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Notch filter design with stability guarantees for mechanical resonance
suppression in SISO LTI two-mass drive systems

Giulia Sonzogni, Mirko Mazzoleni, Marco Polver, Antonio Ferramosca and Fabio Previdi

Abstract— Although the suppression of mechanical reso-
nances for drive and positioning systems is a well-understood
problem in the literature, its importance is still actual as techno-
logical developments push towards an increase in performance
requirements. In this paper, the design of a notch filter is
investigated with the aim of suppressing a single resonant
frequency in SISO LTI two-mass drive systems. In the cases
where the notch filter is located inside an existing control loop,
as assumed in this work, it must not compromise the closed-
loop stability of the system, while assuring desired control
bandwidth and stability margins. Given a fixed known resonant
frequency to suppress, an automatic algorithm is proposed to
tune the notch filter parameters to guarantee specified control
requirements and stability of the closed-loop system, so as to
avoid, whenever possible, the reconfiguration of a preexisting
controller.

I. INTRODUCTION

Industry requirements demand fast accelerations and posi-
tioning accuracy of motion systems, and standard control tun-
ing guidelines exist when the mechanical design is such that
the system to be controlled is stiff and highly reproducible
[1]. However, fast accelerations are facilitated by lightweight
mechanical structures, that are often flexible [2]. On the other
hand, the growing control performance requirements ask for
the increase of the control bandwidth, with consequent shift
of the flexible dynamics in the crossover control region
[3]. The presence of flexible dynamics generally limits the
achievable feedback control bandwidth, as unwanted oscilla-
tions and even instability may occur [4].

The management of flexible dynamics with both motor
and load-side speed measurements is a well-known problem
in motion control [3], [5], [6]. Additionally, motion control
of two-mass systems is widely performed with PI/PID con-
trollers [7], [8]. In this setting, one of the most common so-
lutions to deal with a flexible mode in the control bandwidth
(without decreasing the PI/PID controller gain or redesigning
the system mechanics, as done in [9] and [10]) is the use
of a notch filter centered at that single resonant frequency,
with attenuation gain and filter bandwidth to be designed
[1, Chapter 4]. The notch filter can be inserted both as a
feedforward action, by filtering the reference signal, or inside
the control loop if a positive phase contribution is needed.
Notably, this latter design is the only viable solution when
the reference signal is zero, as for stabilized servo-systems
that must withstand external disturbances to keep their fixed
constant position. Nonetheless, the insertion of a filter in an
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already-designed control loop should cause as few alterations
as possible to the existing controller, so as not to compromise
the control performance and closed-loop system stability.

Several approaches have been proposed to design a notch
filter, also by adaptively estimating the resonance frequency
to suppress [7], [11], [12], [13]. However, these approaches
focused mainly on improving the goodness and computa-
tional complexity of the estimate of the resonant frequency,
without directly assessing the stability of the closed-loop
system after the insertion of the notch filter inside the control
loop.

In this paper, an automatic algorithm is proposed to
design a notch filter inside the speed control-loop for motion
control systems, that guarantees under stated assumptions
the asymptotic stability of the resulting closed loop, with
the fewest possible alterations on control performance. It is
considered a two-mass SISO LTI drive system with elastic
transmission, with known transfer function and resonance
frequency, controlled in velocity by a PI regulator with load-
side speed measurement. The proposed algorithm needs only
the parameters of the servo system and the PI controller
coefficients in order to tune the notch filter, along with
understandable configuration requirements specified by the
user. The approach allows faster development of the motion
control software without compromising a preexisting stabi-
lizing controller.

II. PROBLEM STATEMENT

A. Two-mass drive system description

n

Tm(t) = gm(t) a(t)
K- I(t) [ woror Tim (t) 02" Tu(t) LOAD 7i(t)
Jm: Dm I Jl7 Dl
Del
Fig. 1. Two-masses drive system with elastic coupling.

Consider the two-mass drive system with elastic coupling
depicted in Fig. 1. Motor-side quantities are denoted by
motor position g, (t), torque 7,,(t), inertia J,, and co-
efficient of viscous friction D,,. Load-side quantities are
denoted by load position ¢;(t), torque 7;(¢), inertia J; and
coefficient of viscous friction D;. The elastic coupling is
modelled by a torsional spring with constant K.; and a
damper with damping coefficient D;. The transmission ratio
is defined as n = 7()/7,,, (+), where 7 (t) is the transmission
output (load-side) torque and 74, (t) is the transmission input
(motor-side) torque generated by the motor. The system in
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Fig. 1 can thus be described by

Tm(t) = Ky - 1(2) (la)
dem(t) + Dmdm(t) = Tm(t) - Tlm(t) (1b)
JiGi(t) + Digu(t) = mu(t) — mu(t) (Ic)

Tim (t) = Kei(qm (t) — nqi(t)) + Dei(Gm (t) — ngi(t)) (1d)

where K is the motor torque constant and I(¢) is the motor
torque-generating current. Let ; = D,, = D; = 0. The
transfer function G,;(s) from motor current I(t) to load
speed (referred to the motor shaft) n - ¢;(¢) reads as

£
~ 14+2-—=s
Q(s)  uls) _p w
Guls) = =n = = O
I(s) I(s) i 1+ 25—175 + ‘%
wp wp

where 1(s), Q2 (s),$(s) are the Laplace transformed motor
current, motor rotation speed and load rotation speed, Ql(s)
is the load rotation speed referred to the motor shaft, w., w,
are the zeros/poles resonance frequencies and &, &, are the
zeros/poles damping coefficients.

It is considered a speed closed-loop system for G, (s) in
(2) with load-side velocity measurement ¢;(¢), as shown in
Fig. 2. The controller R(s) is assumed to be a Proportional-
Integral (PI) one, with proportional gain K, > 0 and integral
gain K; > 0. The speed loop transfer function L(s) reads as

K\ i 1+ 2(%3
L(s) = R(s)Gy(s) = <Kp + Z) —— (3
s ) s &p s
1 + 2—s + 35
wp wy
Ly(s)

Fig. 2. Loop transfer function L(s) with PI controller R(s) for the system
Gyi(s) in (2) with load-side speed measurement. When a notch filter N (s)
is inserted in the loop, the loop function becomes L (s).

The transfer function in (3) might present a resonance
peak at w,, with magnitude greater than Ogg, which can cause
unwanted vibrations in the load speed output ¢;(¢) as in Fig.
3. Notice how in these cases the magnitude of L(s) intersects
the Oqp axis more than once (specifically, 3 times).

Two common definitions are now stated for later use. [14]

Definition 1 (Gain crossover frequency): The gain
crossover frequency w. of an open-loop transfer function
L(s) is the lowest frequency at which the magnitude of
L(s) intersects the Ogp axis, that is

we: |L(jwe)|as = Odp- 4)

Definition 2 (Phase margin): The phase margin o, is the
number of degrees by which the phase angle of L(s) is
smaller than —180° at the gain crossover frequency, that is

Pm = 180° — |90c|> Pe = z L(j“c)- (5)

Open loop L(s) magnitude at varying w,
T

o
S

o
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5

.
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I
10! 10*
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Fig. 3. Bode diagram of L(s) at varying resonance frequency wp, w. =
80.27 [rad/s], &, = 0.1, £, = 0.058, K, = 0.2342,K; = 2.9269.

B. Notch filter description

A classical solution to suppress the resonance peak at
frequency wy, in (3) is to use a notch filter N (s)
2
s
1+ QQS + 3
Wn, w2
N(s)= ——F—3, (6)
s

where the notched frequency w,, and the zeros/poles damp-
ings 0 < & < 1,0 < & < 1 are design parameters. A
standard tuning is

fl = fpa @)

with §, < & so to substitute the resonant poles with damped
ones. With this rationale, the design freedom is left only to
the parameter &;. Applying (6)-(7) to (3) leads to a new loop
function Ly (s) = L(s)N(s), see Fig. 2:

Wn = Wp,

14225
K;
Ly(s)= (K, + 1)@ ()
s s & 52
1+2f8+72
wp w2

The gain crossover frequency of (8) follows from Definition
1 as

weN:  |Ln(jwe,n)las = Odp, &)

and the phase margin @y follows from Definition 2 as

on = 180° — |pe N|, @en =4 Ln(jwen).  (10)

The aim of this paper is to automatically design the
parameter &> of a notch filter N(s) in (6) with initial
configuration as in (7) to suppress the resonant peak of
L(s) in (3), so that the resulting loop function Ly (s) in
(8) maintains a phase margin ¢y > ¢, with ¢ chosen
by the designer, and approximately the same bandwidth of
L(s), that is w. v =~ w.. Under the validity of the Bode’s
stability criterion, a positive gain of Lx(s) and a positive
phase margin ¢y in (10) ensure the asymptotic stability
of the feedback system Fy(s) = Ln(s)/(1 + Ly(s)).
The proposed approach assumes the knowledge of (3) and
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explicitly avoids any computation on (8) to allow a fast
algorithm with simple implementation.

III. AUTOMATIC NOTCH FILTER DESIGN

This section first analyses the frequency response of the
the notch filter (6) - (7), highlighting a tradeoff between
notch magnitude and bandwidth when setting &». Based on
this, an automatic design strategy for &, is proposed.

Let N(s) be a notch filter as in (6) - (7), with & < &.
The gain of N(s) at frequency wy, is inversely proportional

to &
2 IN (jwn)|as = 201ogyq % (11)

Conversely, the notch filter stop-bandwidth! is directly pro-
portional to &, as empirically shown in Fig. 4. The effect

Notch filter magnitude at varying &

6 =04 —& =038
£ =09

Magnitude [dB]

—&=05

107! 10° 10!

Frequency [rad/s]

Fig. 4. Notch filter Bode diagrams at varying &2, with {1 = 0.1 and
wn, = lrad/s. The arrow denotes increasing values of &2.

of & on the notch magnitude and stop-bandwidth highlights
a tradeoff in the choice of &: a high & value leads to a
high notch attenuation at w,,, with corresponding increase of
the notch stop-bandwidth. Thus, increasing £ may decrease
we,n in (9). This aspect is considered next in the proposed
automatic design of &s.

The design strategy relies on the following assumptions:

A1) The magnitude of L(s) in (3) intersects Ogg more than
once, as shown in Fig. 3;

A2) The resonance frequency w, is such that w, > w,;

A3) The notch filter N(s) is defined as in (6) - (7) with
&1 < &

Assumption A1) is common in drive systems and it is the
starting point of this work. To verify this assumption, (4) can
be efficiently solved for w. as shown in the appendix. The
gain crossover frequency (4) of (3) is the solution with the
lowest positive value. Assumption A2) derives from common
mechatronics control design.

For the proposed tuning strategy, the control designer has
to set the following design parameters, which in turn define
two constraints on the notch filter design:

C1) The minimum (negative) value of notch filter gain
Mgg < 0 at the gain crossover frequency w. in (4),

Defined as the frequency range that lies under the —3dB axis.

so that

IN(jwe)|as > Mag. (12)

The constraint (12) imposes also a limit on the band-
width of N(s), so not to interfere with the magnitude
of Ly(s) in the neighbourhoods of w,., to enforce
We, N =~ We.

C2) The minimum phase margin @ > 0 of Ly(s) in (10),
so that

on > ¢ >0. 13)

Under the validity of the Bode’s stability criterion,
this guarantees that Fy(s) = Ly(s)/(1 + Ly (s)) is
asymptotically stable.

A. Design of & for constraint Cl)

From Assumption A3), the notch magnitude is negative,
see Fig.4. The insertion of the notch in the loop will reduce
the magnitude of L(s) with the possibility to modify the
bandwidth of Ly (s), with the consequence that w. ny < we.

Proposition 1: Under A1)-A3), given Mgg < 0, the con-
straint (12) holds for every value of &5 so that

0<&<é (14)
where
s (W —w?)? +48fwiw? — 10M/10 . (w2 — w2)®
&= 4w2w? - 10Mas /10
15)
Proof: The proof is in the appendix. [ ]

B. Design & for constraint C2)

To satisfy the constraint in (13), the notch filter has to be
designed so that

180° — [£ZL(jwe,n) + LN (jwe,N)| > @ > 0. (16)

Under A2)-A3), it is true that /N (jw.) < 0°. Thus,
since weny < we, it follows that ZN (jw, n) < 0°. So,
the application of N(s) in (6) to L(s) in (3) will lead to
N < ©m, see also Fig. 4. Considering (3), it is true that

ZL(jw) < 0°, Vw. 17
Thus,
[ZL(jweN) + LN (jwe,n)| = [£L(jwe,n)| + [£N (jwe.n )],
and (16) reads as
—|£N(jwe,n)| Z @ — 180° + [£L(jwe,n)]
ZN (jwe,n) > —(180° = [ZL(jwe,n)| — 7)),

where (18b) follows from the fact that ZN (jw. n) < 0°.
Define 6 := (180° — [ZL(jw.)| — ). Then, the following
proposition holds.

Proposition 2: Under A1)-A3) and assuming further that

(an “We, N (wfb — wiN) + tan (—9) 4§1wf7waL> >0,

(18a)
(18b)

given a ¢ > 0, the constraint (13) holds for every value
of & when

0<&<E, 19)
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where

£ 2w e (R —wly) = tan (26) - (]~ wix)’
2w, We,N (w% — SN) + tan (—0) 451“’3,1\1 w2
(20)
Proof: The proof is in the appendix. [ ]
Thus, &5 should be chosen such that
0 < & < min (5,5,1). 1)

C. Design of the notch filter attenuation gain
The choice of & highlights a tradeoff between:

1) the constraint (21) (lower &5);
2) the gain of the notch filter at w,, (higher &3), so that

|Ln(jwp)la < 0, (22)

in order to damp the resonance at w, (that is the
primary application of the notch filter in this work).

The condition (22) guarantees that the magnitude of Ly (s)
intersects Ogp axis only once and so the existence of one
unique gain crossover frequency w. n. The satisfaction of
(22) and stable poles® in Ly (s) allows the application of
the Bode’s stability theorem. A positive phase margin ¢y,
ensured by (13), and a positive gain® of Ly (s) _guarantee
the stability of Fiy(s). Considering £ < 1 and ¢ < 1, an
automatic rule to set &> is thus

& = min (&,€). (23)

The limits_in (15) and (20) depend heavily from the
parameters Mg and ¢ in (12)-(13) chosen by the designer.
In particular, if ¢ > ¢,,, it is not possible to choose a value
for & that respects (15), (20) and (22). As a result of this,

it is recommended to choose a minimum phase margin @
considering ¢,,, for instance by setting

p=a-p, O0<a<l. 24)

A summary is presented in Algorithm 1.
IV. SIMULATIONS AND RESULT

In order to verify the effectiveness of the proposed method
for tuning the parameter £» of (6), a simulated system as in
(3) is considered, where: J; = 6.7 [Kg m?], J,,, = 4.77-107°
[Kg m?], n = 266, K; = 0.0304 [Nm/A], w, = 80.27
[rad/s], w, = 138.23 [rad/s], £, = 0.0581, &, = 0.1, K, =
0.2342, K; = 2.9269. Since it is assumed that w. n in (9) is
not known as its computation is cumbersome, the practical
computation of (20) can be performed by using w, in (4) in
place of w. n. This substitution is motivated by (12).

Fig. 5 shows a case where Mg = —1gg and o =
80%, so the minimum phase margin is set to @ ~ 62°.
After the application of N(s), tuned with Algorithm 1, the
phase margin of Ly(s) results ¢ ~ 63°. In this case
the constraint C2) is more restrictive than the constraint
C1), in fact £ = 0.3393 and & = 0.4320. The algorithm

2For 0 < &2 < 1 the poles of Ly (s) are stable.
3The gain of L (s) is uK; > 0 by the physical properties of the system
(2) and by the positive controller gains K, in R(s).

Algorithm 1 Automatic tuning &>

Input: o, Mg, L(s), wn, &1
1: x = solutions of (4)
2: if (the number of solutions z in greater than one) then
31 we=min(x) s.t. z >0

4 @=oa|ZL(jw:)| as in (24)

50 0=180° — |ZL(jwe)| — ¢

6:  Compute £ as in (15)

7: Compute & as in (20)

8: & =min(¢,€) as in (23)

9: if (fz > 0 and 52 < 1 and \LN(jwp)|dB < 0) then
10: A value &2 that satisfies (21)-(22) has been found.
11: else
12: No value &> that satisfies (21)-(22) has been found. The

constraint C1) or C2) is too restrictive.
13: end if
14: end if

Output: tuned &

sets & = min (E,é) = 0.3393 according to (23) so the
inequality in (13) becomes an equation and it’s correct to
obtain pN ~ @.

5
S

Magnitude [dB]
s 8

Frequency [rad/s

o |
Yot 102 10°
Frequency [rad/s]

Fig. 5. Open loop functions L(s) and Ly (s). Bode diagrams at w, =
138.23 [rad/s]

The same servomechanism has been tested with different
values of o and fixed Myg = — 14 with the aim of analysing
how the &> parameter, the gain crossover frequency w, n and
the phase margin ¢ vary. The results are shown in Tab. I.
As « decreases, constraint C1) becomes less restrictive and
the tuned &5 increases, until constraint C2) intervenes. In
fact, for a = 70% and o = 60%, the &, value is the same,

since it is limited by the value of Myg = —145.
« 85% 80% 75% 70% 60%
wp [rad/s] 138.23 | 138.23 | 138.23 138.23 138.23
we [rad/s] 65.9 65.9 65.9 65.9 65.9
@ [°] ~ 66 ~ 62 ~ 58 ~ b4 ~ 46.5
[ 0.2759 | 0.3393 | 0.4064 | 0.4320 | 0.4320
we, N [rad/s] 61 59.3 57.6 56.9 56.9
o [°] ~67 | ~63 | ~60 | ~59 ~ 59
TABLE I

RESULTS WITH DIFFERENT « VALUES.

The algorithm has been tested also with fixed o = 0.8
and different values of Mgg; the results are shown in Tab.
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Mgg -1 0.8 0.6 03
wp [rad/s] 13823 | 13823 | 138.23 | 13823
we [rad/s] 65.9 65.9 65.9 65.9
% [°] ~62 | ~62 | ~62 | ~62
& 0.3393 | 0.3393 | 0.3333 | 0.2425
we N [rad/s] | 593 593 59.5 61.9
en [°] ~ 63 ~ 63 ~ 64 ~ 68
TABLE 11

RESULTS WITH DIFFERENT MDB VALUES.

II. As Myg decreases, the &> value decreases and also the
difference between the gain crossover frequency w. and
the gain crossover frequency w. n decreases. The & value
obtained by the algorithm when Mg = —14g and Mgg =
—0.845 is the same as in these cases the constraint C2) is
more restrictive than the constraint C1).

A low value of Mg is necessary to keep w. ~ w, n and a
high value of « is advisable to obtain a high ¢ . However,
choosing a too-low value of Myg and a too-high value of «
is not recommended because this would lead to obtain a low
& value. When |&2| < 0.3 the magnitude of Ly (s) presents
a peak at the poles’ frequency. In these cases it is important
that the peak is still less than Ogp, as explained in section
I-C.

The adaptability of the proposed algorithm has been tested
by varying the w,, value of the servomechanism and using
as hyperparameters: Mg = —145 and o = 80%. As shown
in Tab. III, the effect produced by the resonance varies
according to the poles resonant frequency.

Wy, [rad/s] 13823 157 1883 219.9
&5 0.3393 | 0.4249 | 0.5377 | 0.6397
% [°] ~624 | =62 | ~62.7 | =629
we [rad/s] 65.9 59.9 56.4 54.8
we, N [rad/s] 59.3 55.6 532 52
en [°] ~ 63 ~ 63 ~ 63 ~ 63
TABLE III

RESULTS WITH DIFFERENT wjp VALUES.

In all simulations, it is possible to check that o ~ @. In
addition, since the conditions of the Bode’s stability criterion
are respected, a positive gain of Ly(s) and a positive
phase margin ¢ guarantee the asympotic stability of the
resulting closed-loop system F'y(s). The results obtained by
the simulation demonstrate the capability to suppress the
resonance at different frequencies, keeping a high control
performance and guaranteeing a stable closed-loop system.

V. CONCLUSION

This paper presented an automatic method to tune a
notch filter for suppressing the main resonance in two-drive
mass systems, so as not to affect the system performance
and guarantee the control loop stability after the notch
application. The proposed approach is simple, allows a
fast computation and needs only the configuration of two
parameters. Furthermore, the effectiveness of the algorithm
is shown in simulations under varying system configurations.

VI. APPENDIX
A. Solving (4) in closed form

Consider L(s) in (3). The magnitude of L(s) at a fre-
quency w reads as

‘ . K’p 1426227
|L(jw)|as =20log; K2+ Tﬂ a - .
w2 4£202
\/(1_w2> o

Solving (4) for a generic w leads to the expression

4530)2
K2 Tw?

w2 2 2,,2
B wz)
2827 2\7 agza
\/Kguﬂ—l—K?u\/l—&—ziQ—wz ( —zg) 4 53
oy (-5
1 2 42 442 2K2
() (G- (”f -1)ats
w
P Wp

K22y 4pPE2K;
pH w2

z

:]_’

4£2w2

>w2+mea

Employing the substitution ¢+ = w?, the associated quartic
equation is achieved

1 ) 4 2 4 2 §K2
<—4>t4 + (2 - %)ﬁ + (“ip - 1>t2+
wp on wp wy
252
+<K§,ﬂ )t + K} =0.
O‘)Z
(25)

The solutions of (4) are the positive roots of (25), thatis w; =
Vi, we = V2, ws = V/T3,ws = /T4, Where ty,ty,t3,t4 are
positive and real.

B. Proof of proposition 1

The magnitude of the notch filter frequency response at
frequency w,. reads as

V@2 - w2)? +actute?

IN(jwe)| = - (26)
V@2 - w2)? +4cdude?
so that constraint (12) can be rewritten as
V@2 —02)? +4ckle?
N (jwe)| = 10, @)
V(@2 — w2)? + 463022
2, 2\2 2,2, 2 M 2, 2\2 2,2, 2
— +4 —10720" — + 4
\/(wn wc) flwnw \/(wn wc) £2wnwc 2 0.
V002 —w2) + 4650202
(28)

The denominator of (28) is always greater than zero. Thus,
it is necessary to study the sign of the numerator of (28) to
assess when (28) holds true.

Viwz w2’ +agotez— 10% (w2 w2’ +1gwi? 20
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V(@2 w2 4 agkuze? > 105 /(w2 —w?) + 483w

(W2 —w?)? +4€2020? > 107 ((w2—w2) +452 22)

C n C
(W2 —w?)? 4462 w202 > 105" (w2 —w?)? o (46202 w?)

(w2 - w?)” + 46wde? — 107" <wg_w3)2 09
4w2w2~10%

It is possible to notice that

&<

105 <1,
due to the fact that My < 0. It follows that
M,
<w2 —w ) MdB

— 10710
and thus the numerator of (29) is not negative.
Thus, an upper bound can be computed for &5 as

( 2—w) >0,

- (w2 —w?)? + 4622w — 1079 - (w2 — w?)?

52 = M,
2,,2 =
dwZw? - 10710

(30)

C. Proof of Proposition 2
The frequency response of the notch filter in (6) at the
frequency w, is
Jwe.N)? 4 261wn - jwe, N + w2
Jwe,N )% + 282wp - jwe,N + WE
B (wn ) + 261wy - Jwe,N . (w%fwi]\,) — 26w - Jwe, N
)

(wnpr ~N) 1T 28wn - jwe,n (W%*WE,N) — 2&own - Jwe, N

N(jwe,n) = E

The real and imaginary parts follow as

(w2 —w2y)” + 46602 yw i

Real [N (jwe,n)] = (31)
(W% - WZ,N) +48w? yw
28wy, - we, N (W2 — wf
Img [N (e )] = i et (4 N> +
(w% - WE,N) + 452% NWh -
_2£2wn'ch( z_sz) ( )
(W% - W?,N) +485w? yw
Since Real [N (jw,,n)] > 0 then
, _1 (Img [N (jwe,n)]
LN =t [ TS A VSR 33
(jwe,v) = tan (Real [N (jwen)] (33)
The condition (18b) than reads as
—1 (Img [N (jwe,n)] ) i
tan™! [ = MO ) > g
(Real [N (jwe,N)]
Img [N (jwe,n)] i
—o 702 > tan (—0),
Real [N (jwe,n)] ( )
(34)
261wn - we,n (Wi — Wl ) — 260wn - we,N (W — W i)
2
(%21 - WE,N) + 4616w w2
— tan (—0_) >0,

28 1wn - We, N (w,% — W?,N) — 28wy, - We, N (wfl — WE,N)
(w2 — w?)® + 4616w yw?
— 2 —
L= tan (—6) (w2 — wiN)2 — tan (—0) 45152‘*’2,1\/%% -
(w% - wf,N> + 46 Low? yw?

+

(35)
Since & > 0 and &; > 0 by filter definition and w,, = w, >
We & we N, the denominator of (35) is always greater than
zero. The numerator of (35) is > 0 when
)4§1w w2 <

Cy

&2~ <2wn cwen (Wi — w2 ) + tan (—

< 26wy - we, N (Wi — w? ) — tan (=0) - (wp — WS,N)2°
By assuming that
(2wn “We, N (wfl — wiN) + tan (—é) 4§1wgﬂNw,21> >0,

it’s possible set an upper bound for &5 as
2100, - e (5 — ) = tam (=) - (w3 — )’
2wy, + We, N (w - w? N) + tan (—6) 4§1W3,NW%
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