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Optimal control for a combination of cancer therapies in a model of
cell competition™

Pauline Mazel', Walid Djema?, Frédéric Grognard?

Abstract— We present a simple mathematical model of or-
dinary differential equations that describes the interaction
between a healthy cell population and cancerous cell popu-
lation. This model includes the effects on cell populations of
chemotherapy and targeted therapy, which are two bounded
control variables. We study this model and seek to optimize the
fraction of healthy cells within the total cell population over
a given therapy period. We apply the Pontryagin Maximum
Principle (PMP) and establish the expressions of singular
solutions in different interaction cases between healthy and
cancer cells. Then, we use a direct optimization method to
validate and illustrate our theoretical results.
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chemotherapy, targeted therapy.

I. INTRODUCTION

Cancer treatment is complex, and this disease remains
a leading cause of death worldwide [1], [2]. In light of
this, improving treatments is crucial, with many studies
investigating its evolution under combined therapies.

In the following, we study a generic mathematical model
as an initial step towards developing a more specific model
of acute myeloid leukemia, which has one of the lowest
survival rates among different leukemia types [3]. This
disease, originating from hematopoietic cells, is primarily
treated with chemotherapy. However, due to the resistance of
cells to this treatment, alternatives must be considered [3].
Thus, with a better genomic understanding of cancers, recent
years have seen the development of targeted therapies aimed
at inhibiting the processes underlying cell formation and
proliferation [4], [5].

The first model to utilize optimal control theory for
chemotherapy in human tumors, developed by Swan and
Vincent in 1977 [6], [7], has paved the way for the
widespread study of combined treatment approaches, includ-
ing chemotherapy, in cancer research. The combination of
immunotherapy and chemotherapy has thus been studied
by Ledzewicz et al. and Rihan et al. to model the inter-
actions between the immune system and the tumor [8],
[9]. Other combinations such as chemotherapy and tumor
anti-angiogenesis have been proposed, the advantage of the
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latter being that it does not lead to drug resistance devel-
opment [10]. Additionally, the use of chemotherapy and a
ketogenic diet has been explored [11], [12]. Feizabadi et al.
have, on the other hand, taken a more general interest in
chemotherapy and its drug resistance by integrating other
drugs that combat resistant cells [13].

Many works have focused on modeling two cell popula-
tions with different characteristics using ordinary differential
equations [14], [15], [16]. We consider a similar approach
here, by modeling a healthy cell population coexisting with
a cancerous one. Our model is widely inspired by the
PDE model in [17] (but see also [18], [19]), which was
specifically designed to account for phenotypic heterogeneity
in cell populations. However, as an initial step, we do not
include cell heterogeneity in this work. Instead, we focus
on analyzing the impact of a combination of treatments
on cancer cells through a simpler mathematical model that
includes two controls: chemotherapy and targeted therapy.
These two treatments have proved indeed to be an interesting
therapeutic approach [3], [20]. To derive optimal treatment
strategies, we apply the Pontryagin Maximum Principle,
which is a powerful theoretical tool to investigate this type
of problems in cancer (see e.g. [16]).

The paper is organized as follows. In section II, we firstly
introduce the competition system describing the dynamics of
healthy cells and cancerous cells, we highlight its features
and state main assumptions on the model parameters. Then,
in section III, we formulate the optimal control problem
and apply the Pontryagin Maximum Principle. Moreover,
we analyze the singular solutions in section IV. Finally, we
utilize direct optimization to illustrate our theoretical results
and discuss the observed turnpike phenomenon in section V.

II. DEVELOPMENT OF THE MATHEMATICAL MODEL

A. Description of the model

We consider a model describing the dynamics of two cell
populations, a population of healthy cells xj and a population
of cancerous cells x., involving two anticancer treatments
represented by the bounded control variables u; and us. The
first one, w1, stands for cytotoxic drugs (chemotherapy) while
the second one, us, represents cytostatic drugs (targeted
therapy). We assume that the wu-values represent the effect
of the associated drugs at their site of action.

To describe the dynamics of healthy and cancerous cells,
we will consider the following generic model, which repre-
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sents a generalized Lotka-Volterra system with inputs,

&p = Rp(xh, T, ut, u2)xp,

(D

T = RC(I’H Lc, U1, UQ)xcv

where Rj, and R, represent the respective growth rates of xj,
and x.. These terms can be decomposed into: a term for the
growth rate which depends on the treatments u; and us; and
a term of competition dependent on z; and z., as follows,

Ry (wh, wc, ur, u2) = My (u1,u2) — Fy(xn, vc),
Rc(xhv Le, Ui, UQ) = Mc(ula UQ) - Fc(xh; xc)~
The controls involved in these dynamics are assumed to be

bounded by maximum tolerated doses u}*** and uj

vt >0,

max
0<wui(t) <u™ and 0 <wug(t) < uy™.

Following [17], we focus on the specific case where:

Kh
Mp(u1,us) = ——— — spuq,
h( 1 2) 1+/€hU2 ht1
He
M. (uy,us) = ——— — s.uq,
c( 1 2) 1+ch2 cll
and
Fu(zh, 2c) = PhaTh + Phete,
Fc(xh7 xc) = PchTh + PecXe-

which leads to the dynamic system,

T = (Mh — Phh®h — Phele — Shu1) Th,
1+ Kkpus
2)
Te = (MC — PchTh — Pecle — scul) L.
1+ Kkeug

The parameters are described in Table I. More precisely:

o The parameters pp, > 0 and p. > 0 are the proliferation
rates of the cell populations. These proliferation rates
are reduced by cytostatic drugs uo and the parameters
kn, > 0 and k. > 0 represent the sensitivity to this drug.

o Competition within and between the populations
is incorporated to this model with the terms
(Prah + Prete)rn and (PenTn 4 Pecke)re, Where
Dhhs Phes Pehs Pee 2 0.

o Sensitivity of the healthy and cancer cells to cytotoxic
drugs is modelled by the parameters s, > 0 and s, > 0
respectively.

The fact that cancer cells proliferate more than healthy
cells leads to pp, < p.. Moreover, in the presence of targeted
therapy, cancer cell proliferation must be slowed down. To
have 1+nhu2 > H*:u for some w9, a necessary and
sufficient condition is to assume "h > ke Cancer cells are
also expected to be more sens1t1ve to cyt0t0x1c drugs than
healthy cells, and thus s. > sp,.

Assumptions 1: In the following, we consider the two
hypotheses:

o [be > [h,

Eh He
Kh > Ke®

As a consequence of these assumptions, if we fix the
value of u; and consider uo varying, we can observe that

TABLE I
DESCRIPTION OF THE MODEL PARAMETERS

Parameters  Descriptions

Lh Proliferation rate of healthy cells

e Proliferation rate of cancer cells

Kh Sensitivity of healthy cells to cytostatic drugs

Ke Sensitivity of cancer cells to cytostatic drugs

Phh Death rate of healthy cells due to the competition
between healthy cells

Phe Death rate of healthy cells due to the competition
between healthy cells and cancer cells

Peh Death rate of cancer cells due to the competition
between healthy cells and cancer cells

Pee Death rate of cancer cells due to the competition
between cancer cells

Sh Sensitivity of healthy cells to cytotoxic drugs

Se Sensitivity of cancer cells to cytotoxic drugs

the presence of cytostatic drugs reduces the growth rate of
cancer cells much more than that of healthy cells (Fig. 1).

Ie
Hn — M;(0, uz)
— M0, uz)

rowth rate

y
¥

C

Fig. 1. TIllustration of the growth rates without competition when w1 = 0.

Remark 1: The assumption £ > k< gives us k. > K,
i.e., the cytostatic drug has a greater impact on cancer cells
than on healthy cells.

B. Model investigation

A first interesting case is the one without competition.
Indeed, in this system, cell populations are linked only
via controls. By varying u; and up, we can make some
noteworthy observations.

Without competition, i.e., F, = F. = 0, we are thus
interested in studying the dynamics

&p = Mp(ui, u2)xp,
3)

e = M. (uy, uz)z,.

We define M for all (ug,us) € [0, u®] x [0, uS**] the
difference between the two growth rates M}y and M,

M (uy,ug) =My (ui,u2) — Mc(uq,u2)
_ Hh _ He o (Sh - Sc)ul-
1+ kpus 14 Keuo

When considering the maximization of M through the
simultaneous variation of u; and ws, one can first remark
that u; should be set at 0 or uj"®* if s, < s, or s, > s..
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Indeed, differentiating M with respect to u; leads to

oM
Bul o
Thus, when s;, < s, taking u; = u}"®* maximizes M. On
the contrary, when s;, > s., taking u; = 0 maximizes M.
In the cases s;, # s., we are then interested in maximizing
M with respect to us in order to quantify what we illustrated
in Fig. 2. To do this, we calculate

om
8u2

—(sh — S¢).

Kelle
(1 + Keug)?’

RhHh
(14 Kkpuz)?

(u1,u2) = —

We solve
oM
—_— = O
Dy (u1,uz)

_ Knpa Keple

(14 kpu2)? (14 Keug)?
= Uy (—pnknk? + peki k)
+ ug(—2upkpke + 2Uckpke)
— Bpkp + peke = 0.

=0

We obtain two solutions

M4+ _Hh’ic(IJ'h - Mc) + \/Mh/lcfih"ﬁc("ﬁc - ’ih)2
Uy = K2 R2(— B By
h'vc Kh Ke

According to Assumptions 1, the denominator is negative as
is the first term of the numerator, hence ué‘/[ ~ is positive.
Also, since kpke(pte — pn) < \/ﬂhucﬁhﬁc(ﬁc — Kkp)? is
equivalent to (“—h “C> Khke(tnkn — peke) < 0, the as-

Kh
* is negative. Hence SM (uy,uz) =

sumptions imply that ué\/l
0 has a unique positive solution.

We denote this solution @y in the following, and we
assume u5'®* to be greater than this solution (see Fig. 2).
The two cases s, < s. and s, > s. are then illustrated for
the (u1,us) maximization in Fig. 3.

= :
-
=
0 ﬁQ “/Smx
U9
Fig. 2. Tllustration of function M without competition when u1 = 0.

III. OPTIMAL CONTROL PROBLEM

A. Formulation of the optimal control problem

We want to maximize the proportion of healthy cells over
a fixed therapy time, which we denote T’.
To this end, we define

Z/{Tf = {(ul,ug) (S LOO([O,Tf])2 | 0<u < uinax,i = 1,2}

For s, > s,

For sj, < s,

7 Ll E
05 \L p |0 s Jo
72: i 722 1
40 / -2
0 9 2w 0 9 2
u; 40 0 u; 40 0

Fig. 3.  Maximization of function M by varying u; and w2, on the left,
for s;, < s and on the right, for s; > s. (the red dot is the maximum).

the set of admissible controls. We are thus interested in
finding the optimal controls u; and wus that satisfy

max (OCP)

(ul,UQ)EZ/le 0 Tp +xc

subject to the dynamics (1) and verifying the initial condition
(21(0),2:(0)) = (Thy, Te,) € RE2.

B. Application of the Pontryagin’s Maximum Principle

Denote the state vector as © = (xp, z.) and the co-state
vector as A = (A\p, A¢). Let A\g € R.
We denote H the Pontryagin Hamiltonian function, given by:

H(x, ul,uz,/\)

_)\O

+ ARy (T, ur, ug)zn + AcRe(x, ug, ug)x,.
Th —|—

If the control (ui,us) € Z/{Tf associated to the trajectory
(xh,x) is optimal on [0, Ty] then there exists two adjoint
states Ay, : [0,7f] — R and A. : [0,T¢] — R absolutely
continuous and a real number Ao > 0 such that (Ao, A\p, Ac)
is non-trivial and such that

. H
Ap = — g—%(xh,xc,uhuz,)\h, Ae)s
. oOH
Ao = — 8TEC(xh,acc,uhug,/\lw/\ c)-

We have the condition of maximization

H(x,ui,uz,A) = max H(x,v,vq,A).

('Uly'U2)€Z/le

The Pontryagin Hamiltonian function can be expressed as
a sum of three terms as follows:

H(IB,UI,UQ,)\) = h0($7A) + hl(m7u17A) + hg(ﬁﬂ,Ug,A)
where
o ho(@,A) = Mo + Aw(=Prr®h — Phe®e)Tn +
('( —PchTh 7p('('17(')55("
o hy(x,ur, A) = —(Apspxn + AcSce)u,
. hg(w Ug, ) = >\h(1+l:;’u2 )l‘h + A (m)xc

Note that the Hamiltonian is affine in uq.
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The co-state equations are given by

Lc

Mo=—Ao———— +2) y A c
h O(xh 72 + 2ARPhRTh + ARPheT
Hh
+ AePehTe — ApT————— + ApSpur,
1+ kpus 4)
. T
Ae =Ag—————= + AnPhe®h + AePen®
O(thrxc)Q hPhcTh Pchlh
He
2)\c cc C_Aci )‘C c .
+ Deel 1+ rootiy + AcScUy

Since the final point (z,(T), z.(Ty)) is free, the transver-
sality conditions are

)\h(Tf) =0 and )\c(Tf) =0. (5)

If \g = 0, then A\, = A, = 0 for all times due to (4)
and (5), and Pontryagin’s Maximum Principle does not apply.
Therefore, we consider normal extremals with \g = 1.

For the following, we define the switching function ®; by

o, = g—fl = % and we define also the function ®5 by
P, — OH _ Ohz
2= aug - (‘)ug.

The optimal controls u} and u} then verify for ¢ € [0, T]:

0 if @, (t) <0,
ui(t) = Quf(t) if ®4(t) =0, (6)
wPs i B (t) > 0,
and
0 if @y (t) < 0,
us(t) = ug(t) if ®a(t) =0, @)
WP By (t) > 0.

where the expressions of u] and w3 have to be determined.

IV. ANALYSIS OF THE SINGULAR SOLUTIONS

In order to fully-characterize the optimal solutions of
(OCP), we will analyze our model in two different cases:
with and without competition between cells. In the case
without competition, the dynamics of healthy and cancer
cells are however connected via the two control variables.

A. Study of the case without competition
Firstly, we consider the case without competition, when
F,=F,=0.
Theorem 1: Assume Fy = F, = 0.
(1) If sp, # s, there is no singular arc for uy.
(ii) Over [0, T, the optimal control in (7) is u = u3 = Ta.

Proof:
(1) The switching function is in this case
ohy
o) JA) =—(x,u, A
1(w7u17u2 ) aul (213 Ui )

= — (AnsnTh + AcScc)

One can remark the presence of the terms xpAp
and xz.A\. in the expression. We define for all
ZThyTey Ay Ae € R the function ¥(x, A\) = Apzp +
Acxe. Differentiating W with respect to time, we get
W(x, \) = 0, and thus ¥ is constant. The transversality
conditions give W (zp(Ty), zc(Ty), A (Ty), Ae(Ty)) =

0 and we conclude that ¥ = (. This leads to
Dy (x, uy, u2, \) = —A\pzp(sp — s.) which is non-zero
assuming sy # Sc.

(ii) We set for all uy € [0, ujax]

__KPr

1+ kpus

Lhe

and mC(UQ) = m

mp(ug) =

and we get
Oho
P A)=—= A
2(mau17u27 ) au2 (-’13,11,2, )
= pmy, (u)xp, + Aeml(ug)ze.
Then, since (i) states that, A\, xp, + A.x. = 0, we end up
with,

Do (x, ur, uz, X) =\pmj, (uz)zp, + Aeml(uz)w,

=Xpxp (my, (u2) — m,,(uz))
:/\hxh% (Uh UQ)-

Consequently, since A\pxj, # 0, the previous equality
leads to OM (uy,us)/0us = 0, and thus ul = u§ = us.
|

B. Study of the case with competition

With competition, it is interesting to note that certain sub-
cases lead to results similar to those without competition.
Therefore, before addressing the general case, let us first
examine the scenario where the competition terms offset each
other.

1) Competition of the form Fy, = F.: This is equivalent
to consider that ppp = pen, and ppe = Pec. In this particular
scenario, we prove similar results as in Theorem 1.

Theorem 2: Assume Fj, = F,.

(1) If sy # s, there is no singular arc for wug.

(i) Over [0, T'], the optimal control in (7) is u} = u§ = Us.
Proof:

(1) We define for all zp,x., Ap, A\c € R the function
\Il(a:, )\) = A\pZh + Ao
Differentiating with respect to time,

U(x,X) = (prnxh + prete) Anzn + Acte),
that is

\i/(aj’ A) = (phhﬂfh + phcxc)\p(ma >‘)

Since the null function is solution of the differen-
tial equation and the transversality conditions give
U(xp(Tr), e (Tr), An(Ty), Ac(Ty)) = 0, we conclude
that ¥ = 0. We can directly deduce from the relation
¥ = 0 and the expression of the switching function that

Oy (x, ur,uz, \) = — A\pxp (s, — Sc)
and conclude as in Theorem 1, that there is no singular
arc for uy if s, # s..
(i1) Similarly to Theorem 1 (ii), we obtain
Do (x, ur, uz, X) =\pmy, (u2)zy, + Aeml(uz)w,

=Anxn(my, (uz) —my(uz))

oM
=Apxp = (u1, u2),

(’)ug
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which leads to u3 = u3 = us.
|
2) General competition (arbitrary Fp, and F.): We can
generalize our calculations to the case with competition.
Theorem 3: We set

k) (8)

and assume A > 0 and pupkcARTH + pekpAce 7Z 0. In the
case with competition, the expressions for us provided by
= 0 are given by:
st — —(REREARTY + preknkcAete) £ VA ©
2 (uERRZNTL + PR R eTe)
Proof: We solve
(I)Q(my Uy, u2, )‘) =0
.
1+ rpuz)® " (L + roug)2
@u%(uhnhﬁi)\hxh + ucn%nc)\cxc)

A= _,uh/ic/ﬁ:h'%c)\}lel)‘cmc(I{C N

— — )\

+ u2 (2un KK ARTh + 2UckpKeAcT,)
+ prERARTE + pleReAcTe = 0.

If pupknk2Apxy, + Mcmimc)\cxc % 0, 1.e., UpkcApTH +
HeknAcZe £ 0, we set A given in (8) from Theorem 3 which
leads to the expressions of the two solutions in (9).
|
Remark 2: At this stage, note that we cannot ensure that
the control «$ is admissible, i.e., that uj(t) € [0, us?¥]
for all t € [0,Tf]. However, in the next section, we show
numerically that the singular arc is mostly admissible since
it exhibits a turnpike-like behavior around an admissible
control value.

V. DYNAMICS OF THE SOLUTIONS
A. Direct optimization

We illustrate our theoretical results using simulations to
qualitatively observe the behavior of our populations and
controls. To this end, we choose parameters that satisfy
Assumptions 1, namely . > pp, and £ > <. Unless
specified otherwise, the parameters used for the 51mulat10ns
are provided in Table II, and in that case we have uy ~ 2.4.
We can take uj'®* = 15, greater than Wy, as illustrated
in Fig. 2 with our parameters. Additionally, we choose
u'™ = 15 and the initial conditions are given in Table III.
For the simulations of our optimal control problem (OCP),
we employ a direct method and reconstruct our analysis from
the states, co-states, and controls provided by the Bocop
software [21], [22], whose settings are in Table IV.

TABLE I
THE MODEL PARAMETERS

B K. Dhp De S
Healthy cells zj, 10 0.5 0.03 0.02 004
0.02 001 005

Cancerous cells z. 12 1

As expected, without competition, the chemotherapy dose

uq 1S at its maximum ui'® = 15 as we are in the case

TABLE III
INITIAL CONDITIONS AND CONTROL BOUNDS

Control u1
[0, up™ = 15]

Control usg
[0, ug™* = 15]

Thy Tcy

150 50

TABLE IV
Bocop SETTINGS.

NLP Tolerance
<1071

Discretization method  Time steps

5000

Midpoint

sp < S. (Fig. 4). For the cytostatic dose uo, we obtain
a constant for u5 corresponding to the expression of s
calculated previously (function ®, null). The combination
of targeted therapy and chemotherapy enabled us to restrict
the cancer cell population compared to the healthy cell
population, but without eliminating it.

8000 800
foooo = 600
8 2
£ 400 £ 400
220 212001
0 0
0.0 0.5 1.0 0.0 05 1.0
t t
5 .,0.0015
< — P
-—'g 10 uj 5(],(]()10 — ],
£ — | Z
S 5 —— Ty | Z0.00
0 : ™ 0.0000
0.0 05 1.0 0.0 0.5 1.0
t t
Fig. 4. Solutions of (OCP) without competition: parameters prn Phes

Dchs Pee are zero and other parameters are given in Table II and initial
conditions in Table III. At the top, trajectories of healthy population and
cancerous population. At the bottom left, trajectories of optimal controls
and comparison of uo with the expression found for wo. At the bottom
right, the functions ®1 = OH/Ju1 and P2 = OH/Jus.

By introducing slight competition in the specific case
Phh = Per = 0.03 and pr. = pee = 0.02, the trajectories
of u; and ug are similar to those without competition as
expected by Theorem 2. On the other hand, the behavior of
the cellular populations changes, leading to the elimination
of the cancerous cell population (Fig. 5). In this way, it
is noteworthy that competition helps constrain the cellular
populations.

By increasing the value of the final time 7' in the general
case of competition (Fig. 6), we observe a solution w3 distant
from the solution wu,, before eventually converging to this
value at the final time. In our scenario, the population of
cancerous cells eventually goes extinct, as in the previous
example.

B. Static OCP

Denote X = R3 \ {(0,0)} and U = [0,u™] x
[0, u5*2*]. The static optimal control problem [23] associated
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31001
=
2 501 — Tn
sl \ X
0 . - -
0 1 2 3 4 5
t
Fig. 5. Trajectories of healthy population and cancerous population

for (OCP) when Fj, = F,: competition parameters are given by pj;, =
Pen, = 0.03 and ppe = pee = 0.02, other parameters are in Table II and
initial conditions in Table III.

<150
=
3 100—\ —
2 / _
= 501 e Zp
= ~—
&~ 0
550
= 40
£30 —_—
=20 - - 7
210
&

15 - u

Controls
ot
T
1
1
1
1
1
1
|
.
1 H
I 1
I 1
I 1
I H
1 |
1 1
|
|
1
1
1
1
1
|
|
1
2 g
LT

0 U

)=
» 0.025 M
g 0 S — A
< - C
7 -0.025 %,
O -0.051 ~
-0.075 - A

5 10 15 20 25 30
t
Fig. 6.  Solutions of (OCP) with competition: parameters are given in

Table IT and initial conditions in Table III. Two first figures: trajectories of
healthy population and cancerous population. Third figure: trajectories of
optimal control u1 and u2 and comparison the expression of u5 and the
one found for w2. At the bottom: trajectories of co-states. The static points
have been added.

with (OCP) is
Tp
max _—
(Th,Te,ut,u2) EXXU Th + T

under the constraint

Rp(zp, Te,ur, uz)zp =0,

Rc(xha T, U1, UZ)zc =0.

We assume that this maximization problem has a solution

(x,u) = (Th, T, Uy, uz). According to the Lagrange multi-
pliers rule, there exists A = (A, \c) € R? such that

0H . _ ~
ﬁ((B?u,A)—(L
_887];@,&75\) =0, (10)
0H . _ ~
%(w7u’A)_0

Solving this system leads us to four different cases upon
whether z;, and 7. vanish or not. The best static solution is
the one corresponding to Z. = 0. Depending on the param-
eters, this solution may not be possible, and we end up with
a strictly positive solution that satisfies the maximization
objective.

Considering the case where z.. is null, we find after solving
system (10)

Te =0, (11)
M =0,
Ao = 1

These solutions, dependent on w; and wug, will conse-
quently rely on the initial conditions.

When the final time T is large, the optimal solution
(,w, ) remains close to the static point (Z, %, X).

This is the turnpike phenomenon, more formally charac-
terized by the following inequality [23]:

l(t) = & + [IX(E) = Xl + [[u(t) - @l
g Cl(e—CQt + e—CQ(Tf—t))

for all t € [0,T}], where C; and C are positive constants.

More precisely, this turnpike phenomenon is illustrated
in Fig. 6 for the states, co-states and controls, when T is
sufficiently large. Initially, during a short time interval, we
observe that the solution moves from the initial condition
towards the static point (11). Then, for a much longer
period, the solution remains stationary at this static point (11)
before finally transitioning from the stationary point to the
final state that satisfies the transversality conditions. Direct
optimization also shows that as T'; increases, the transient
phases do not extend, and the solution spends more time on
the turnpike arc (the static point).

C. Saturating control

In Fig. 6, note also that the obtained optimal control ugy
significantly exceeds w,. In this case, if we take a lower value
for uh"®*, such that u5'®* is lower than the value of uy in
Fig. 6, then a bang arc occurs instead of the singular one.
This situation is illustrated in Fig. 7, where we set uy'®* = 7.
This bang inevitably leads to a lower cost than when there
is no saturation. Furthermore, note that the value of z; and

. when u5'®* = 7 is higher.

VI. DISCUSSION AND CONCLUSION

We studied an OCP based on a model describing the
dynamics of healthy and cancer cell populations under the
effect of cytotoxic and cytostatic drug concentrations. While
this system is limited in capturing the high complexity of cell
interactions, it provides a foundation for further improve-
ments. It allowed us firstly to gain a better understanding
of the cell dynamics in the absence of competition between
cancer and healthy cells, focusing on maximizing the pro-
portion of healthy cells. Applying the PMP allowed us to
derive expressions for some singular solutions. When using

1356



—
ot
o

IS
£100 ] — o foru =7
% 50 L¢ _____ = = =z, for up™ =15
% —
a0 . .
50
= 40 o
230 — x,for up™ =7
% 20 - = xfor up™ =15
2101 3
~ 0
15 S
l:
E10] e —
Sl NTTm
N sinlniiininiiisisiiisiniiis IR u
0 5 10 15 20 25 30
Fig. 7. Solutions of (OCP) with competition: parameters are given in

Table II and initial conditions in Table III. At the top, trajectories of
healthy and cancerous populations for u5#* = 7 and comparison with
the trajectories when u5'®* = 15. At the bottom, trajectories of optimal
controls when u3*** = 7 and comparison of ua with the expression found

for wo.

sufficiently high maximum tolerated doses in our numerical
results (through direct methods), singular arcs emerged in
the optimal solutions for cytostatic drugs.

This contribution focused on a simplified system involving
only two cell populations: healthy and cancerous cells.
However, cancer is more heterogeneous; cellular phenotypic
composition evolves over time, in particular during treat-
ment, due to genetic and epigenetic modifications [24], [25],
[26], [27], [28]. Therefore, incorporating such phenomena,
among others, into the ODE model will be the focus of future
work.
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