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Abstract—A second-order Newton-based extremum seeking
(SONES) algorithm is presented to estimate directional inflec-
tion points for multivariable static maps. The design extends
the first-order Newton-based extremum seeking algorithm that
drives the system toward its peak point. This work provides
perturbation matrices to estimate the second- and third-order
derivatives necessary for implementing the SONES. A set
of conditions are provided for the probing frequencies that
ensure accurate estimation of the derivatives. A differential
Riccati filter calculates the inverse of the third-order deriva-
tive. The local stability of the new algorithm is proven for
general multivariable static maps using averaging analysis.
The proposed algorithm ensures uniform convergence toward
directional inflection points without requiring information about
the curvature of the map and its gradient. Simulation results
show the effectiveness of the proposed algorithm.

I. INTRODUCTION

A century since its invention and first application [1], and
a quarter century since the proof of its convergence [2],
extremum seeking (ES) is recognized as a valuable real-time
optimization tool for model-free dynamic systems. Reference
[3] highlights some of the ES principal advances in algorithm
design, theory, and practical applications in several domains.

Confidence in ES, brought about by the proof of its
stability for static and general nonlinear dynamic systems
in continuous time [2], has engendered and accelerated the
industrial uses of the ES. Examples include chip manufactur-
ing, wind and photovoltaic energy, mobile robots, bioengi-
neering systems, acoustic systems, noncooperative games,
neuromuscular electrical stimulation, biological reactors, oil-
drilling systems, and flow-traffic control for urban mobility.
These engineering applications have been further enriched by
recent theoretical developments that have opened the door
to the design and analysis of new types of ES, such as
those modeled by discrete-time systems [4], multivariable
systems [5], non-cooperative games [6], hybrid dynamical
systems [7], stochastic systems [8], [9], systems with delays
[10], [11], and partial differential equations [12].

In particular, the authors of [5] present a multivariable
Newton-based extremum seeking algorithm, which yields ar-
bitrarily assignable convergence rates for each of the elements
of the input vector. They generate the estimate of the Hessian
matrix by generalizing the idea proposed in [13] for the scalar
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case. After that, Mills and Krstic [14] generalize the earlier
results to a scalar version of the Newton-based extremum
seeking algorithm which maximizes the map’s high-order
derivatives through measurements of the map. Hence, rather
than optimizing the map itself, they offer a new scheme which
can be useful in practice for maximizing the sensitivity of an
input-to-output function to improve the signal-to-noise ratio
as well as minimizing parameter sensitivity when designing
feedforward controllers. For instance, the authors in [15]
present a refrigeration system where a suitable operating
point is located at the maximum negative slope that is subject
to change. This point of zero curvature corresponds to a
minimum of the first-order derivative of the input-output map.
Hence, being able to track the minimum of the first-order
derivative in real-time would allow the system to operate
almost always at the most suitable operating condition.
Following these ideas, Rusiti et al. [16] have expanded such
domain application in order to include delays in the input
and/or output channels of the maps to be optimized.

This paper considers the open problem of ES-based real-
time optimization of the “first-order derivative” of multi-
input maps, i.e., finding the extremum of the gradient vector
of a multivariable static function. The term high-order ES
encapsulates ES-based optimization at high-order derivatives.
In general, (n + 1)*-order ES will optimize the n'"-order
derivative. Following this notation, the conventional ES is
“first-order,” which optimizes the zeroth-order derivative (or
the own function) for a given input-output map. Successful
implementation of a second-order ES requires searching for
zero columns of the Hessian matrix. On the other hand, a
zero column of the Hessian matrix may indicate a directional
inflection or saddle point. This work focuses on finding
directional inflection points, where the curvature of the map
changes direction. In addition, this problem has interesting
aspects, such as the conditions that ensure the uniqueness of
the gradient extremum point along all axes. Note that this
work deals with vector spaces with increasing dimensions as
the derivative order increases, leading to a new paradigm: the
definition and estimation of extremum for vector functions.

This work focuses on estimating the directional inflection
point via a perturbation-based ES, i.e., maximizing the gra-
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dient along a priori known axis. In this event, if y = h(#)
with 6 = [01 05 --- HP]T has an inflection point along 6,,-
axis, then the m®-column of the Hessian matrix is zero,
9?h(0)/0000,, = 0, and 93h(0)/D?000,, < 0. A second-
order gradient-based ES can be generated using Hessian’s
estimate to drive the system toward the inflection point. The
curvature of the function heavily impacts the performance
of gradient-based algorithms. One needs knowledge of the
cost function curvature to properly tune the gradient-based
algorithm, which becomes a complicated task in the case of
multivariable maps. Therefore, this work proposes a second-
order Newton-based ES (SONES), ensuring that the state
trajectory uniformly converges toward a directional inflection
point.

The SONES requires an accurate estimate of the second-
order derivative and the inverse of the third-order derivative
of the multivariable map. The inverse of the third-order
derivative is produced by feeding the initial estimate of
the third-order derivative to a dynamic Riccati filter. One
challenging aspect of this work is producing the perturbation
matrix that generates an accurate estimate of the third-order
derivative. For this purpose, new conditions are obtained
for the probing frequencies. Unlike [14], notice that such
multiplicative dithers (or demodulation signals) are vectors
rather than scalars for the multivariable case. The proposed
perturbation matrix to estimate the Hessian of the map is a
new variation of the matrix in [5]. A new perturbation matrix
is presented to estimate the third-order derivative of the map.
The number of conditions on the perturbation frequencies
increases, but the proposed algorithm can successfully detect
directional inflection points since the algorithm drives the
system to the zero column of the Hessian. The proof utilizes
the finite-horizon averaging theorem. Numerical simulations
illustrate the obtained results.

Section II states the problem and presents the estimation of
the second- and third-order derivatives. Section III presents
the second-order Newton-based scheme and its stability anal-
ysis for the static map. Section IV presents an illustrative
example to highlight the effectiveness of the SONES. Sec-
tion V concludes the paper. Appendix A presents conditions
on the probing frequencies.

II. HIGH-ORDER DERIVATIVES OF STATIC MAP

The conventional extremum seeking (ES) relies on driving
the estimate of the gradient vector towards zero. Although the
Newton-based ES removes the impact of the map curvature
on the convergence rate of the algorithm, the gradient di-
rection still determines the system convergence towards the
extremum point. Therefore, in this work, the conventional
gradient- and Newton-based algorithms are referred to as
first-order ES algorithms, where the objective is to find the
extremum value of an unknown map.

This work formulates an extremum seeking algorithm to
estimate the directional inflection point of a multivariable
static map. In other words, it is desirable to find the max-

0, y = h(0)
S h(-) l
S(t) Nin(t) s
S + wp,
Bl K ) —
H ra
Fig. 1. Second-order gradient-based extremum seeking algorithm to find

the directional inflection point along 6,,-axis, where K is a diagonal matrix
with positive elements.

imum gradient point along a priori known axis. Consider a
differentiable static map of class C" for r > 3

y=h), 0=[6 0 - 6,1
The gradient vector of y = h(6) is defined as

G(9) = [G1(6) G2(8) -~ Gp(O)]", ()
where G,,(0) = Oh(0)/90,, for m € {1,2,--- ,p}. As-

sume that G,,(f) has a local maximum at #*, indicating
that the curvature along 6,,-axis changes direction at 6*.
The inflection point corresponds to 9G,,(0)/00 = 0, i.e.,
0?h(6*)/0006,, = 0, meaning that the m'" column of
the Hessian matrix is zero at the inflection point. The cost
function is unknown in (1), but y can be measured and 6 can
be manipulated. Then, one can utilize prior work to estimate
the Hessian and drive the system towards the inflection point.
Therefore, the extremum seeking algorithm that determines
the directional inflection point is called second-order ES.

Since the expansion of the gradient-based ES to estimate
directional inflection points is straightforward, the details are
left to the interested reader to explore. This work provides
an algorithm and sketch of stability proof of a second-order
Newton-based ES for static maps. The proposed algorithm
requires the estimates of the second- and third-order deriva-
tives along 6,,-axis.

The second-order gradient-based extremum seeking
scheme for a multivariable static map is shown in Fig. 1,
where K is a positive diagonal matrix, and the perturbation
input is

S(t) = [al sin(w1t) an, sin(wnt)] T , 3)

where w; € R and a;’s are small real numbers for ¢ €
{1,2,---,p}. The estimate of column m of the Hessian
matrix, flm, is the average of N,,(¢)y. One can use (20) and
(21) from [5] to generate N,,(t). The probing frequencies
need to satisfy

1
w; ¢ {wj, §(wj+ Wk, Wi+ 2wk, wjtwg :I:wl}, 4)

for all distinct 4, j, k, and [. The low- and high-pass filter is
added to improve the accuracy of the estimate of column m
of the Hessian matrix.

Although the prior work [5] provides the perturbation
matrix to estimate the Hessian of a map, this research revisits
the Hessian perturbation matrix to establish similar patterns
between perturbation matrices to generate estimates of the
first-, second-, and third-order derivatives of the map. Denote
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0 = 0—6*. Using § = A+ S(t), one obtains 6 = 6*+0-+5(t).
Using the Taylor series expansion of the cost function around
the inflection point gives

y=h(0* +0 + S(t))

=h(6*) + > 51;;(991 ) (6‘1 +Si) N
P 20 (0%
LY G ()55 +
% z:ié % (éﬁsi)(éﬁsj)(éHSk) +
+R(§+ (). .

where S; = a; sin(w;t) fori € {1,2,---,p} and R(O+5(t))
stands for higher order terms in 6 + S(t).
The average of the second-order derivative of (5) equals

1M a%y Ph(0*) = Ph(OF) -
T/, 96,00, 26,00, " ae-ao-aekeﬁ
0’R 9+S ))
_/ 00,00, dt, ©)
0(1612,/al?)

where i,j € {1,2,---,p}, O(2) < M|z| for |z| < z and
some positive M, and II represents the averaging period. One

can rewrite (5) as
1 " 93h(0
=3 ZZ <ae a0, Z 00,00, aek ) Si +
7SP7817"' 7SlSmSna"' 7SS)+

1j5=1
+R(0+ S(t)), (7

+F(Sl,~-~

where F'(-) represents terms of the first- and third-order
powers of the perturbation input S(¢). Note that

;(cos(

Then, one can generate an estimate of the second-order
derivative by taking the average of N (t)y, where one option
for the entries of N (t) is as following

sin(w;t) sin(w;t) = wj)t—cos(wl-—i—wj)t). (8)

8
Ni"i:_? cos(2wit) (9)

4

Nij=-

cos(w; +wj)t, i #j (10)
;g

fori,j € {1,2,---,p}. Proper choice of the probing frequen-

cies will eliminate all the terms of F(-)N(¢) in the average

sense and gives
1 11 th P a3h 0
o /O Nij(t)ydt = 5o ae Z 90,00, aek

II
1 | RO+ s@)N@aean

0(1012,|al?)

Comparing the right-hand side of (5) and (11) shows that
the average of N(¢)y provides an accurate estimate of the
second-order derivative of y = h(f) in the average sense.
Following a similar approach, one can show that the
average of the third-order derivative of the map gives

l/l'[ 33?/ die 83h(9*) N
1), 00,00;00,  96,00,00;

_/ PR+ 5(1)

00,0000,
Moreover, (5) can be rewritten as

L~~~ PPh(07)
V=5 222 goan,0, 555k *
F

’ ’Spasla"' aS§)+R(9~+S(t))

12)

O(|61,]al)

(13)

The following trigonometric identity holds

sin(w;t) sin(w;t) sin(wgt) = —wj +wE)t +

i ( sin(w;

+sin(w; + w; — wg)t — sin(w; — wj — wg)t —

— sin(w; + w; —|—wk)t). (14)
An estimate of the third-order derivative of the map can be
generated by taking the average of P(t)y, where one option
for the entries of P(t) is obtained as

8
Pi,i,i:__g sin(3wit) (15)
Pi7i"j:_a2aj sin(2w; +w;)t, i #j (16)
P’L,j,k:_ Sin(wi + wWj + Wk)t, ) # .] # ka (17)
a;a;af

for i,5,k € {1,2,---,p}. An appropriate choice of the
probing frequencies will eliminate F’(-)P(t) in the average
sense and provides

1 *h(0%)
— | Pat)ydt=—an
H/O sk Oyt =0 e

_/ P’ij

O(|61,]al)

R(6 + S(t))dt .(18)

Comparing the righ-hand side of (12) and (18) shows that
the average of P(t)y provides an accurate estimate of the
third-order derivative of y = h(f). The averaging period is
obtained from

I = 27 x LCM{i}, ie{1,2,

Wi

where LCM stands for the least common multiple.
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Fig. 2. Second-order Newton-based ES proposed for estimating the inflec-
tion point along 6, -axis.

III. SECOND-ORDER NEWTON-BASED ES

Consider a multivariable static map given by (1). The ob-
jective is to create a feedback mechanism which determines
the directional inflection point of y without requiring the
knowledge of either the inflection point, 8%, or the functions
h(-). Denote H = 0G(0)/06 = 8*h(0)/00?, where G(0) is
the gradient vector given by (2). Column m of matrix H is
the gradient of G, (0), i.e., Hy, = 0G,,(0)/00.

Assumption 1: There exists an inflection point §* along
0,,-axis that satisfies

9 _ T_
55CO=H, HT =H (20)
) o
55 Cm(07)=Hy =0 21
62
—Gm(0)=T,, <0, T, =Tn (22)

002

Assumption 1 suggests that [, vanishes at the inflection
point. Hence, the estimate of H,, can be used to drive the
system towards the inflection point using the gradient-based
parameter update law shown in Fig. 1. The perturbation
vector estimating H,, is given as

4 recos(wy +wm)t  2cos(2wm)t
Nm(t):_a_[ - 22
cos(wy + wm)t} B 23)
ap

The proof of stability of the second-order gradient-based
algorithm is a straightforward expansion of the conventional
(first-order) gradient-based ES.

Since a Newton-based adaptive law provides uniform
transient and reduces control calibration efforts, this work
proposes a second-order Newton-based ES for estimating di-
rectional inflection points. A block diagram of the algorithm
is shown in Fig. 2. The perturbation vector N,,(t) is given
by (23) and perturbation matrix P,,(t) is given as

P (t) = [P

iaj € {1727' o 7p}7 (24)

pXp?

where the entries are obtained from (15)-(17).

The probing frequencies w;’s, the filter coefficients wy,, wy,
and w, and gain K are selected as

wn = 6wy = O(5) (25)
w; = dw; = O(5) (26)
wr = dwl. = 0(0) 27
K = 6K" = 0(5), (28)

where ¢ is a small positive constant, w; is a rational number,
w},, wy, and w]. are O(1) positive constants, and K’ is a px p
diagonal matrix with O(1) positive elements. Appendix A
presents the conditions on the probing frequencies. Ignoring
these conditions shifts the estimate of the parameter away
from its true value, and leading to inaccurate estimates of
the second- and third-order derivatives.
The system in Fig. 2 is summarized as
L1GT AT Ry T 7
dt m m m~
—K (A + T, Hy,
i + w1 (y = R(8") = 1) Non (1)
wr (Am n T,;l)(l—(fm o)A + T
ot (T + T ) + w1 (y = h(07) = 1) Pn(t)
—wpi] +wh |y — h(9*))

}T

{29)

where error variables are introduced as 6 = 6 — 6%, 7 =

n—h(0), Ay = Ay —T.%, and T,y = T}y — T}y, and 0 =
0+ S(t). A slight abuse of notation is performed by stacking
matrix quantities A, and T,, along with vector quantities, as
alternative notational choices would be more cumbersome.

The average system is obtained as
ST Ay T o) =
—K' (A%, + T, ),
—wiH, + w]E [0 + S(8) Ny (t)dt
0| wi(Af + T (I + (T + T) (A5, + T,1))
— (T2 4 Ton) + w & [T 0(6 + S(t)) Py (t)dt
—whi + Wi [ v + S(t))dt

,(30)

where v(q) = h(6* + q) — h(6*). In view of Assumption 1,
0%v(0)/0qdq,, = 0, 9*v(0)/0¢*0¢, = T, < 0. The
stability of the average system is summarized in the following
theorem.

Theorem 1: Consider system (30) under Assumption 1.
There exist §,a > 0 such that for all § € (0,6) and
la| € (0,a) system (30) has a unique exponentially stable
periodic solution (97 (¢), HIL(t), AL (¢), T2 (¢), 7" (1)) of pe-
riod II and this solution satisfies

p
01 (t) = > dia3| < O( + o), 31)
j=1
LSOO (32)
75| < 06 +1aP), (33)
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1< 920(0
1> T <06+, 6o
=1 ?
(TE() + To) (AR ) + T,1) =1 (35)
for all ¢ > 0, where
4
(b 2] =i 0 ) a6

19
2°m (’“)qaqu-aqmy

for all 4,5 €{1,2,---,p}.

Note that e!! and e® represent a periodic variable and its
average, respectively. Proof of Theorem 1 is omitted due to
space constraints. The following provides a sketch for the
proof. The Jacobian matrix of the averaged system (30) at
the equilibrium point is obtained as

Jue —§ |:A171 02p><(2p+1):| , (37)

Az Az

where the states are split as [0*T H*T|T and [A,, T}, 7] .
Ajs o is Hurwitz and one can show that
— K'(A2, + T}

I
—wilpxp

OPXP

A1,1: w] I gy (38)
[ﬁl Jo GENmdt

is Hurwitz for small |a|. Since J*° is lower-triangular and
A1 and Aj o are Hurwitz, then J*¢ is Hurwitz and the
equilibrium of the average system (30) is exponentially stable
if all elements of vector a are sufficiently small. The proof
can be completed using the averaging theorem [17]. The
stability result is local.

IV. SIMULATION RESULTS

To illustrate the results and highlight the effectiveness of
the second-order Newton-based extremum seeking method,
the following static input-output map is considered

y=h(0)
3
=14+ (01 —07) — 1% (02 —65)+ 5(92—9;)2 —
1
—= (2060 — 07)* + 301 — 07)%(62 — 05) +
+12(01 = 07) (02 — 03)° + (62 — 05)°), (39)

where * = [1 2]T. The map has an inflection point along
01-axis at 0%, i.e., G1(0) = Oh(0)/00; has a maximum at
6*, which in turn leads to H; = 9*h(0*)/9000; = 0 and

0° o |2 -1
T2 = Fogaa, 0 )_{_1 _4] <0 (40)
1 [-0.57 0.14
M= _{ 0.14 —0.29} ' @1

The test is performed with the following parameters, w =
[500 300] " rad/s, wy = w; = w, = 1 rad/s, a = [0.1 0.1]7,
K = diag([0.02 0.02]), T1(0) = diag([-50 — 50]),
A(0) = T1(0)7L, 6p = [0 0]". Note that T1(0) is a

Parameteric estimate
<o
(=) W —_
-~
\\
> D>
=

-1 : 0.5
-1 0 1 2 3 0 100 200 300
61 Time (s)
(c)
12 T T T | -
0 —— Hy; is estimate of 9%h(0)/00 ||
. —-—-= Hj 5 is estimate of 9?h(6)/06200
_ 6
<m .
2
0
) | | | | |
0 50 100 150 200 250 300
Time (s)

Fig. 3. (a) The second-order Newton-based ES algorithm governs the system
trajectory toward the inflection point along 1-axis at 6* = [I 2]T. The
level sets of y = h(6) indicate that the inflection point is near a local
minimum point and a saddle point at [—0.07 2.22]" and [1.26 2.62],
respectively. (b) The estimate of the parameters versus time. Please note the
uniform transient of the parameters. (c) Temporal evolution of the second-
order derivative that drives the system toward the inflection point along
01-axis.

diagonal matrix with entries of large absolute values to avoid
numerical singularities during the transient.

The inflection point is near a local minimum and saddle
point that are respectively located at [—-0.07 2.22]T and
[1.26  2.62]T. Fig. 3(a) illustrates the system trajectory
among the level sets of the map. The algorithm successfully
drives the system toward the inflection point as verified by
Fig. 3(c), showing that the first column of the Hessian moves
toward zero. Fig. 3(b) shows the evolution of the parameters
versus time. Fig. 4(a) shows that the algorithm maximizes
the gradient along 6;-axis. Fig. 4(b) shows that the gradient
along f-axis has a saddle point at [1.8 1.8]". Fig. 5 verifies
that A; converges to its actual value under 15 seconds despite
large initialization error. Generally, it is advised to set 74 (0)
such that A;(0) has small entries so that the algorithm can
cope with large transients that may otherwise destabilize the
system.

V. CONCLUSIONS

The directional inflection points of multivariable static
maps can be estimated using a second-order gradient-based
extremum seeking algorithm. However, the gradient-based
estimation algorithms rely on the cost function curvature,
which may lead to low transient performances, especially
when the cost function is the derivative of another function.
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01 01

Fig. 4. (a) System trajectory among level sets of G1(0) = Oh(0)/001.
The inflection point along 61-axis corresponds to the maximum of G1(6).
(b) System trajectory among level sets of G2 = Oh(0)/062 indicating a
saddle point.

o _ — A1
= —-==Aj12=A12)
= N e Aiss
2 .02 ]
5
‘g ............
3
2 04 ]
o LY : ‘
0 10 20 30 40 50

Time (s)

Fig. 5. Temporal evolution of the estimate of the third-order derivative. The
true value of Aj is reached under 15 seconds.

As the number of parameters grows, achieving a uniform
convergence rate of all parameters by tuning the estimation
gain will become cumbersome. The Newton-based algorithm,
which relies on the estimation of two consecutive derivatives
at the same time, removes the trial and error process to update
all parameters uniformly and facilitates a user-assignable
convergence rate. Properly choosing probing frequencies and
carefully selecting corner frequencies of the high-pass, low-
pass, and Riccati filters ensures accurate estimation of the
second-order derivative and the inverse of the third-order
derivative. Future work will expand the SONES algorithm to
dynamic maps and improve its convergence rate by utilizing
high-order low-pass filters.

APPENDIX A
CONDITIONS ON PROBING FREQUENCIES
The following conditions must be met for the probing
frequencies to obtain an accurate estimate of the second- and
third-order derivatives of the map.
w; € Qfori=1,2,---p
Q0 = {CLJ»L S R>0 |
wj #Wj A w; }é 2&)j A w; #3&&‘ A w; 7£ 5CUJ'/\
Wi # wj + wE Aw; # w; + wi +wp A
w; # wj + 2wk Aw; #F w; + 4w A
w; 7 2wj + 3wk A
wi # wj + 2w + 2w A w; # wj + wi + 3w

(42)

[1]

[2]
[3

[ty

[4]

[5]
[6]

[7]

[8]
[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]
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wi # wj + wi + Wi + 2w, A
wi # wj + Wi + Wi+ W + wy A

wji +w wji + 3w
w; £ wj T Wk w; # wj + Sk
2 2

w; + 2w Wi+ w w
wi7é7J+ k/\wi7é7J+ k+ !

3 3

Wi+ w w;i +w 2w

wi§é7J+ k/\b%‘#ij_'_ k+ !
4 2

Wi + Wk + Wy + W

Wy 7§
2

wi +wj # wi +wi Aw; +wj # wi + 3w A
wi + wj # 2wg + 2w A w; +wj F wi + Wi+ 2w, A
Wi + Wi #F Wk + Wy + Wy + Wy A
w; + 2w; # wi + 2w A w; + 2w, F Wi + W + W A
wi + wj + wi # Wi+ Wi + Wy
Vitj#k#l#Fm#ne{1,2,--,p}} (43)
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