer PM. It follows from (6) that

(Ryy * ua)(t) = |G(iw)|? sin(wt) — a|G(ikw)|? sin(kwt).

27
Since Rg; is PMP by assumption, and uz is PMP by
Lemma 3, then Lemma 2 implies that
5 |Glikw)|?
“lGGw)?
is PMP. But since we have chosen @ to be the largest a such

that wu,, is PMP, u; can only be PMP if “%(zk“’))” <1.
If Rl is PMP for all T = 5Z— > 0, k € Z, then

Theorem 1 indicates a monotonic gain decrease:

|G(i2%w)| > |G(i2F W), k € Z.

up = |G(iw)|_2(Rgg *xug), b=

It can be shown that the above also applies to LTI systems
that preserve the PMp property of their inputs:

Proposition 2. Let g be PMPr. Then, R}, is PMPr.

Proof: Analogously to what is done in [8, p. 264], we
use (9) to write the cyclic convolution (8) as the composition
of two cyclic convolutions involving g?. Namely, a few
simple mampulatlons show that R} +u = (g7 * g7) x u
where gf(t) =g ( t). By Lemma 2, it follows that both
g~ € PMPr and Rgg € PMPy.

Unfortunately, at present it is not known whether the
converse of Proposition 2 holds. For this reason, in the rest of
the section we focus on analyzing the periodized autocorre-
lation, which provides the most general way of obtaining the
sampled frequency response monotonicity property above.

Next, we would like to provide conditions that allow us to

apply Theorem 1. We begin by the PM condition on Rgg

Lemma 4. The following relationships between R g and Ry,

hold:
I. Rng(t) is convex on [0,T) for all T > 0 if and only if
Ryq is convex on Rxo.
ii. R} (t) is log-concave on [0,T) for all T > 0 if and
only if Ryq is log-concave on Rx.
In particular, RY (t) is PM in both cases.
Proof: We only need to show the sufficiency part, as

the properties of Ry, follow from those of R_?;g by taking
T — oo.

In the first claim, if Ry, is convex on Rxq, then
Y opeoRgg(t + kT) is convex on [0,7) since it is an
infinite sum of convex functions on that interval [13, Section
3.2.1]. Since R, is even, it is convex on R<g, and hence
> pey Ryg(t—kT) is also convex on [0, T). Hence R} (t) =
Yore i Rog(t—KT)+>"7" o Ryg(t+kT) is convex on [0, 7).

For the second claim, assume that Ry, is log-concave on
R>o. Then by Lemma 7 in appendix A we have

Ry, (t +iT) Ryy(t —h+34T) .
d 1 99 / 99 ] > <
¢ <Rgg(t+h+lT) Ryq(t+4T) 20.i=7
and
Ryq(t+ 5T Ryy(t —h+3T) L
>
det (Rgg(t YRAT)  Ryg(t+iT) ) =01
for all A > 0 and t. Thus,
det ( Zk* 99 (t + kT) Z:o:(;joo Rgg(t —h + kT))
Zk__oo Ryq(t +h+ KT) 2 ke oo Rgg(t + KT)
Z Z dt( Ry (t +4T) Rgg(tfhij)>
2o oo Rgq(t + h +iT) Rgo(t +5T)

is nonnegative for all » > 0 and t + h € [0,7"). This is
equivalent to Rng being log-concave on [0,7") by Lemma 7
in appendix A.

In particular, as convex and log-concave functions are
unimodal, R, (t) is PM for both cases.

Note that while both cases of Lemma 4 deal with a
unimodal R,4, unimodality is in general not sufficient to
claim PM of Rgg.

Analogously to the second claim in Lemma 4, the follow-
ing relationship for R;Fg will allow us to verify the third item
in Proposition 1.

Lemma 5. |R§g| is log-concave on (0,T) for all T > 0 if
and only if |Ry,| is log-concave on Ry.

Proof: The necessity follows from taking T — oo. To
see the sufficiency, first notice that if |Rgg| is log-concave
on R, then Rgg cannot change sign, since in that case
|Rgg| would not even be unimodal on R.. Hence Ry, > 0
or Rgy < 0 for all ¢ > 0. But since Ryy(0) = [lgl|Z, > 0,
it is the latter that must hold. Hence, the log-concavity of
|Rgg| on R~ is equivalent to log-concavity of Rgg on
that interval. Hence,

Ryt +iT) R (t—h+jT)> o
dt . 99 / 99 ) >07 <
© <Rgg(t+h+lT) Ryq(t +5T) ==t
and
Ryg(t +3T)  Rgyy(t — h+ jT) .
det [ .99 99 >0
¢ (Rgg(t+h+iT) Ry (t+iT) )= "7

forall h >0, ¢+ h € (0,T) and 4,5 € INy. Further, these
inequalities are also true for —¢,—j € IN by the evenness
of Rg,. Analogously to the proof of the second claim in
Lemma 4, it follows then that |R | is log-concave on (0, 7).

Note that R is continuous on [0,7] and smooth on
(0, 7). For the cases of Lemma 4, the evenness of R{, then

shows that sup, R! (t) = R} (0). Thus, in con]unctlon with
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Lemmas 4 and 5, all items of Proposition 1 are fulfilled. This
yields our next main result.

Theorem 2. Let (A, b, c) be such that

R2,(t) > Ryg(t) B yq(t) for t € Rug (13)

and either of the following two conditions hold:

i. Rgg(t) >0 forall t € Rxg )
ii. Ryg(t) > 0and R, (t) > Ryg(t)Rey(t) forall t € Rxg

Then, R;Fg is PMP for all T > 0.

In the next section, we will illustrate Theorem 2 by
analytical examples and discuss why its conditions are often
computationally tractable.

B. Variation diminishment and the frequency response gain

In order to close the gap between the frequencies 27w
and 2771w, we would require a generalization of the PMP
property to signals with max, S.(u — pyl) < 2k, k >
1. At the present moment, we are not aware of such a
generalization.

An alternative is given by the CVDy; property (see
Definition 5). It has been shown by Karlin that a CVDyy
kernel satisfies a different type of frequency response gain
monotonicity with regards to that of Theorem 1; see [8,
Lemma 5.7.2]. Unfortunately, working with CVDgj comes
with two major drawbacks:

1) CVDs is more restrictive than PMP [6, pp.131-132].
2) Computationally verifiable conditions such as Proposi-
tion 1 seem to be unknown at this point.

An interesting special case of CVDg is the following
sufficient condition for positive domination based on R,.

Proposition 3. Let (A,b,c) be such that (A, Pc',c) is
externally positive, where AP+PA" = —bbT. Then (A, b, c)
is positively dominated.

Proof: For u(t) = 1 — sin(wt), it follows by (6) and
(10) that (Ry, +u)(t) = |G(0)|> — |G(iw)|? sin(wt). Then, if
(A, PcT, c) is externally positive, (R,q*u)(t) is nonnegative,
because v and R, are nonnegative. Taking ¢ = 5 proves
that GG is positively dominated.

IV. VERIFIABILITY & EXAMPLES

The conditions in Theorem 2 can be verified in several
ways. First of all, they are equivalent to external positivity
of the following associated systems:

¢ (13) holds if and only if
0 S det (Rgg(t)

Byq (t)>

Rgg(t)  Rgg(t)
— det cAeMAPcT  cAeAtPcT
T O\ cA2eAAPCT  cAZeAtPCT

(21

= (CA) e[AQ]t (APCT PCT>
(2]

b

ie., (A2 b, ¢) is externally positive.
o Item i in Theorem 2 holds if and only if (A, Pc',cA)
is externally positive.
¢ Item ii in Theorem 2 holds if and only if
0 < det <5.99 (*)

J?gg(t))

Rgg(t)  Rgg(t)
— det ceMAPcT  cAettPcT
TN cAAtAPCT  cA2eAtPET

- <cf4) 2] i (Apet Pel)yy
— b
=:¢

and R,y(t) > 0 for t > 0, ie., (A b,&) is externally

positive and (A, PcT,¢) is strictly externally positive.
This can be checked efficiently by computational tools such
as [9-11]. Alternatively, one can also use the following
composition rules.

Lemma 6. Let g1, go € L1 be impulse responses, h := g1%gs
and T > 0. Then, the following hold:
i. If |g1] is convex on R, then Ry, 4, is convex on R>g
ii. If |g1| is log-concave, then Ry, 4, is log-concave.
iii. If Ry, g4, and Ry, , are log-concave, then Ry, = Ry, g, *
Ry, 4, is log-concave.
iv. If Rg,4, and Rg,4, are convex on Rxo, then Ry, is
convex on Rx>.
v. If |91] and |§:1| are log-concave on R, then |R,, ,, | is
log-concave on R.
vi. If |g1, 92|, |g1] and |§1| are log-concave on R, then
\th\ is log-concave on R.

i

Proof: Ttem i: If |g; | is convex on R, either g; or —g;
has to be a nonnegative function due to lim;—, g1(t) = 0.
Hence, Ry 4, = Rjg,)|g,| i convex as an integral over the
product of a convex function and a nonnegative function (see,
e.g., [13]).

Item ii: If |g1| is log-concave and, thus, unimodal, ei-
ther g; or —g; has to be a nonnegative function. Hence
Ry, g, = Ryg,|g,| is log-concave as marginals of log-concave
functions remain log-concave [14].

Items iii and iv: Since F{Rg 4 * Rgyg) =
|G (iw)|?|G2(iw)|? = G1(iw)Ge(iw)G1 (—iw)Ga(—iw) =
F{Rpn}, it holds that Ry, = R4 * Rg,g,- Thus, the
claims follows by the same argument as in the end ofltems i
and ii.

Item v: Since Ry, 4, (t) = 75 a1(t+7)g1(7)dr, it follows

by the same arugments as in Item ii that either — R, 4, or
Ry, 4, has to be log-concave.
Item vi: Since Rup = Ry, 4, * Ry, g, the claim follows as

in Item v.

A. Example: First Order Systems

In the following, we would like illustrate Theorems 1 and 2
and Lemma 6 based on a first order lag, i.e., g(t) = Be™
for all t > 0 with > 0 and 8 € R.

Since |g| is log-concave on R and convex on Rxg, the

same applies to Ry4(t) = %e*a‘” by Lemma 6. Thus,
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both items i and ii in Theorem 2 are verified. Further,
as |g| is log-concave, Lemma 6 also implies that |Rg,| is
log-concave, which verifies (13). Alternatively, one can use
Proposition 1 to verify that g” = 1_6%6*‘” is PMP, which
by Proposition 2 implies that Ry, is PMP.

Thus, by Theorems 1 and 2, it holds that |G(i2*w)| >
|G (i2F+1w)| for all k € Z and all w > 0. For first order sys-
tems as well as their series interconnection (see Lemma 6),
we observe that our result partially recovers the well-known
monotonic behaviour of |G (iw)|. Unfortunately, for sums of
first order externally positive systems, R;Fg is not PMP for
all ' > 0.

B. Example: 2-Positive Systems

Systems with a 2-positive Toeplitz operator, i.e., systems
that map unimodal inputs to unimodal outputs have been
studied, e.g., in [15-17]. By Lemma 7, such systems are
characterized by a log-concave g. By Lemma 6 and The-
orem 2, in appendix A, such systems are prototypical for
systems where Rgg is PMP for all T > 0.

An illustrative example for such systems is the difference
of two externally positive first order lags such as

g(t) = 3™t —2e7 %,

Indeed, as
Vt>0:g(t) >0, §* —gj=6e3 >0,
it follows that g is log-concave. Thus, by Lemma 6 also
D it _ T 2

Rgg(t) = 56_ 6

is log-concave with
.. . 35
Rﬁg(t) - Rgg(t)Rgg(t) = E

Form Theorem 2 it follows then that Rng is PMP for all
T >0.

e 3t >0, t>0.

C. Example: Positively dominated system

As mentioned earlier, positive dominance, i.e., |G(0)| >
|G(iw)| for all w > 0, is a well-known characteristic of
externally positive systems, which is not exclusive to systems
with nonnegative impulse responses. In Proposition 3, we
have provided a sufficient condition, which recovers the
externally positive case. Next, we would like to give an
example that illustrates that Proposition 3 also covers systems
with an indefinite impulse response. To this end, consider the
impulse response g(t) = 2e~! — 3e~2, which has negative
¢(0) = —1 and is positive for sufficiently large ¢ > 0. Since,
Ryy(t) = %6*2“‘ > 0, t > 0, it follows as in Proposition 3
that GG is positively dominated.

V. CONCLUSION

In this work, we have derived monotonicity properties of
frequency response gains through the framework of periodic
monotonicity preservation. We have shown that if the auto-
correlation of an impulse response gives rise to a PMP kernel,
then a sampled sequence of the frequency response gain

is monotonically decreasing. As a consequence, our results
have outlined a path for showing that this property holds
for many, if not all, log-concave impulse responses. This
is interesting as externally positive systems appear to have
monotone frequency response gains in practice, but a proof
of this property is lacking till this day.

Finally, we would like to note that systems with monotone
gain and phase diagrams play a vital role in PID-autotuning.
In the future, it would be interesting to see if the PMP
property also gives rise to monotone phase shifts.

APPENDIX
A. Auxiliary Results

The following is a well-known characterization of log-
concavity [8, Proposition 7.1.2]:

Lemma 7. Let g : R — R>o be a Lebesgue-measurable
function. Then g is log-concave on R if and only if for all
real t1 < ty and all real 71 < T9, we have

gt —m) gt — 1)
det > 0.
Clolts—m) gtz — )
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