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Abstract— We consider a stochastic dynamics describing the
evolution of a qubit controlled by an external field and subject
to continuous-time measurements. Motivated by stabilization
techniques recently developed in, e.g., [10], [11], we investigate
the support of the corresponding solution, which is a random
variable taking values on the space of two-by-two density
matrices. By making use of the Strook-Varadhan support theo-
rem and by classical geometric control arguments we compute
the support for two possible choices of the measurement and
Hamiltonian operators. In one case we show that, in Bloch
coordinates, the support is always contained inside an ellipsoid
depending on the physical parameters of the system. More
precisely, a solution starting from the ellipsoid never exit it,
with probability one, and every open subset of the ellipsoid is
visited with nonzero probability for some choice of the control
function. In the second case the support coincides with (the
interior of) the Bloch ball: every open subset of the Bloch ball
is visited with nonzero probability up to suitably choosing the
control function.

I. INTRODUCTION

One of the fundamental question in control theory con-
cerns the controllability properties of the systems of interest,
i.e., the characterization of the set of target states that can
be reached from a given initial state by applying appropri-
ate controls. This question is of great interest also in the
framework of quantum dynamical systems, and it has given
rise, in the last decades, to an active research field. We
note that, due to the great variety of quantum dynamical
systems, the problem and the techniques involved branch
out in very different frameworks. A first difference concerns
the nature of the Hilbert space of the system, that is, if it
is finite or infinite-dimensional. In this paper, we focus on
the finite-dimensional case only. Then, we must distinguish
between closed and open quantum systems, i.e. if they can
be considered as “isolated” or if they interact with other
systems. The controllability properties of closed quantum
system have already been investigated since the last three
decades and are completely understood (see, e.g. [4], [9]). On
the other hand, this is far from being true for open quantum
systems, i.e., for systems interacting with an unmonitored
environment and/or with measurement devices which provide
continuous-time information about the state of the qubit.
Firstly, it was observed in [2] that an open quantum system
is never small-time locally controllable (STLC) by means
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of coherent control, and that some configurations are not
reachable in finite time (this is an expected consequence of
the relaxation and decoherence phenomena in open quantum
systems); moreover, in [9], it has been pointed out that the
Lie Algebraic Rank Condition (LARC) does not guarantee
the controllability of open quantum systems.

Concerning a characterization of the reachable set, few
results are available, and they often focus on qubits (i.e., two-
dimensional quantum systems) and/or on specific interactions
(see, for instance, [5], [6], [12], [14]).

When we consider a quantum system subject to (weak
or strong) measurements, the laws of quantum mechanics
impose to take into account the backaction induced by the
measurement operations, and this leads to a very different
mathematical framework. In particular, when we consider
continuous-time quantum measurement, the evolution of the
system is defined by a stochastic differential equation (SDE)
(see, for instance, [17]).

In the context of SDEs several meaningful controllability
notions may be considered. Suppose, for instance, that a
stochastic process Xt is the solution of a controlled SDE in
Rn and that the initial value X0 admits, as density function,
a Dirac distribution at a given point of Rn. Then one may say
that the system is controllable if the set of density functions
attainable in an arbitrary time by suitably tuning the control
function coincides with the space {f ∈ L1(Rn)} | f ≥
0, ∥f∥L1 = 1} or with a dense subset of it. This property
can be stated equivalently as a controllability (or approximate
controllability) property of a partial differential equation, i.e.,
the Fokker-Planck equation associated with the initial SDE.
In particular, this problem appears to be far out of reach in
view of the current state of the art in the domain of controlled
partial differential equations.

This leads one to ask for weaker properties, such as
the following: is it possible to find a control function
such that every target point in Rn is contained in the
support of the probability density of Xt, for t large enough?
Rather surprisingly, this apparently weak property may be
extremely helpful in order to prove global stability features
of an equilibrium of the system. In particular, for specific
open quantum systems, such a property has been used e.g.
in [10], [11] in combination with suitable local Lyapunov
arguments in order to prove global exponential stabilization
(by measurement-based feedback) to the target equilibrium.
In the special case of continuously monitored qubits, a partial
obstruction to this controllability property has been observed
in [15], which is motivated by the experimental results
obtained in [3]; the authors prove that, for two-level systems
and for some specific choices of the measurement channels,
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the stochastic dynamics on the Bloch ball at time t starting
from a given state remains confined on a submanifold (a
curve or a surface) evolving with t. In that article, the authors
also give an algebraic characterization of the decoherence
channel that give rise to such a phenomenon. In the systems
considered in [15] there is no Hamiltonian evolution. In this
paper, we study what happens in presence of a controlled
Hamiltonian evolution, affine in the control, together with
the continuous-time measurement.

In Proposition 4, we prove that, if both the free and the
controlled Hamiltonian commute with the dissipation chan-
nel, then a result similar to the one proved in [15] holds true.
We further investigate what may occur when the hypotheses
of Proposition 4 are not met, through the analysis of two
specific two-level systems, corresponding to continuous-time
measurement along the z-axis and fluorescent measurement,
respectively. Relying on the Strook-Varadhan support the-
orem and by classical geometric control arguments, we are
able to compute the support of the solutions. In particular, we
show that, in the first case, the support is always contained
inside an ellipsoid depending on the physical parameters of
the system (Theorem 7). In the second case, the support
coincides with (the interior of) the Bloch ball (Theorem 12).

II. SETTING AND PROBLEM FORMULATION

The state of a finite-dimensional quantum system is rep-
resented by a positive semi-definite Hermitian operator with
trace one, acting on CN , for some positive integer N > 1;
such operator is called density matrix (or density operator)
and is usually denoted by ρ. When N = 2, the quantum
system is known as qubit.

For an open quantum system undergoing continuous-time
measurements the evolution of the density matrix is described
by the quantum master stochastic differential equation

dρt=−i[H, ρt]dt+ LM (ρt)dt+
√
ηDM (ρt)dWt, (1)

where

LM (ρ) =MρM† − 1

2
M†Mρ− 1

2
ρM†M

is the Lindbladian operator associated with the channel M ∈
CN×N and

DM (ρ) =Mρ+ ρM† − tr(Mρ+ ρM†)ρ

corresponds to the measurement backaction, Wt is a Wiener
process, and H is the (possibly controlled) Hamiltonian oper-
ator. The parameter η represents the measurement efficiency
of the model. This equation has to be understood in Itô sense.
For simplicity, in equation (1) we take into account a single
monitored channel, associated with the operator M , although
the equation can be generalized to the case of multiple
monitored channels, and we assume no further interaction
with the environment.

In this paper we will mainly focus on the two-level case,
that is, the case N = 2.

The purpose of this paper is to study the support of the
probability distribution corresponding to the solution ρt of

(1) starting from a given density operator ρ0. In particular,
assuming that the Hamiltonian is of the form H = H(u) =
H0 + uH1, we want to characterize the set of target states
ρ̂ belonging to the support of the random variable ρT at
some time T and for some control function t 7→ u(t),
i.e., the density matrices ρ̂ such that any neighborhood can
be attained with a nonzero probability in finite time for a
suitable choice of u(·). We further investigate the choices
of the measurement and Hamiltonian operators such that all
density matrices satisfy the above property.

In order to study this problem, we take advantage of
the Strook-Varadhan’s support theorem, that we recall here
below in an adapted form.

Theorem 1 (Support theorem [7], [16]): Consider the
following SDE in Stratonovich form1{

dxt = F0(xt)dt+ F1(xt) ◦ dWt,

x0 = x,

where F0,F1 are smooth vector fields and the initial condi-
tion x belongs to K, a compact subset of RN (almost-surely)
forward invariant for the dynamics. Let Px be the probability
law of the solution xt starting at x. Let C be the space of
continuous paths from R+ to K endowed with the topology
of uniform convergence on compact sets, and Sx be the
smallest closed subset of C such that Px(x· ∈ Sx) = 1 (i.e.,
the support of the stochastic process xt). With the previous
stochastic dynamics we associate the following deterministic
control system{

ẋv(t) = F0(xv(t)) + F1(xv(t))v(t),

xv(0) = x

with v : R+ → R. Then

Sx = {xv(·) | v piecewise constant}
C
.

Thus, to study the support of the solutions of (1), we set
L′
M (·) = LM (·)− 1

2η
dDM

dρ (·)DM (·) and consider the control-
affine system

ρ̇ = −i[H0, ρ] + L′
M (ρ)− i[H1, ρ]u+

√
ηDM (ρ)v. (2)

We then study reachable sets and controllability properties
of systems of the form (2). In particular, we will make use
of the classical notions recalled here below.

Definition 2: Consider the control-affine system

q̇(t) = F0(q(t)) +

m∑
k=1

Fk(q(t))uk(t), q ∈ M, (3)

where Fk is a smooth vector field on a connected smooth
manifold M for each k = 0, . . . ,m and u = (u1, . . . , um)

1We recall that any SDE in Itô form

dxt = F̂0(xt)dt+ F̂1(xt)dWt

can be equivalently written in Stratonovich form as

dxt = F0(xt)dt+ F1(xt) ◦ dWt,

where F0(·) = F̂0(·)− 1
2

dF̂1
dx

(·)F̂1(·) and F1(·) = F̂1(·).

7977



takes values in U ⊂ Rm. Then, the reachable set of (3) from
an initial condition q0 is defined as the set of states which can
be reached in finite time by a solution of (3) starting from q0
with u piecewise constant taking values in U . Equation (3)
is said to be controllable in M if, for every q0 ∈ M, the
reachable set from q0 coincides with M. In the case in which
F0 = 0 and U = Rm, the reachable set from q0 is said to
be the orbit of F1, . . . ,Fm through q0.

As a direct consequence of Theorem 1, we can state the
following

Proposition 3: Consider some density matrix ρ0 and let ρt
be the solution at time t of equation (1), with initial condition
ρ0. Let ρ̂ be contained in the closure of the reachable set
from ρ0 of (2). Then, for every neighborhood U of ρ̂, there
exists ρ̂′ ∈ U , a piecewise-constant control function u(·) and
a time T > 0 such that ρ̂′ belongs to the support of the
random variable ρT .

Proof: First of all we note that Theorem 1 may be
extended to the case in which the vector fields F0,F1 are
time-dependent and piecewise constant with respect to time
(i.e., every interval [0, T ] may be split into a finite number of
subintervals in each of which F0,F1 are smooth autonomous
vector fields). This may be shown by classical arguments,
e.g., by the Markov property of the trajectories and the
continuity of the solution of a SDE with respect to the
initial condition. By assumption, for every neighborhood
U of ρ̂ there exists a density matrix ρ̂′ ∈ U which is
reachable in a time T > 0 by a trajectory of (2), with
initial condition equal to ρ0 and using piecewise constant
controls u(·), v(·). Let now U ′ be an open neighborhood
of ρ̂′. As the set of trajectories taking values in U ′ at
time T form an open set with respect to the topology of
uniform convergence on compact sets (i.e., the compact-open
topology), it follows from Theorem 1 that ρT belongs to U ′

with nonzero probability, so that, by arbitrariness of U ′ one
obtains that ρ̂′ belongs to the support of the random variable
ρT .

III. ANALYSIS OF THE REACHABLE SET

The purpose of this section is to investigate how the sup-
port of the random variable ρt depends on the Hamiltonians
H0, H1 and on the measurement operator M in some special
cases. We start with the following result.

Proposition 4: Assume that

[H0,M ] = [H1,M ] = [M,M†] = 0

and let ρt be the solution of (1) starting from a density matrix
ρ0. Then, for every t > 0 and every control function u(·)
there exists a one-dimensional submanifold Rt of the space
of density matrices such that Pρ0

(ρt ∈ Rt) = 1.
Proof: The proposition could be obtained by adapting

the arguments presented in [15], with the difference that
we consider an additional Hamiltonian drift term. Here we
provide a slightly different argument which allows to prove
the result through significantly less demanding computations.
Instead of directly studying the nonlinear equation (1), we

consider the evolution of an unnormalized state, i.e., a posi-
tive semi-definite Hermitian operator ρ̂t such that ρt = ρ̂t

tr(ρ̂t)
,

satisfying the linear SDE

dρ̂t = −i[H, ρ̂t]dt+ LM (ρ̂t)dt+
√
ηD̃M (ρ̂t)dYt, (4)

on the cone of positive semidefinite Hermitian operators,
where

dYt = dWt +
√
ηtr(ρt(M +M†))dt,

D̃M =Mρ̂t + ρ̂tM
†,

see, e.g., [13], [10].2 By Girsanov theorem the process Yt
is a Brownian motion with respect to a probability measure
which differs from the one associated with Wt. Note that
the previous equation is analogous to the Zakai equation in
classical filtering. In Stratonovich form (4) writes as

dρ̂t = −i[H, ρ̂t]dt+ L̃M (ρ̂t)dt+
√
ηD̃M (ρ̂t) ◦ dYt

where L̃M (ρ) = LM (ρ)− 1
2 D̃M (D̃M (ρ)). Next, we compute

the Lie bracket between L̃M and D̃M :

[L̃M , D̃M ](ρ) = L̃M (D̃M (ρ))− D̃M (L̃M (ρ))

= LM (D̃M (ρ))− D̃M (LM (ρ))

=
1

2
[M,M†]Mρ+

1

2
ρM†[M,M†] = 0.

We deduce that the vector fields L̃M , D̃M commute. Assume
now that the Hamiltonian term is absent. From Theorem 1
and the commutativity of the flows of L̃M and D̃M we
deduce that the support of the random variable ρ̂t with initial
condition ρ0 coincides with the one-dimensional manifold

R̂t = {Φs
D̃M

(Φt
L̃M

(ρ0)) | s ∈ R},

where Φτ
X denotes the flow of a vector field X at time τ .

Let us now consider the general case and let U(·) be the
evolution operator associated with the Schrödinger equation

iψ̇(t) = (H0 + u(t)H1)ψ(t), ψ(t) ∈ CN ,

i.e., the unitary operator U : CN → CN such that ψ(t) =
U(t)ψ(0) for every initial condition ψ(0). In particular,
U̇(t) = −i(H0 + u(t)H1)U(t) with U(0) = 1. Moreover,
under the assumptions of the proposition it follows that U(·)
commutes with both M and M†. It is then easy to see that, if
ρ̂t is a solution of (4) then U(t)†ρ̂tU(t) solves the equation

dρt = LM (ρt) +
√
ηD̃M (ρt)dYt.

The result then follows as a consequence of the first part of
the proof and by projecting into the space of density matrices
via the normalization ρ̂ 7→ ρ̂

tr(ρ̂) .
The proof of Proposition 4 shows that every matrix in the
support of ρt is unitarily equivalent to an element of a two-
parameter family of density matrices. This suggests that, at
least for large values of N , under the assumptions of the
proposition, the support is far from covering the whole space
of density matrices.

2In the experimental settings leading to the model (1), the process Yt

actually corresponds to the measurement output.
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We now focus on the case N = 2 and investigate few
relevant cases for which the assumptions of Proposition 4
are not verified. We recall that every density matrix acting
on C2 can be written as

ρ =
1

2

(
1+ xσx + yσy + zσz

)
,

where

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
are the Pauli matrices and 1 is the identity matrix. Due to
the positivity constraint, we have that the space of density
matrices is identified with the set of vectors (x, y, z) ∈ R3

such that x2 + y2 + z2 ≤ 1. This set, called Bloch ball, will
be denoted in the following as B. The variables x, y, z are
called Bloch coordinates and can be computed using the fact
that ⋆ = tr(ρσ⋆) for ⋆ = x, y, z.

A. First case study: continuous-time measurement along the
z-axis

We consider a monitored decoherence channel correspond-
ing to the operator M =

√
µ

2 σz , µ representing the strength
of the interaction between the probe and the quantum sys-
tem to be controlled, and Hamiltonian operators H0 =
1
2ωσz, H1 = 1

2σy , where we assume that ω > 0 (the
case ω < 0 can be treated similarly). For u = 0, this
model corresponds to the case of quantum non demolition
measurements.

By simple computations, it follows that in Bloch coordi-
nates the system takes the form:

dxt =
(
− ωyt −

µ

2
xt + uzt

)
dt−√

ηµxtztdWt

dyt =
(
ωxt −

µ

2
yt
)
dt−√

ηµytztdWt

dzt = −uxtdt+
√
ηµ(1− z2t )dWt.

(5)

Setting q = (x, y, z), the system above can be written in
Stratonovich form as

dqt = (f0(qt) + f1(qt)u)dt+ g(qt) ◦ dWt,

where

f0(q) =

−ωy − µ
2 (1− η)x− ηµxz2

ωx− µ
2 (1− η)y − ηµyz2

ηµz(1− z2)

 ,

f1(q) =

 z
0
−x

 , g(q) =

 −√
ηµxz

−√
ηµyz√

ηµ(1− z2)

 .

(6)

Thanks to Theorem 1 and Proposition 3, the support of
the random variable qt can be investigated by computing the
reachable set of the deterministic equation

q̇(t) = f0(q(t)) + f1(q(t))u(t) + g(q(t))v(t). (7)

To do so, we apply classical arguments from geometric
control theory. Focusing on the controlled fields f1 and
g, by easy computations and by applying Rashevski-Chow
Theorem [1, Theorem 5.9] to each invariant submanifold, we
obtain the following result.

Proposition 5: Outside the circle

C = {q ∈ B | y = 0 and x2 + z2 = 1}

the Lie algebra generated by f1, g has dimension constantly
equal to two. It is of dimension one when restricted to C.

In particular, the unit ball B can be decomposed into
the following manifolds, corresponding to the orbits of the
family of vector fields {f1, g}:

• the circle C,
• the sets

Hα = {q ∈ B | y = α
√
1− x2 − z2, x2 + z2 < 1},

for α ∈ [−1, 1].

For perfect measurements (corresponding to η = 1), the
system is controllable, as the following proposition shows.

Proposition 6: Let η = 1 and assume that (u, v) take their
values in a set U containing an open neighborhood of the
segment {0}×[−√

µ,
√
µ]. Then the control-affine system (7)

with (u, v) taking values in U is controllable in the interior
of B and leaves the unit sphere invariant.

Sketch of the proof. Setting w = v +
√
µz, the system

takes the form

q̇ = f̃0(q) + f1(q)u+ g(q)w, (u,w) ∈ V (q) (8)

where, by assumption, V (q) contains an open neighborhood
O of 0 independent of q ∈ B and f̃0(q) = (−ωy, ωx, 0)⊤.

It is easy to show that the vector fields f̃0, f1, g are linearly
independent if and only if (|q|2−1)xz ̸= 0. In particular, the
vector fields f̃0, f1, g are tangent to the unit sphere, which
implies that the latter is an invariant set for the dynamics of
(8).

In order to show the controllability of (8) in the interior
of B, we apply standard controllability arguments. We first
note that f̃0 is a recurrent vector field [8, Definition 3, page
113] since its trajectories are periodic. Let us now consider
a point q = (x, y, z) in the interior of B such that xz = 0.
It is easy to see that there exists an admissible trajectory of
(8) starting from q and leaving the set L = {(x, y, z) ∈ B |
xz = 0}. Since the Lie algebra generated by f̃0, f1, g has
dimension three outside L and since, by the analiticity of
the vector fields, the Lie algebra has constant dimension on
each orbit [8, Theorem 6, page 48], it must have dimension
three on L, hence on the whole interior of B. By applying [8,
Theorem 5, page 114] we deduce that the control system (8)
with (u, v) ∈ U is controllable in the interior of B. ■

We now focus on the case of an imperfect measurement,
i.e., we assume that η < 1. In this case, the system is not
controllable in the whole ball, as the following result shows.

Theorem 7: Assume that η < 1 and that (u, v) can take
any value in R2. Then the system (7) is controllable in the
set

A = {q ∈ B | x2 + y2

ᾱ2
+ z2 < 1},

where

ᾱ =
−µ(1− η) +

√
µ2(1− η)2 + 4ω2

2ω
.
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Moreover, the reachable set of (7) starting from a point
outside A strictly contains A.

In order to prove the theorem, we take advantage of the
following lemma, which is a consequence of Proposition 5
and the fact that, as we do not impose any bound on the
controls, the orbit of the vector fields f1, g through a point
q belongs to the closure of the reachable set of (7) from q.

Lemma 8: Let α ∈ [−1, 1] and consider q ∈ Hα. Then
Hα belongs to the closure of the reachable set of (7) from
q.

Proof of Theorem 7: It follows from Lemma 8 that,
whenever there exists a trajectory of (7) from a point of
Hα1

to a point of Hα2
for some α1, α2 ∈ [−1, 1], then, for

every q0 ∈ Hα1
the closure of the reachable set from q0

contains the union of all Hα with α comprised between α1

and α2. Since
A = ∪α∈(−ᾱ,ᾱ)Hα,

in order to prove that the closure of the reachable set from
q0 ∈ A coincides with the closure of A, it is then enough to
show that

• for every α ∈ (−ᾱ, ᾱ) and every α′ in a small enough
neighborhood of α there exists a trajectory of (7) from
a point of Hα to Hα′ ,

• if |α| > ᾱ then there is no trajectory from H±ᾱ to Hα.
Let us define on B \ C the function

β(q) =
y2

1− x2 − z2
.

The level sets {q ∈ B \ C | β(q) = α2} coincide with the
union Hα ∪ H−α for every α ∈ [−1, 1]. In particular f1, g
are tangent to such level sets.

It is easy to check that ∇β(q)⊤f0(q) < 0 if q = (x, y, z) ∈
B \ C is such that xy < 0. Furthermore, one can show
by direct computations that ∇β(qα)⊤f0(qα) > 0 whenever
0 < |α| < ᾱ, where qα = ( sign(α)√

2
, α√

2
, 0)⊤. Hence in this

case Hα′ can be reached from Hα for every α′ in a small
enough neighborhood of α. Similarly, it can be easily shown
that Hε can be reached from H0 if |ε| is small enough.
Finally, by direct maximization over Hα, one obtains that
∇β(q)⊤f0(q) ≤ 0 for every q ∈ Hα whenever |α| ≥ ᾱ.
This shows that the closure of the reachable set from a point
q coincides with the closure of A if q ∈ A, or contains it
if q /∈ A. The theorem then follows from Krener’s Theorem
(see, e.g., [1, Theorem 8.1]) and the fact that A is an open
subset of B invariant for the dynamics. ■

Concerning the stochastic system (5), we deduce the
following.

Corollary 9: If η < 1, then for every open subset O of A
and every T > 0 there exists t > T and a piecewise-constant
control function u(·) such that the solution of (5) visits O
at time t with nonzero probability. For η = 1 the conclusion
holds true for every open subset of B.

A simulation of 50 trajectories of (5) is depicted in
Figure 1. The simulation appears to be consistent with the
conclusions of Corollary 9.

Fig. 1. Simulation of 50 solutions of (5) using randomly chosen piecewise
controls u(·) and starting from the origin (completely mixed state). The
parameters of the systems have been chosen as ω = µ = 1 and η = 0.6,
and the trajectories are depicted at times 0.1k for k = 1, . . . , 50. The
orange ellipsoid corresponds to A.

Remark 10: In the case ω = u = 0 it has been shown
in [15] that the dynamics of (5) is almost surely confined
on a time-dependent one-dimensional manifold of the form
{q ∈ B | (x, y) = ζ0(1 − z2)e−γ0t(cos θ0, sin θ0), z ∈
(−1, 1)} for some angle θ0 and positive ζ0, γ0 (θ0, ζ0 are
determined by the initial data). In contrast, for the general
controlled system (5), Theorem 7 asserts that any open subset
of the three-dimensional set A can be reached with nonzero
probability by appropriately choosing the control u(·).

Remark 11: Let us modify the model above by consid-
ering an additional controlled field, that is, we replace the
Hamiltonian H0 + uH1 by H0 + u1H1 + u2H2, where
H2 = 1

2σx. In Stratonovich form, the system writes as

dqt = (f0(qt) + u1f1(qt) + u2f2(qt))dt+ g(qt) ◦ dWt,

where f0, f1 and g are as in (6) and f2 = (0,−z, y)⊤.
The vector fields f1, f2 and g are linearly independent
everywhere, except on the unit sphere and on the plane
defined by z = 0. It follows that the vector field f2 is
transversal to each Hα at almost every point and for every
α ∈ (−1, 1). By proceeding similarly as in the proof of
Theorem 7 one then deduces that the system is controllable
in the interior of the Bloch ball B.

B. Second case study: fluorescence measurement

In this section, we consider system (1) with monitored
decoherence channel M =

√
µσ− = 1

2

√
µ(σx − iσy),

corresponding to fluorescence measurements, and controlled
Hamiltonian H = ωσz/2 + uσy/2, with ω > 0 (the case
ω < 0 can be treated similarly). In Bloch coordinates, the
system is described by the following SDE in Itô form:

dxt=
(
− ωyt−

µ

2
xt + uzt

)
dt+

√
ηµ(1 + zt − x2t )dWt

dyt =
(
ωxt −

µ

2
yt
)
dt−√

ηµytxtdWt

dzt = −
(
µ(1 + zt) + uxt

)
dt−√

ηµxt(1 + zt)dWt,
(9)
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which can be converted into the Stratonovich SDE

dqt = (f̂0(qt) + f̂1(qt)u)dt+ ĝ(qt) ◦ dWt,

with

f̂1(q) =

 z
0
−x

 , ĝ(q) =

√
ηµ(1 + z − x2)
−√

ηµxy
−√

ηµx(1 + z)

 ,

f̂0(q)=

−ωy + µ
2x(η(z + 1)− 1)

ωx+ µ
2 y(η(z + 1)− 1)

−µ(1 + z) + µ
2 η(1 + z)2

+
√
ηµxĝ(q).

The corresponding deterministic control system is given
by

q̇(t) = f̂0(q(t)) + f̂1(q(t))u(t) + ĝ(q(t))v(t). (10)

Firstly, we notice that the conclusion of Proposition 5 is
still valid for the distribution generated by f̂1, ĝ. In particular,
B is stratified by the manifolds C and Hα, α ∈ [−1, 1],
and each stratum is an orbit of the family of vector fields
{f̂1, ĝ}. Then, the controllability properties of the system
can be deduced by studying the effect of the drift f̂0 on the
manifolds Hα.

Theorem 12: The system (10) with control functions
(u, v) taking values in R2 is controllable in the interior of
B.

Proof: The proof follows the same ideas of the proof
of Theorem 7.

First, by direct computation, it is easy to see that
∇β(qα)⊤f̂0(qα) < 0 whenever xy < 0. On the other hand,
for δ ∈ (0, 1) the curve γδ(t) = (t, tδ,−

√
1− 2t2) belongs

to Hδ if t > 0 and to H−δ if t < 0, and it is easy to check
that

lim
t→0

∇β(γδ(t))⊤f̂0(γδ(t)) = 2ωδ(1− δ2) > 0.

We then deduce the existence of qα ∈ Hα such that
∇β(qα)⊤f̂0(qα) > 0 whenever 0 < |α| < 1. This proves
that, for any such α, Hα′ can be reached from Hα, provided
that α′ is sufficiently close to α. Moreover, as above, it can
be shown that Hε can be reached from H0 if |ε| is small
enough.

Then, the closure of the reachable set from any point q
in the interior of B coincides with B itself. By Krener’s
theorem, and due to the fact that the interior of B is invariant
for the dynamics, we get the thesis.
Concerning the stochastic system (9), we deduce the follow-
ing.

Corollary 13: For every open subset O of B and every
T > 0 there exists t > T and a piecewise-constant control
function u(·) such that the solution of (9) visits O at time t
with nonzero probability.

IV. FURTHER PERSPECTIVES

In this paper we present some preliminary results con-
cerning the characterization of the support of the solutions
of SDEs describing the evolution of quantum systems un-
dergoing continuous-time measurement and in presence of a
controlled Hamiltonian. In particular, for a model of qubit

subject to fluorescence measurements, we show a control-
lability property corresponding to the fact that the support
covers the whole space of density matrices.

A possible further direction concerns the algebraic char-
acterization (at least for two-level systems) of the quantum
channels and the controlled Hamiltonians for which the
above mentioned controllability property is satisfied. This
leads also to consider multiple dissipation channels, such as
in the heterodyne measurement.

Another natural development of the results presented here
concerns the design of a feedback control ensuring that
the solution of (1) converges almost surely to some target
invariant (for some choice of the control parameter) subset
of the reachable set.
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