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Abstract— We consider a periodic double auction (PDA)
setting where buyers of the auction have multiple (but finite)
opportunities to procure multiple but fixed units of a commod-
ity. The goal of each buyer participating in such auctions is to
reduce their cost of procurement by planning their purchase
across multiple rounds of the PDA. Formulating such optimal
bidding strategies in a multi-agent periodic double auction
setting is a challenging problem as such strategies involve
planning across current and future auctions. In this work, we
consider one such setup wherein the composite supply curve is
known to all buyers. Specifically, for the complete information
setting, we model the PDA as a Markov game and derive
Markov perfect Nash equilibrium (MPNE) solution to devise
an optimal bidding strategy for the case when each buyer is
allowed to make one bid per round of the PDA. Thereafter,
the efficacy of the Nash policies obtained is demonstrated with
numerical experiments.

I. INTRODUCTION

Auctions are mechanisms that facilitate buying and selling
of goods between market participants. A double auction
consists of multiple buyers and sellers submitting their asks
and bids to a market institution in order to procure a target
unit of a commodity. A bid or ask consists of a price-
quantity pair (p,q) indicating that the participant is willing
to buy/sell g units of the commodity at a unit price p.
The market institution matches the buy bids with the sell
asks to determine the clearing price and cleared quantities
for all sellers and buyers. These type of auctions are very
prevalent in stock exchanges [1] and energy markets [2]. For
example, in energy markets, power generating companies are
the sellers while energy brokers servicing retail customers are
the buyers and a energy market regulator plays the role of the
central market institution. Since the volume of trade is very
high in such markets [3], it is prudent to design an optimal
bidding strategy on behalf of a market participant to bring in
profits and system efficiency to the ecosystem. The design
of such optimal bidding strategies become more pronounced
in a periodic double auction (PDA) setup (see Figure 1)
wherein buyers and sellers participate in a (finite) sequence
of auctions to exchange certain units of a commodity [4].
For example, an energy broker, armed with an estimated
energy requirement for a future time slot, participates in
day-ahead auctions, to procure the required energy from
power generating companies by competing with other energy
brokers. In these auctions, the broker will have more than one
opportunity to procure the estimated energy by participating
in a sequence of auctions. For the purpose of this exposition,
such an auction set up, as depicted in Figure 1, is referred to
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as a periodic double auction (PDA). Evidently, in this PDA
setup, an optimal bidding strategy involves planning across
current and future time auctions and any small improvement
in the bidding strategies of the market participants can lead
to improved profits and system efficiency. Motivated by this,
we formulate periodic double auctions as a Markov game
and derive equilibrium solutions to devise optimal bidding
strategies.
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Fig. 1: A Periodic Double Auction Setup
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Equilibrium solutions for double auctions have been stud-
ied extensively in the past. For example, the work of Satterth-
waite and Williams [5] proved the existence of non-trivial
equilibria for k-double auctions. Analytical solutions for
Nash equilibrium strategies for double auctions with average
clearing price rule (ACPR) have been derived for the one
buyer one seller single shot case for uniformly distributed
valuations [6] and scale based strategies [7], [8]. However, all
the above approaches were developed for single shot double
auctions whereas sequential decision making in a multi-agent
setting was required to study PDAs. In recent years, Markov
game framework have been in use to devise bidding strategies
in multi-shot auctions wherein approaches such as multi-
agent Q-learning [9], multi-agent deep Q networks [10], deep
deterministic policy gradients [11] are deployed. However,
much of these works do not involve deriving analytical
solutions for equilibrium strategies. As far as we know,
this work is the first attempt to find analytical solutions for
equilibrium strategies in a PDA set up and herein lies our
main contribution.

We now elaborate on certain aspects of the PDA consid-
ered in this work as the equilibrium analysis would depend
on these specifics [12]. First, we assume that the total supply
available is enough to meet the overall demand requirement
and that all the asks from the suppliers can be clubbed into a
composite supply curve and is made known to all the buyers
to make their bids. This implies that the resultant Markov
game will have only the buyers as the game participants.
Second, each PDA consists of fixed number of rounds, i.e.,



each buyer has the same fixed number of auctions to procure
their respective estimated demand. Third, buyers estimate
their respective procurement need before the start of the
first auction of the PDA and the estimate is not altered
during the course of the PDA. Fourth, the buyers do not
attempt to buy more than their outstanding requirement in
any auction. Fifth, in the case that a particular buyer is not
able to procure her targeted units of the commodity even after
exhausting all rounds of the PDA, it will be procured outside
of the auction at a higher cost. Finally, we consider uniform
payment rule (UPR), wherein, the clearing price decided
through the auction mechanism is the same for all market
participants. Specifically, we consider average clearing price
rule (ACPR) [8] where the market clearing price (MCP) is
arrived as the average of the last cleared bid and last cleared
ask.

II. MARKET CLEARING MECHANISM

We begin by introducing a few notations. For any positive
integer K, let [K] denote the set {1,---,K}. We consider a
system of N buyers participating in H rounds of a PDA
to procure multiple units of a commodity from a set of
sellers. For the purpose of this exposition, we assume that
the composite supply curve from all the sellers at round
h € [H] consisting of M"* asks is known to all the buyers and
is given by L" ={(p},q7), (p}.45)..... (P, .q}yy, )} where
P € [0, pmax] and gy € [0,gmax] are respectively the price
and quantity components of the ask (p’,q"), with m €
[M}y] and pmax,gmax are suitable upper bounds for the ask.
The total supply available, at any round 4 € [H], is given by,

Q%"= D (1)

Denote the outstanding requirement of a buyer b € [N] at
round A as Q%" > 0. Let Q" = {Q"",0%",...,0N-"} be the
vector that contains the outstanding requirement of all the N
buyers at round /. Let 8" denote the set of all bids placed
by all buyers at round &, wherein, each buyer b € [ N] places
at most one bid consisting of price-quantity pair (p?", g?")
with p?" € [0, pmax] and ¢”" € [0,Q""]. The number of
bids placed at round & is given by B" < N and the total
demand from all buyers round # is given by

D.h _ b,h
o™ = Zbe[N] q )
with " = Qb

In this work, we consider average clearing price rule
(ACPR) as the clearing mechanism. The ACPR is a special
case of k-Double auction (k € [0,1]), where k = 0.5 for
the ACPR. The MCP in k-Double auction is defined as
AP =k- p(’} +(k-1) ~pf’h, where p’:l and p;”h are the last
cleared ask and bid prices respectivel};.hln particular for
ACPR the clearing price is A" = Ly Here, the bids
with bid price greater than p;”h are fully cleared and the
bid with bid price pf’h is either fully or partially cleared.
Similarly the asks with price lesser than PZ are fully cleared
and the ask with ask price PZ is either fully or partial
cleared. The cleared quantity of the last cleared ask and bid
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depends on the total cleared quantity Q". Moreover, this
total cleared quantity in the clearing mechanism is given
as Q" = min{Zj’=l q;‘,Zf.zl qf’h}. An example of the ACPR
mechanism with a cleared price and a total cleared quantity

is shown in Figure 2.
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Fig. 2: Average Clearing Price Rule

III. THE MARKOV GAME FRAMEWORK

Having described the clearing process of a double auction,
we now model the PDA consisting of N buyers with horizon
H as a finite horizon Markov game ' [13] specified by
M =(N,S,A,C,P,H). The ingredients of M are a finite
set of players N; a state space S; for each player b € [N],
an action set A”; a transition probability P from SxA — S,
where A = XN AP is the action profile, with P(s’|s,a) as
the probability that the next state is s’ € S, given the current
state is s € S and current action profile is a € A; and a payoff
function? C from Sx A — RY, where the b-th coordinate of
C is C?, is the payoff to player b as a function of state and
action profile.

More specifically, we let the state at round % denoted by
s", to consist of {Q", £} and the action a®" € A? by player
b € [N] at round % consists of at most one bid belonging
to the bounded set [0, pmax] X [0, ¢max]- The payoff function
CP": §x A — R returns a scalar value to player b specifying
her cost of procurement (if any) for the auction at round h.
More precisely,

Cb’h(sh,ah) — {

at non terminal state s”
when h=H+1,

b
¥ x Qb-h

where a’ = (a”",a="") € A is the joint action set containing
one action for each player at round 4 with a=2" specifying
the N —1 actions of all players except b. In addition, we
have A > 0 to be the clearing price of the auction at round
h, a®" is cleared quantity for the buyer b at round /. The
entity ¥ > 0 is the unit price of procuring the commodity
outside of the H auctions and Q-H*! is the remaining units
of the commodity to be procured by buyer b after exhausting
the H rounds of the PDA. Given a state s” € S and action
profile a” € A, the next state at round A +1 is given by s"*! =
{@"+!, £}, where £"*! refers to the uncleared asks of the
supply curve from round 4 and Q"*! = {Q-/+1,... QN+l
with Qb1 = gb-h —ob-h v p e [N].

'A Markov game is sometimes known as a stochastic game
2 Although, we use the term payoff, C actually specifies the cost function.



At any round A, having seen the state s”, the players
choose their action based on a policy. A (Markov) policy for
a player b € [N] is a collection of policies 7% = {z?": § —
Ag, }hH:1 where each 7%(-|s") € A4, specifies the probabil-
ity of taking action a”* € A, at state s”*. Let 7 = (7%, 77?) be
the joint policy containing one policy for each player b € [N]
where 77" denotes the N — 1 policies of all players except
b. The value of a joint policy 7 (not necessarily Markov), at
round £, for any player b is a function V/: § — R defined
as below.

H+1
h b Wb by h _
V() =Er(p b, rb) Z c”"(s",a”" a )|s" = sl
h'=h
with a®" ~ 7P, a=P" ~ 770 and 1 is a trajectory of the

Markov game, generated by following the joint policy x.
As the Markov game pertaining to this work involves cost
minimization as the objective, the optimal policy for any
player is to find a policy that minimizes the value function.
However, in a multi-agent scenario, when other players act
rationally, finding optimal policy is equivalent to finding
(Nash) equilibrium solution which is the best response to
rational behaviour of other participating agents. Hence, in
this paper, for the PDA modelled as a Markov game, we
look for MPNE [14], [15] solutions defined as below.

Definition 3.1: Given a N player finite horizon stochastic
game specified by M=<N, S, A,C, P,H > ajoint policy 7, =
(nb,7%) is a (Markov) perfect Nash equilibrium (MPNE) if
for all b € [N], for all s € S, for all 2 € [H] and for all
Markov policy 7°: S — Ay, we have

xob (s) < xb,ab (s)

The perfectness of the Nash equlllbrlum is due to condition
that the inequality in Definition (3) holds for every round
h € [H] and for every element of the state space S. In the
sequel, we propose a MPNE solution for the PDA problem
described in Section I.

9

IV. A NASH STRATEGY FOR THE SINGLE BID CASE

Having elaborated on the Markov game framework, we
now describe a joint policy which is an MPNE for the PDA
setup considered in this work wherein each buyer is allowed
to place one bid per round of the Markov game. Note that
here, the goal is to find MPNE in the space of deterministic
policies.

Recall from Equations (1) and (2) that Q2" and Q%"
denote total demand requirement and total supply available
at round h. At each round A, let [N"] denote the set of N
players indexed by the decreasing order of their quantity
requirement3. Now, let u; be the index of the ask from
the set £ such that all of the demand requirement at
round / is met. That is, u; = argmin, (Qg’h < anzlq,’;).
At round h, denote QZ-»" = Q2 —Qb-h p e [N"] as the
demand requirement of all players except the player b. Let
vz, b € [N"] be the lowest index of the ordered set L
such that the total supply available for the first vz asks

3For this work, we assume players quantity requirements are unique
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satisfies the demand requirement of all players except b.
That is, vZ =argmin; (Q@*b’h < an:l qﬁ) V b e [N"]. Next,
let us define index zj as z, = up — (H — h). Finally, let
Y= max{l,argmaxj{vfz <zn}} as the player who bids p,,
and let ¢" as the player with the maximum requirement.
Note that " = ¢ when y" = 1.

The joint policy 7* for a player b € [N"] at round 4 € [H]
for state s" € S, can now be formulated as,

pP=0,¢""=0 if Q*"=0,vbe[N"]
ﬂf’h(s): nll”h(s) if H—h2uh—vf5
ﬂé’ ok (s) Otherwise
3)
where the policies 7r (s) and 7T (s) are defined as,
2P (s) = ph =D g>h =0 if QP >0, b=¢"
1 PP = Paxs g7 = QP it QPR >0, b # g
( ) _th’ h _ Qb,h if Qb,h > 0’ b= ¢h
s
p = Pmax» qb’h = Qb’h if Qb’h >0, b# lﬂh

Here, pmax is the maximum possible bid price and is greater
than largest possible ask price i.e pmax > pum, - The policy
in (3) suggests that the player with the highest requirement
would wait for other players to get their demand satiated
provided there are enough rounds as determined by H—h >
up —v;f. In this case, the player with highest requirement
also determines the MCP. However, if there are not enough
rounds (H —h < up — vZ’), then the player b # ¢ would bid
for the whole quantity at the highest possible price and the
player (¢) would bid a price that decides the clearing price.
In the case when there is only one buyer left in the market,
the policy in (3) recommends the player to follow the supply
curve.

Having described the joint policy, we now evaluate the
value of the policy 72" at round h, for player b € [N"]
at state s" € S. To this end, the MCP A", the total market
cleared quantity Q" and the cleared quantity /”>" for a buyer
b while adopting the policy 72" at round h € [H] for state

h is tabulated in the Lemma below.

Lemma 4.1: If at round h, the available supply is adequate
to satisfy the outstanding requirement of all players, that is,
Q7" < Q5" and if all the players follow the policy xbh
given as in Equation (3), then Table I gives the clearing price
and quantity for the players.

Proof: First note that policy x,” bk has just two price
bids with the highest bid price at ppay > p” M This implies
that there exists at least one bid that is greater than some ask
and hence the total cleared quantity Q" > 0. In the case, that
at round £, there is adequate supply to cater to the demand of
all buyers, that is, 02> < 0%, the player ¢" has maximum
requirement and the bid at price p 4. By construction, p | o is
also the point where the supply anhd demand curve intersect
and hence the MCP is p ¢ It is now easy to see that, the

total market cleared quantlty is given by,

h_ . Vi h b.h
Q _mln(ijqu’Zbe[N"]Q )



TABLE I: CLEARED PRICE AND QUANTITIES

Case:H—hzuh—vZ)

Casc:H—h<uh—vZ5

The clearing price is A, = p,o
h

The clearing price is 4y, = pz,,

The total market cleared quantity at
round h is,

The total market cleared quantity at
round h is,

recall that each bid of a player b € [N"] belong to the
bounded set [0, pmax] X [0,¢gmax] and at any round A, the
player b does not bid more than the outstanding demand
requirement Q%" the possible deviations available for a
player b at a state s and round % can be tabulated as below.

¢ Zn
\4 3
h h h b.h TABLE II: POSSIBLE DEVIATIONS
0" = min qu_z’ Z ob-h . —mm(qu, Z (@) ) 4 _ — - —
= belN] J=1 be[N] Higher Priced Deviations Lower Priced Deviations
pPh > plt gbh < gDt | pbih < pt gl < gDt
The bids placed by any player b # | The bids placed by any player b # pbl > pf’h’, q?" = qf”h pbh < pf”h, qP = qf’h
@", at round h gets fully cleared. | ", at round h gets fully cleared. - .
That is, a®* = QP Vb# ¢. | Thatis, b = Qb", Vb # y. Equal Priced Deviation
b _ bt _b.h _ bk
The bids placed the player b = ¢ | The bids placed the player b = P P -4 9+

at round h, gets cleared as,

2

be[N]\gh

b.h

oPh = (Qh _ q'

|

at round h, gets cleared as,

2

be[N]\yh

b.h

obh = (Qh _ q'

|

As the bids placed at the higher price pmax gets cleared
first and since the available supply is enough to cater to
outstanding demand requirement at round /, bids gets cleared
exactly as stated in the first column of the table in Lemma.
In similar lines, we can show for the case H—h < uy, —v;f.
|

Having described the clearing implications for a buyer b €
[N"] for following the policy 7> of Equation (3) at state
s" € S, we now compute the value of the equilibrium policy

for a buyer b € [N"] which follows from Lemma 4.1. When

H-hzup _VZ’, we have,
p,o x Qb-h, if b gh
h
h_ b,h
Vﬁf,n;”(s) = p";f X (Q ZbE[N]\¢h 4; )
H .
+Zk:h+1pv;f xQk|, if b=g¢"
4)
On the other hand, when H—h < uj, — vg, we have,
thbe’h, if bil//h
h b.h
X - .$
Vo gen() =417 (Q ZbE[N]\W‘ q; )
T, T,
H .
+Zk:h+1pzkak 5 if b:l//h.
(5)

V. EQUILIBRIUM ANALYSIS

In this section, for the PDA considered in this exposition,
we show that the policy in (3) is an MPNE in the space of
all deterministic policies. More precisely, we need to show
that, for all b € [N"], for all s € S, for all h € [H] and for
any deterministic policy 7” : S — A, we have

h h
Vﬂf’ﬂ*—b (s) < an’,,*—b(s)-

Denote the bid of buyer b € [N"] at state s and round A

as prescribed by the policy nf’h(s) as (pf’h,qf’h). Further,
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Given these deviations, we now show that, at any state
s and at any round A, a player b € [N"] deviating from the
policy ﬂf’h(s) (Equation (3)) in any of the ways listed above
(Table (II)) will not incur any less expenditure than what is
accounted for via the value functions in Equations (4) and
(5). To this end, we first provide results that will be used
later in the analysis. The first result provides an insight into
how the MCP varies across the rounds of a PDA.

Lemma 5.1: Consider a PDA with H rounds with ACPR.
In the case when the composite supply curve does not change
across the rounds of the PDA, the MCP at rounds 4 and h+1,
are related as,

A ah,

Proof: Recall once ACPR is chosen for a PDA as the
clearinig nblichanism at every round h € [H], the MCP is
Al = %, which lies in the interval [p”, p?"] where p/,
is the price of the last cleared ask and pi”h is the price of
the last cleared bid (at round /). The result now follows by
noting that the uncleared asks of round 4, from which the
asks of round 4+ 1 would be rolled out, have prices greater
than or equal to PZ- [ ]

Recall that the policy in Equation (3), suggests that N —1
players to bid at price pmax and the remaining player to bid
at a specified (lower) price. The next result states that any
deviations in the bid, by a player recommended to bid at price
Pmax> at any round % € [H], might reduce the procurement
cost.

Lemma 5.2: Let the conditions of Lemma 5.1 hold with
¥ > B puax (B>1) and let w € [N"] be a player that is
prescribed by the policy in Equation (3) to bid at a price pmax
to procure his outstanding demand requirement at round /. If
the player w deviates from the said policy to another policy

7 at round A at state s, then,

Vi o (8) SV o (s).

Proof: Among the five deviations enumerated in Equa-
tion (II), the deviations suggesting that the bid price greater
than pyax are not applicable to player w (as by design pyax iS
the maximum bid price). The other three deviations (at round
h) either suggest that the bid of player w has bid price less
than equal to pmax or bid quantity less than equal to Q"
In the case ¢ < Q" the bid placed by w will lose out



on the priority when compared to following the policy in
Equation (3). This implies that the bid quantity Q“-" could
be partially cleared at round % (as opposed to Q“-" being
cleared if policy (3) is followed). Further, by Lemma 5.1, the
remaining requirement of Q" is likely to be cleared at a
higher price in future rounds, hence the overall cost incurred
by player w is greater than or equal to the cost incurred when
policy in (3) is followed.

Now if player w deviates in bid price but with fixed
bid quantity as g = Q“-". First consider when there are
enough rounds for the player ¢" (i.e H—h > uy —v;’:) and
he/she deviates below the price pmax then the priority of the
player decreases. Here, with similar arguments made earlier
using Lemma 5.1 it can be concluded that the deviation
is expensive. Next, if the player ¢ does not have enough
rounds, then the policy m, is recommended. Here, if the
player w has requirement greater than the player bidding
at p.,, then for the bid price p“*" € [p,, pmax), the value
function is unchanged for player w. However, if the player w
bids at price p@" € [p,vsPz,), by construction the number
of remaining rounds for the player b would be less. Hence
the player has to buy non-zero quantity from balancing
market at a price W. Furthermore, if the player w has less
requirement than the player bidding at p.,, then with bid
price p“" € (p,,Pmax), the value function is unchanged
for player w. And for the bid price p*" = p,, , the value
function might increase due to lemma 5.1. Finally, for the
bid price p“” € [p,vsPz,), the condition on ¥ > B prmax
will lead to higher value function for the player w. [ ]

Lemma 5.3: Let the conditions of Lemma 5.1 with the
balancing cost ¥ > 8- pmax (8 > 1) and let w € [N"*] be
a player that is prescribed by the policy in Equation (3)
to bid at the price pys O pz, to procure its outstanding
demand requirement at round h. If the player deviates to
another policy 7 at round #4, instead of following the policy
in Equation (3), then, for any state s € S,

Vi o(s) S Vi go(s).

Proof: Here for player w, all the five deviations listed
in Equation (I) are possible. Now consider the case of policy
7y which has p ¢ as the bid price. Here, the deviations with
the bid price greater than p @ will increase the MCP, which
leads to the increased value function. Next if the bid price
is less than p 2 by construction the player ¢ is not cleared.

Similarly for b1dd1ng gP" < QP", the cleared quantity at
round £ is less than the cleared quantity of the MPNE policy.
Hence in both previous cases, by Lemma 5.1, the value
function increases.

For the policy m;, the recommended price is p.,. If the
player w bids at a price more than p,,, then similar to
earlier case the MCP at round & would be greater than or
equal to p,, resulting in possible increase in the cost of
procurement. And, if the player bids at price p,, with bid
quantity less than Q" the cleared quantity could be less
than the demand procured by following policy (3) which
would imply more demand needs to be satisfied in the

remaining rounds. Again from Lemma 5.1, this could lead
to higher cost of procurement. Finally, if the bid price is
p@he [p,v.Pz,) then by the choice of ¥ > - pmax with
suitable 8 >h 1, the value function increases. |

Theorem 5.1: Let the conditions of Lemma 5.1 hold with
the balancing cost ¥ > - pmax (8> 1). If a buyer b € [N"]
deviates to another policy 7 at round 4, instead of following
the policy in Equation (3), then, for any state s € S and & €
[H],

Vi () <VE, L (s). (6)
Proof:  From Lemmas 5.1, 5 2 and 5.3 the value
function of the policy (3) satisfies (6). |

Note that the policy in (3) is a Markov policy since it only
depends on the present state s. Moreover, the inequality (6)
holding for all 4 € H and s € S implies that the policy satisfies
sub-game perfectness.

VI. SIMULATIONS

This section considers a simple numerical setup to demon-
strate the efficacy of the Nash policies described in Section
IV. Our setup consists of three players (buyers) in the
market. The players go through a PDA simulator which
has H = 24 rounds to procure the required quantity. The
quantity requirement of the four players (PO, P1, P2) at
some round & < H is given as Q" = (232.18,164.6,90.7). The
players PO and P2 are the players with largest and smallest
requirement respectively. The players know the supply curve
(ask pattern) £, which has 31 asks and the total supply
0% =1502.38 > 07~ = 487.48. We consider two values of
h, namely i =1 and 7 =23, wherein the choice / = 1 satisfies
the condition H—h > uy, —vlf and the latter does not.

EEm All players play MPNE
Il Player PO deviates

HEEm All players play MPNE
I Player PO deviates

Value function
Value function

PO P1 P2 PO P1 P2

(a) (b)

mmm All players play MPNE
B Player P2 deviates

Hmm All players play MPNE
B Player PO deviates

Value function
Value function

FO Pl P2 PO P1 P2
© (d)

Fig. 3: Comparison of the value function of MPNE and deviation. (a) The
value function for & =1 with the player PO deviating to a price higher than
Dz, (b) The value function for 4 =23 with player PO deviating from MPNE
to a lesser price than the prescribed price pmax. (¢) Value function for h =24
with player P2 deviating from Nash policy to bid at a price lower than p, .
(d) Average cost incurred by players in a series of 100 PDAs each with
horizon H =24 with deviation by player PO to ZI policy

Figure 3(a) compares the value function when all players
adopt the policy in (3) with a joint policy in which player

213



PO deviates to a bid price higher than the prescribed price [3] “Nord  Pool ~AS  Anual  Report,”  2020.  [Online].

P2, at h =1. The higher bid price of PO results in higher Available:  www.nordpoolgroup.com/49eea7/globalassets/download-
" .

. . center/annual-report/annual-review-2020.pdf
cost because of increased MCP. In Figure 3(b), for h =23, [4] M. M. P. Chowdhury, C. Kickintveld, S. Tran, and W. Yeoh,

the condition H —h > uy —V;f is not satisfied and hence “Bidding in Periodic Double Auctions Using Heuristics and
the prescribed bid price of PO is ppa.x. When PO bids less Dynamic Monte Carlo Tree Search,” in Proceedings of
h its bid priority d It . t the Twenty-Seventh International Joint Conference on Artificial
t an.p max 1ts D1d priorl y ecreases resuling Htl procu.remen Intelligence, IJCAI-18. International Joint Conferences on Artificial
outside of the PDA at higher cost ¥ thereby increasing the Intelligence Organization, 7 2018, pp. 166-172. [Online]. Available:
overall cost. Figure 3(c), considers the case h =24, wherein https://doi.org/10.24963/ijcai.2018/23 ‘ .
h diti H-h> o . isfied. H [5] M. A. Satterthwaite and S. R. Williams, “Bilateral Trade with the
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K . L Vh h . K [6] K. Chatterjee and W. Samuelson, “Bargaining Under Incomplete
price pz,. This deviation to a lower price, although results in Information,” in Operations Research, vol. 31, 1983.

lower cost of procurement at round £, leads to higher overall [7]1 S. Ghosh, S. Gujar, P. Paruchuri, E. Subramanian, and S. Bhat,

: . “Bidding in Smart Grid PDAs: Theory, Analysis and Strategy,”
cost as the player has to buy more units of the commodity Proceedings of the AAAI Conference on Artificial Intelligence,

outside of the auction at higher price ¥ > - pmax. Finally, vol. 34, no. 02, pp. 1974-1981, Apr. 2020. [Online]. Available:
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: . _ . . [8] S. Chandlekar, E. Subramanian, S. Bhat, P. Paruchuri, and S. Gujar,
players in 109 PDAs (each with H =24 rounds) with varying “Multi-Unit Double Auctions: Equilibrium Analysis and Bidding
demand requirement. In each of these 100 PDAs, we let Strategy Using DDPG in Smart-Grids,” in Proceedings of the 21st
player PO deviate from the prescribed Nash policy to the International Conference on Autonomous Agents and Multiagent Sys-

. . . . tems, ser. AAMAS ’22. International Foundation for Autonomous
Zero intelligent (ZI) policy [16] and the corresponding value Agents and Multiagent Systems, 2022, p. 1569-1571.
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policy, Approach for Multi-agent Competitive Bidding Strategies in
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VII. CONCLUSION vol. 10, no. 15, pp. 3756-3763, Nov. 2016. [Online]. Available:
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In this paper, we formulate optimal bidding strategies  [10] A. Ghasemi, A. Shojaeighadikolaei, K. Jones, M. Hashemi, A. G.

for a periodic double auction setting consisting of multiple Bardas, and R. Ahmadi, “A Multi-Agent Deep Reinforcement

: . : : : Learning Approach for a Distributed Energy Marketplace in
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optimal bidding strategies when all buyers behave rationally. Reinforcement Learning,” Journal of Modern Power Systems and

. s . Clean Energy, vol. 9, no. 3, pp. 534-544, 2021. [Online]. Available:
Apart from proving that the proposed policies are indeed https://doi.ore/10,35833/mpee. 2020000502

MPNE, we also conducted simple numerical simulations to [12] R. Wilson, “Strategic analysis of auctions,” Handbook of Game Theory

demonstrate the efficacy of the proposed solution framework. with Economic Applications, vol. 1, pp. 227-279, 1992.

The PDA set up considered in this paper have applications in [13] Y. Zhang, G. Qu, P. Xu, Y. Lin, Z. Chen, and A. Wierman, “Global
.. . . R .. convergence of localized policy iteration in networked multi-agent

devising optimal bidding strategies for day-ahead electricity reinforcement learning,” Proceedings of the ACM on Measurement

markets. and Analysis of Computing Systems, vol. 7, no. 1, pp. 1-51, Feb.

2023. [Online]. Available: https://doi.org/10.1145/3579443

Although, in thi rk h nsider nly th
though, in this work, we have considered only the case [14] Y. Yang and J. Wang, “An overview of multi-agent

of adequate supply with one bid per auction per buyer, reinforcement learning from game theoretical perspective,”
we believe that the case of multiple bids per auction and CoRR, vol.  abs/2011.00583,  2020. [Online].  Available:
inadequate supply can be handled using the techniques hitps://arxiv.org/abs/2011.00583 . _ o
. ; . . [15] J. Li, Y. Zhou, T. Ren, and J. Zhu, “Exploration analysis in
developed in this work. Despite the fact that, the equilibrium finite-horizon turn-based stochastic games,” in Proceedings of the
solutions pI‘OpOSCd here are for the complete information 36th Conference on Uncertainty in Artificial Intelligence (UAI), ser.
in h I ill im nt for r ns. Fir Proceedings of Machine Learning Research, J. Peters and D. Sontag,
setting, they are sull important for two reasons. First, as Eds., vol. 124. PMLR, 03-06 Aug 2020, pp. 201-210. [Online].
far as we know, ours is the first work to derive analytical Available: https://proceedings.mlr.press/v124/1i20a.html

equilibrium solutions for multi-shot auctions. Second, these  [16] D. K. Gode and S. Sunder, “Allocative efficiency of markets with

olicies can be used as a baseline to compare with a polic zeyo—int.elligence traders: Market as a partial substitute for individual
p P p Y rationality,” Journal of political economy, vol. 101, no. 1, pp. 119-137,

that is obtained in an incomplete information setting, which 1993,
would be a direction of our future work.
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