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Predefined-Time Distributed Optimal Consensus for Euler-Lagrangian
Systems Based on Dynamic Event-Triggered Mechanism

Feisheng Yang, Jiaming Liu and Qian Ma

Abstract—1t is a challenging problem to achieve fast dis-
tributed optimal consensus for Euler-Lagrangian (EL) systems
meanwhile economizing communication resources. To solve the
problem, a novel predefined-time distributed optimal consensus
strategy for EL systems is proposed by applying time-base gen-
erator (TBG) and dynamic event-triggered mechanism, which
can reach the optimal consensus in a completely distributed
manner. It is proven that the algorithm can converge in prede-
fined time by Lyapunov energy function and Zeno behavior is
avoided. A dynamic event-triggered method is designed which
event-triggered thresholds are replaced by dynamic variables.
The numerical simulation is given to show the effectiveness and
superiority of the algorithm.

I. INTRODUCTION

Recently, the distributed optimal consensus problem in the
cyber-physical system (CPS) has received more and more
attention from researchers. Distributed optimal consensus
control plays an important role in resource allocation and
cost optimization for sensor networks [1], power grids [2],
and so on. Each agent has a local cost function, which
cooperates to solve global optimization problems [3]. The
Euler-Lagrangian (EL) system is a type of CPS which
can denote a lot of nonlinear systems, such as robotic
manipulators, spacecraft, and marine vessels [4].

Authors in [5]- [6] proposed a class of distributed coordi-
nation algorithms to solve network optimization problems. It
may cause redundant communication problem when running
continuous-time distributed optimal consensus protocols.
Therefore, researchers in [7]- [8] presented event-triggered
distributed optimal consensus protocols. A time-triggered
algorithm and an event-triggered algorithm are raised to
solve the optimization problem in [9]. In [10], authors
studied a fully distributed optimal coordinated control pro-
tocol based on event-triggered mechanism for networked EL
systems subject to unknown model parameters. Authors in
[3] designed an event-triggered distributed optimal consensus
control strategy for EL systems. In the existing distributed
optimal consensus protocols for EL systems, the process of
achieving consensus is often asymptotically or exponentially
convergent. In order to reach the optimal consensus in
finite time, some researchers raised the finite-time consensus
algorithm [11] and the fixed-time consensus algorithm [12].
In [4], the fixed-time distributed coordination controllers
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for multiple EL systems are designed. A predefined-time
distributed optimization method based on a time-base gener-
ator (TBG) is proposed in [13]. In [14], authors introduced
predefined-time consensus to resource allocation.

Inspired by the above works, this article focuses on fast
achieving distributed optimal consensus for EL systems with
saving communication resources. In this paper, a dynamic
event-triggered and predefined-time distributed optimal con-
sensus algorithm for EL systems is proposed. Compared with
the existing works, the main contributions of this paper are
as follows: (1) To our best knowledge, it’s the first time to
achieve predefined-time distributed optimal consensus for EL
systems by TBG method. (2) A novel event-triggered strategy
is raised with internal dynamic variables being designed as
event-triggered thresholds. (3) The proposed protocol has
good privacy which can reach the optimal consensus of the
EL system in a completely distributed mode.

Notation: || - || means the Euclidean norm of a vector
or a matrix. 1,, is a n-dimensional column vector with all
elements being 1. A ® B denotes the Kronecker product of
A and B. I, is m X m identity matrix.

II. PRELIMINARY

Communication topology in this paper can be de-
scribed through an undirected and connected graph ¥ =
(AN, &, ). &/ ={1, ---, n} represents the set of vertexes
in the graph. & is the edge set, and (i, j) € &, & = [a;j]nxn
denotes adjacency matrix. The set included the neighbours
of vertex i is denoted as N; = {j € A|(i,j) e £} If (i, j) ¢
Ni, a;; = 0, else a;; > 0, besides, a;; = 0. The Laplacian
matrix of & is L = [l;j]nxn, Where l;; = 31" a;;(i = j),
lij = —aij(i * j)

Definition 1 ( [14]): The function o(¢) is TBG if the
following conditions hold, (1) o(0) = 0, 0(0) = 0; (2)
o(t) >0, o(t) >0, when t € (0,17); 3) o(1) =1, 9(t) =0,
when t > 17, where 17 < co.

Definition 2 ( [4]): The system converges at predefined
time 5. (1) tgrgllq(t)—q*ll <a;(2) llg(t)—g*|l = 0,1 > t,
where g € R, a is a small positive number.

Lemma 1 ( [2]): For c_lgrnamics pt) ==9(x () + 1)p(2),
where 9 > 0, y(¢) = %, 0 <e <1, o(t) is the same
as Definition 1, then p(¢) converges to p(0) (ﬁ)ﬂ at ry.

Lemma 2 ( [15]): For undirected graph ¢, we have

XV Lx < ,(L)xTx, xTLx > 1, (L)xTx

where 1,(L) and (L) denote the maximum eigenvalue
and the minimum eigenvalue of £, respectively.
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Consider that a group of robots, each of them can be
described by the EL equation.

M;(qi(1)Gi(1) + Ci(qi(1), 4i(1))G: (1) + Gi(qi (1)) = 7:(2)
ey

where ¢;, ¢; € R™ represent the generalized angle and angu-
lar velocity vectors, respectively. M;(g;, ¢;) € R™™ denotes
the symmetric positive-definite inertia matrix; C;(q;, q¢;) €
R™*™ means the Coriolis and centrifugal torque; G;(g;) €
R™ represents the gravitational torque vector; and 7; € R™
denotes the control torque.

The EL system (1) aims to cooperatively achieve the dis-
tributed optimal consensus. The optimal consensus problem
is described as follows.

min £(2). f(2) =) fi(2) @)
i=1

where f(z) is the global cost function, f;(z) : R™ — R is
the local cost of each agent.

Assumption 1 ( [3]): f; is a differentiable and w;-strongly
convex function, i.e., (a=b)T (Vfi(a)=V f; (b)) > w;|la-Db|?,
Ya,b € R™.

Assumption 2 ( [6]): f; is 0;-Lipschitz, i.e.,
Vi (b)| < 6;]la - b||, Ya, b € R™, where 6; > 0.

I1I. MAIN RESULTS
In this section, the event-triggered and predefined-time
distributed optimal consensus protocol for EL system (1) is
proposed. The controller 7; is designed as follows.
7 = Cigi + Gi = kM (x (1) + 1)¢i = M; (x (1) + 1)V fi ()
~M;(x (1) + 1)%w;

. gi(1)
+Mix (1) S

= O+ 1) (Zjen, @i (@ - 3+ i - B)))
S wi0) = 0

IVfi(a) -

3)

where §;, p; denote ¢ (t}( ) and p (t;c,,)’ respectively, k > 1,
x(t) is the same as the definition in Lemma 1. Combining
(1) and (3), it yields

4i(1) = (e(0) + Dy (1)

pi(t) = (e (@) + 1) = kpit) = V(1) (g:(0)) = wi D)
—Yjen, aij (3i(1) = g;(1)) )

Wi (1) = Oe0) + D Zjen, @i (@0 = ;)
+Bi(0) = (1)

2 wi(0)=0
“4)
The event-triggered instants are designed as follows
t;;aﬂ =inf {r it > t}'(a,;<f‘||eu,i(t)||2 >t (t)}
&)

i : . [ b 2 b
oy =inf {11 > 1h kL llens (OIF 2 1} (1))

b

1-69 1- 6t
where 7n{(0), 1; b0) > 0, Kt > ¢a' , Kf.’ > ¢,_,‘ , eq.i(t) =

Qz(fl )— qi(t), ep,i(t) = Pz(fl )— pi(t). The dynamic

- Mi(x(t) + 1) ¥ jen, aij (G — G5

equations for the internal dynamic variables #{ () and nf? (1)
are designed as

5% (v (s)+D)lleg i ()12

Jo =8 e(s)+1)- —— ds
;' (1) =n;' (0)e” e ©
' L)+ llep, i ()11
=68 ()1 - RO g
n} (1) =n} (0)e” o
where the parameters satisfy n¢ (0),7]5’ (0) >0, " > %,

_sb
kb > 1(;" , then the dynamic variables r]l?‘(t),r]f’ (r) > 0.

4

o(1) and '€ are the same as the definition of Definition 1.
Take derivative of (6), we have

=—¢f (x()+ ) ni(2) -
=—¢? (x(@) + k(1)

87 (x (1) + Dlleai ()1 ™
=67 (x(0) + Dllepi ()1
Next, we will discuss the optimality of (4). Suppose that

(g*, p*,w™) are the equilibrium points of (4). When ¢ > t,
x(t) =0, we have

i (1)
UG

p*=0
—kp* = (L® Ip) g* —w*
(L®1In)(g*+p*) =0

-Vf(g*)=0

By premultiplying the equations above with 1T ®I,,,, one has
-2 owr =31 Vi (gF) =0, XL, wi(t) = 0. According to
2 wi(0) =0, we have 2y wr=0.Then ¥, Vfi(qF) =
0 can be concluded. Hence, ¢* is the optimal solution of (2).

After the above discussion, the following result shows that
the EL system (1) can achieve distributed optimal consensus

) at predesigned time 7y under controller (3).

Theorem 1: Assume that Assumptions 1-2 hold. Adopting
controller (3), the two objectives can be achieved. 1) Zeno
behavior can be excluded. 2) The optimal consensus of the
EL system (1) can be reached at predefined-time ?¢, i.e.,

P2
lim llg = ¢°ll < VO (=5
g =g < V(0 (=) 1>
-4 k e+1 ’ s

lim [lg =gl =
where p; = max{oc + 1,%,@ + 0',71,72} p2 =
min{Rl,Rz,R3,R4,R5,R6} R1 = 1—0’0’0 481 R2 =
k-1-0(%+1), Rs = 9+4w—2 06— g Ra=§ — 75 -
75— = Rs 7’1‘/531“1 e ((81+82)ﬂ2(£)+83—715mm)
Rg = 7’2¢§ﬁn -4 (&4 + 0-(55 + £6)A%(L) — y26°. ) and

oy = k2+k+r?—:+/lﬁ(£)+/ln(£)+L

4e min

Let 6¢.

min{6¢'}, 6b = min{&b} w = min{w; }, 6 = max{6;}, k >
0 (1 + —)+2+ 7 (L), z1 = (8|+82)/l (L)+ez—y165. >0,
- 2 b £6(£a+83)
22 = &4+ (&5 + &6)4;, (;[') - 725mm > 0’( 83684)(486(*11))
. 1 1 2 s1+8) A2 +&
o< mln{FO a de100° 92(;‘:’40)) a 8‘929 }’ Y= ld;mzﬂ(mm(pr:m z

O (£5+86) A% (L)+&4

and y; > o0 _+xP_oP.
mln mln min

. €1,&2,&3,E&4,85,8¢ > 0 can be
arbitrarily set.
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Proof: For the convenience of proof, (4) can be rewritten
as

g=x@®+1Dp
p=(x@®+1)(=kp-L(g+es)-Vf(q)-w) (8
w=(x(@)+1)(L(g+eqs+p+ep))

T = [CII,CIZ,"' J]n]T

where p = [p1,p2.---.pal’s g = :
w = [Wl,Wz,"' 5wn]T’ q = [q’laq'Z"" ,C}n]T, p =
[ﬁl;pb"' ’ﬁn]T’ ea = [etl,]’ea,z,“' ’ea,n]T7 eb =

leb1, b2 vepnl™s V(@) = [fi(q), -, fulgn)]™
Define three auxiliary variables, £(¢) = (1) — g*, &(t) =

p(t) — p* = p, @w(t) = w(tr) — w*. Set an orthogonal matrix

Q= (r,U), where r = \1/—%, U e Rx(n-1) satisfying 1£U =

0,1, UTU =1,,, UU" = I, - 11,1
t=(0" @)= 214"
é=(0"e 1) ¢ =&,
&=(0"@ln)w=[a].51,]"
ta= (0@ In) e =[] .60, 1"

A T AT AT T
€p = (Q ® Im) €p = [eb,l’eb,Z:n]

So (8) can be written as follows

éf1 = (x(0) + D&

£ = (D) + 1)(~kéi = (FT® L) )

éfZ:n = (/\/(t) + 1)52:11

é2:n = (X(t) + 1)( - kéZ:nA_ ﬁZ:n - (UT ® Im) h (9)
- (UT-EU ® Im) (§Z:n + éa,Z:n) )

@y = 0p,

152:;1 = (X(f) +1) (UT-EI{‘@ Im)
X (52:n + éa,Z:n + fZ:n + éb,Z:n)

where h = V(¢ +q*) - Vf(g*).

Construct Lyapunov energy function as V(1) = Vi(¢) +
Va(t) + V3(t), each item of V is defined as follows.

1, s ks 1, N
Vi= 5 ||§1||2 + 5112’1 + E ||Z1||2 + 5 “‘fZ:n”2 + §2T;n42:n
ks 1 -1
+ ) ||§2:nH2 + Ezﬁ'gn ((UTLU) ® Im) @2n, o
Vo = % (éZ:n + ﬁZ:n)z

n n
V3 =1y Z ni(t) +y2 Z n? (1)
i=1 i=1

where y; >0, v2 >0, o > 0.

In light of (10) and Young’s inequality xTy < LxTx+eyTy
(¢ > 0), it can be yielded that

1 ar s AT k sroa 1 o7 2 RSN k sr 4
Vv =§§’1T§1 +‘f;r§1 + Egiré’l + Efg;né:Z:n + fg;né’Z:n + §§;n§2:n

1, _ . PN .2
+ EW;n ((UTLU) ! ® Im) Won + E (fZ:n + 'ZUZ:n)

n n
R DN ACESOWHE!
i=1 i=1

. 3 k+1 . C
<UEP + (0 + DIzl + =117 +31 ) m (1)

i=1

n
1
b . 2
+ () + | —— + 0| ||
72;77, (1) (242(1:) ) &2
Sp1M

(11)

where p = £T¢+ T+ & + XL i (1) + X1 n? (1), By

virtue of the definition of V, we can conclude that

k=1 s
—— sV <o (12)
Taking derivative on V, one has
Vi=(x(1) + 1)( = (k= DI&N* - (k= DlIéxall?
— (O, +E VU LU ® L) (Gon + éapm)  (13)

+ wg;n(éa,ln + éb,Z:n) - (f + é’)Th)

V=0 (o) + V(= 12l = k [l = (k + DB, Er
&, (U e ln) h-&T, (U@ 1) h
+&., (UT.EU ® Im) rp + 0% (UTLU ® zm) v
+ (€, + @) (UTLU @ 1n)éb2)
n n a4
V3 =(e )+ D -7 2,40 = 2o leas 0

—v2 Ym0 =72 Y 8P lleni()IP)
i=1 i=1 (15)
Inequality (15) can be organized into the following form.
14 =(x (1) + 1)( - col (fQ:naé%:n)T (F ® Iy) col (fZ:méZ:n)
= (ko + D [|eanll” = (k= D J&]1* = &+ )"

- (fgn + éngn)(UTLU ® Im)éa,Z:n + wg;n(é\a,ln + él(7,126r)1))

UtLu 'Ly nd ke =
LU  (k—ko=2) I o=
the Schur Complement

where F =

0(1+%). By Lemma and

6889



(k—ko—-2)I,_1 — —UTLU > 0, F is nonnegative definite.
Since Vf; is 6- Llpschltz and w;-strongly convex, we have
—£Th < 0 (3 + 1) 17 + 0555 12117 and —¢Th < ~w(T¢.
By virtue of Young’s inequality, we have

. . [N .

&l (UTLU ® 1))242n sEnfzmnz + 812 (L) 18,20l
. . 1, )

=6 (U LU ® In)eazn <5 N82nll* + 8245 (L) 00,2

R 1
wgneaQn 34_”732"“ +83”ea2n”

o (. )
@b 2 saumn2 + 8418 2017

Thus, one has

. N 2 2112

Vi <Ce() + 1) Al - = J|

—E+Th= (L, +E.,)(UTLU ® Ln)éarn

T A N
+ wz;n(ea,Z:n + eb,2:n))

<0+ = (1= 3 [l - (@ - 0522 1EIP

0+4w A2
(- 1-0(dey)
B SNTIF 2
+ (483 + 4194)||1T72:n|| + ((e1 + &), (L)

+&3)lleaznll? +2allen 2l
a7
In light of Young’s inequality and Assumption 2,

. R 1 . . .
E (UTLU® 1,)épn < —||$z:n||2 +&sA%(L)N1ép 2l

(LU ® 10)éh2n < 7 1D2lP + 63 (L) 1201

&1 (U L)k S-Hfz:n”z +67C )P

~@,, (U ® Ly)h < —||1U||2+92||4’|I2

1

(k + l)ZD'z n‘on < ZHWZ:HHZ + (k + l)ZHé?Z:nH2

1
&1, (UTLOE, < 2l + (L)1l

Therefore, one has

. 1 1 s
Vo <o (e(0)+ ) = (5 = 300 Nl + 2070411 .

+ 00 |2l + (25 + 8022 (Dl1é0.2al1)

where 09 = k2 +k+ 2+ 22(L) + 2,(L) + é.

After the above discussion, it can be yielded that

. 1 A
V <@+ D = (1= 000 = 7)1l

9 202 4(1)2 2
—(k=1-0(—+1 (250
( (3o + DGR = (5= Erhe
1 .0 o 1 1 o
482)”(” (4 dey  dey, deg prl L8 (19)

+ (&1 + 80 2(L) + 83— 710%) 12l
+ (844 (5 + 80)A2(L) = y200, ) Ién 1

n n
—n Y et -y ) ot
i=1 i=1

When the event is not triggered, ||e,||> <
> nb(t) where ke =

% 2 ln{’(t)

1
and ”eb”2 < P - mln{Ka} Kmm =

min

min{«?}, we have

V<(x(n) + 1)( = Rillézall® = RallEN = RsIZ11

~ Ryll @l ~ Rs )~ Re 1t (20)
i1 i=1
—p2(x (1) + Dp
On the basis of (12), we can get that V < —£2 (X(t) +1)V.
In light of Lemma 1, we can yield that V(1) = ( )f’l V(O)

Combining with (12), it can be yielded and ||{ (t)||2 V

V& V(O) (<57

x(¢) =0, we can derive that V < _p1
_m

V < V(0)e #i', which implies that ||Z(¢)]] — 0 (|lq(¢) —

g*|l — 0) with an exponential convergence rate when ¢ > ¢ .

The proof of predefined-time convergence ends.

Next, the Zeno-free behavior of the algorithm will be
proven. According to the deﬁmtlon of eqi(t), éq4.:(t) =
—q;(t), we have €q, ()=~ 1 QI(t)dt

Define M, = max{||pl||} Since o(t) € [0,1], one
has |[x(r) + 1] < *t where s = max{g(r)}. Thus,
lleai (1) || < LM, (t - tf{ ) When the event is triggered,
leai(ti DI? > D). Inlight of & < 1-2% <,
one has

; 7 (0) [ -g(r(s)+1)-
lea,i(ty, )l > J ’K—aef"

i

)Zf’l When ¢ > ty,
2V . Therefore, we have

Consequently, [|£(t¢)]l =

1 a4
xall; (1) s

S8 (e (1) +)lle,i ()]

P ds

Define A} = tk e
#LE M Ay, one has

t;{a. When ¢ = t;c,,+1’ lleq.i (t;(uﬂ) || <

S8 (x(1)+)lle,i ()17

2 () ds

I .
A > € i (0) eﬁ)ka Lo g (x(s)+1) -
M(s +¢€) K
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Similarly, éj ; () = —p;(¢), so one has ep ; (1) = — t;’z pi(t)dt.

By virtue of pi(1) = (x(1)+ 1) ( = kpi =V (q0) = wir) -
Yjen; aij (@i — qj) ) Define M> = max{||p;||} = kMi+ M3+
My + Ms, where M3 = max{Vf;(qi;)}, My = max{w;(1)},
M5 = max{zjeNl_ aij (q_l —qj')}. When ¢ > lf, q; — Om,
w; — 0., Vfi(qi) — 0, so My, M, M3, My and M5 exist.
Hence, |lep; (1) || < *£EM, (t - t};b . Define A, = t2b+l_t2b'
When the event is triggered, ||e;,,,-(t;<b+1)||2 > Kl!,nf’(tibﬂ),
we have

P )+ llep, ;i ()17
P (s)

ti
€ n2(0) " b (r(s)+1)-

Ay >
2 Mz(s+€) Kﬁ’

Therefore, the Zeno behavior of algorithm (4) is excluded.
The whole proof ends.

IV. SIMULATION
In this section, the numerical simulations are given. The
system dynamics are given by
Cia, gin | _| Tt
Ti2

My; M, gi1 + Ciii
gin Ca i di2

Msy; My, Cori
where M1y, = bj1 +2bjz c08(qi2), Mi2,i = biz + b cos(qi2),
My, = bz + 2bppcos(qi2), My, = b, Ci,; =
—bi» sin(qi2)gi2, Cio,i = —binsin(qi2)(gi1 + ¢i2), Caii
birsin(gi2)gi1, Cni = 0, i = 1,2,---,5. Select the pa-
rameters k = 20, € = 1077, o = 0.001, &; = 5, & = 3,
e3 = &4 = 2500, &5 = 3, g6 = 10, y; = 10000, y, = 1000.
The parameters of the event-triggered function are designed

as 0f = 0.1, (5%’ = 0.1, ¢7 = 1, ¢§7 = 2, k¢ = 2,
kb =3, 79(0) = n2(0) = 105 fi(q:) = dillgi(r) - Pill%
di =dy =d; =dy =1, ds = 2. Set the initial value as

q1(0) = [5» 6]T7 42(0) = [2’ 6]T9 ‘]3(0) = [_4’ 2]T9 ‘14(0) =
[_5’ _4]T’ 515(0) = [3’ _3]T7 Pl = [37 Z]T’ P2 = [4’ _2]T7
Py =[-2, —4]T, Py = [-6, -1]T, Ps = [-3, 2]T. So 6 = 4,
w = 2. The adjacency matrix <7 is set as follows.

0210 4
2 0 0 00
=1 0 0 3 0
00 3 00
4 0 0 0O

Therefore, A5(L) = 10.2446, 1,(L) = 0.7005. After calcu-
lation, Ry = 0.4135, R, = 13, R3 = 1.218, R4 =2.5x 107,
Rs = 8.0682081 x 103, Rs = 9.6592 x 10?. Choose 5 = 5s.
The TBG function o(t) is defined as follows.

10,6 24,5, 15,4
ol — S+, 0<t<tf
1, t>1yf

o(t) = {

ds

|
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2: Simulation of the algorithm in [7].
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Fig. 3: Simulation of the algorithm in [3].

The simulation results of effectiveness test are shown in
Fig. 1. From Fig. 1 (a)-(c), the position and the velocity
under controller (3) can converge at predefined-time 5s. The
simulation results of the comparison algorithms are displayed
in Fig. 2 and Fig. 3, which converge at about 50s and 20s,
respectively. The proposed algorithm converges significantly
faster. The event-triggered instants are exhibited in Fig. 1

(d)-(e).
V. CONCLUSIONS

This paper studies the distributed optimal consensus prob-
lem for EL systems. To fast solve the problem meanwhile
saving communication resources, a predefined-time and dy-
namic event-triggered distributed optimal consensus protocol
for EL systems is raised. It is verified that the algorithm
can converge at predesigned time and Zeno behavior is
excluded. Ultimately, numerical simulations demonstrate the
effectiveness and superiority of the proposed algorithm
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