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An Interval Predictor—based Robust Controller for
the Blood Glucose Regulation Problem

Héctor Rios'*, Manuel Mera?, and Alejandra Ferreira de Loza’*

Abstract—This paper contributes to designing a robust con-
troller for the blood glucose regulation problem in patients with
diabetes mellitus type-1. The proposed switching control ap-
proach is based on an interval predictor-based state—feedback,
which takes into account the state and input constraints of the
insulin—-glucose system dynamics (Bergman minimal model), i.e.,
positive states and input, and minimum and maximum values of
the blood glucose level and the insulin infusion rate. The method
deals with interpatient variabilities and unannounced food
intake. Additionally, the switching structure of the control law
allows us to switch off the state—feedback controller stopping
the insulin injection for proper glucose level regulation. The
stability analysis is based on a Lyapunov function approach
and guarantees the asymptotic convergence of the blood glucose
level around the desired value. The synthesis of the controller
is constructive since it is in terms of linear matrix inequalities.
Some simulation results, over a cohort of 4 virtual type 1
diabetes mellitus adult patients, illustrate the performance of
the proposed robust controller.

Index Terms—Constrained Systems, Glucose Regulation, Ro-
bust Control.

I. INTRODUCTION

HE diabetes mellitus is a chronic disease involving
Ta deficiency of insulin production by the pancreas.
As a result, the patients suffer from hyperglycemia, an
increase in blood glucose levels that, if left unattended, may
lead to several health complications [1]. Diabetic patients,
particularly those suffering from type—1 diabetes mellitus
(T1IDM), rely on external insulin ministration on a daily
basis. Since the ’60s, considerable research has been devoted
to proposing autonomous insulin delivery systems to regulate
blood glucose and keep it within the normoglycemic range
(i.e., 70-180 mg/dl). The goal is to avoid glucose excursions
to the hyper and hypoglycemia ranges, that is, above and
below the normoglycemic band. While hyperglycemia may
result in a long—term problem, hypoglycemia is potentially
life—threatening [2].

Autonomous insulin delivery systems rely on state—
feedback control schemes and face challenging problems
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such as inter and intrapatient variability and unannounced
food intake. Interpatient variability relates to the diverse bio-
logical characteristics of the patients; in contrast, intrapatient
variability refers to the evolving physiological condition of a
patient over time. Therefore, to address robustness and grant
reliable performance, several robust control approaches have
been considered in the literature. For instance, sliding—mode
control [3], H., control [4], model predictive control (MPC)
[5], and linear parameter varying (LPV)-based control [6],
among many others.

An additional defiance is that the model describing the
glucose—insulin dynamics of the patient is a positive system,
i.e., the states represent concentrations of particular sub-
stances, and the control input only admits positive values.
In other words, the control signal cannot reverse an insulin
overdose. A possible way to address this issue is by estab-
lishing states and input constraints. In this regard, MPC is
a systematic approach to face state and input constraints by
solving a control optimization problem. Nonetheless, MPC
demands a detailed and reliable mathematical model, which
in practice is not affordable. The MPC approach has been
combined with other methods to address robustness (see,
e.g., [7] and the references therein). Still, the computational
burden is the main drawback of MPC strategies.

Apart from MPC, only a few results have coped with the
positive nature of the glucose—insulin dynamics (see, e.g.,
[8], [9], and [10]). The work in [8] proposes a Lyapunov
function approach that takes into account the constraints in
the input and the insulin variable. Given the cascade structure
of the glucose—insulin dynamics model, insulin stabilization
entails glucose stabilization. Nonetheless, hypoglycemia may
occur since the glucose variable is left unconstrained. In
contrast, [9] tackles the problem designing two independent
discontinuous sliding—mode controllers for the glucose and
insulin subsystems. Still, a continuous approximation is used
and therefore the robustness is lost in practice. Instead, in
[10], the authors propose a positive state—feedback control
to regulate the blood glucose, constraining the insulin within
a desired interval while ensuring the blood glucose value is
kept above the desired value. All the previously discussed ap-
proaches assume that the full state is available and disregard
the effect of food intake.

To sum up, only few works are developed respecting the
natural system constraints, i.e., positive states and input, and
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minimum and maximum values of the blood glucose level
and the insulin infusion rate. Motivated by these issues, in
this paper, we propose a robust controller for the blood
glucose regulation problem in patients with TIDM. The
proposed switching control approach is based on an interval
predictor—based state—feedback that considers the state and
input constraints of the insulin—glucose system dynamics,
i.e., the Bergman minimal model. Moreover, the switching
structure of the control law allows us to switch off the state—
feedback controller stopping the insulin injection for proper
glucose level regulation. A Lyapunov function approach
ensures the asymptotic convergence of the blood glucose
level around the desired value. The synthesis of the controller
is constructive since it is in terms of linear matrix inequalities
(LMIs).

The rest of this manuscript is organized as follows. The
problem statement is given in Section II. The regulation
error dynamics is presented in Section III. In Section IV,
we provide an interval predictor for the regulation error
dynamics while the robust control design is introduced in
Section V. In Section VI the simulation results are discussed.
Finally, Section VII provides some concluding remarks.

Notation: For a couple of vectors x1,z2 € R™ and a couple
of matrices Ay, Ay € R™ ™, the relations x1 < x4 and A; <
Ajg are understood in the component-wise sense. In the same
sense, for a matrix A € R™*", define AT = max{0, A},
A= = A" — Aand |[A] = AT + A, similarly for a vector.
For a symmetric matrix P € R"*", the notation P < 0
(P > 0) means that P is negative (nonnegative) definite.
A matrix A € R™" is called Metzler when all its non—
diagonal elements are nonnegative. Define the vector 1,, =
(1,...1)T € R™. The term He(A) denotes A + A", for a
matrix A € R" ™. The set &(R,z,) = {r € R" : (x —
z,)T R(z — x,) < 1} is an ellipsoid centered at , € R",
characterized by a matrix 0 < RT = R € R"*™,

II. PROBLEM STATEMENT

The insulin—glucose system dynamics, for patients with
T1DM, can be represented as follows [11]

T4 = —x1%2 + d(t), (1a)
Ty = —poxy + p3(x3 — I), (1b)
i3 = —n(xs — Ip) + u(t), (1c)

where x; is the glucose concentration in the blood plasma
[mg/dl]; x2 is the insulin’s effect on the net glucose disap-
pearance, the insulin concentration in the remote compart-
ments [1/min]; x5 is the insulin concentration in plasma at
time ¢ [U/ml]; u is the control input, which corresponds to
the insulin infusion rate; d describes the rate at which glucose
is absorbed to the blood from the intestine after food intake;
Iy, is the basal pre—injection level of insulin [pU/ml]; po is the
rate for decrease in tissue glucose uptake ability [1/min]; ps3
is the insulin—dependent increase in glucose uptake ability in
tissue per unit of insulin concentration above the basal level

[(U/ml)/min?]; n is the first-order decay rate for insulin
in blood [1/min]. We consider that all of the parameters and
the food intake are unknown but a set of nominal, maximum,
and minimum values are available.

We assume that the disturbance d can be modeled by a
vanishing exponential function of the following form:

d(t) = bye t20trn), 2

with some positive constants by,bo > 0, t > tp7, and a
certain food intake time tr; > 0. Therefore, we have that
d € [0,b].

This work aims to design a control law that is able
to achieve a desired glucose concentration for an entire
adult patient cohort, despite the interpatient variability and
disturbances, and taking into account the system constraints,
Le., :vl(t) e Xy = (70,250), $2(t) e Xy = [O,Z'Qmax),
$3(t) € X3 = (Ibmina-[bmax)’ and ’U,(t) elU= [07’U,max], for
all £ > 0, and for some positive values T2 max, Ibmins Lb max>
and Upax.

III. REGULATION ERROR DYNAMICS

Let us define the regulation errors as follows

e1 =21 — Gy, (3a)
ez = T3, (3b)
ez = x3 — Ig, (3c)

where G4 is the desired level of glucose [mg/dl] and Iy
is the desired level of insulin [pU/ml]. Therefore, the state
constraint sets are given now as follows:

E, = {61 cR:e € (90 — Gd, 180 — Gd)}, (4a)
E; = {62 cR:ex € [0,%2 max)}v (4b)
E; = {63 eR:e3€ (Ibmin — I, Ipmax — Id)} (40)

According to (1) and (3), the regulation error dynamics
holds the following differential equations.

&1 = —(61 + Gd)€2 + d(t), (5a)
€2 = —paea + p3e3 + p3lap, (5b)
és = —nes — nlg + u(t), (5¢)

where Iy, = I; — I, i.e, Ig is the difference between the
desired level of insulin and the basal pre—injection level of
insulin. Note that the constraints over the error dynamics do
not necessarily imply that the error must be positive, it will
depend on the values G4, 14, Iy min, and Ip ., but system
(1) is positive.

Let us introduce a virtual control such that

ea =1(er) = 1?f1k1€1, (6)
with some k; > 0. Thus, the dynamics for e; satisfies
él = —k161 -+ d(t) (7)
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It is easy to show that system (7) is Input-to—State Stable
with respect to d. Define the following auxiliary variable

Z9 = €9 — ’(/J(el) = €9 — xflk’lel. (8)

Then, based on (8), the system (5) can be rewritten as
follows

él = —klel — XT129 + d(t), (9&)

i9 = —poza — pat(er) — ¥(e1) + pses +pslay,  (9b)

é3 = —neg — nlg + u(t), (9¢)
where 1(e1) = —x7 Ykder —kizo+ a7 Ykieyzo +xy 2k3ed +

27 2k1G4d(t). Therefore, the closed—loop regulation error

dynamics can be given in the following form, i.e.,
¢ = A(p)e + Bu + F(z1)w(t), (10)

where € = (e1, z2,e3) ", w(t) = (d(t), p3lap,nlg) ", and

—kl —T1 0
Alp) = | 27%k1(k1Ga — p2x1) —p2+ a7 'k1Ga ps |,

0 0 -n
0
B = 0
1

1 0 0
, Flm)=| —27%kiGq 1 0 ,
0 0 -1

with the unknown scheduling vector p = (z1,p2,p3,n)".
Note that the state and input constraints for the system (10)
are given now as follows:

E, = f{e1 €R:ep € (90 — Gy, 180 — Gy)} (11a)
Zo={20 €R: 25 € (29,%2)}, (11b)
Ez = {es € R:e3 € (Iymin — L, lomax — 1a)}, (11c)
U={ueR:ué€l0,umaxl}, (11d)

where z, = —k1(180—G4) /180 and Za = To max +k1(Ga—
90)/90. In addition, the state constraints can be expressed in
the following polytopic way

P={ceRg/e<1, i=1,6},

where the vectors ¢; € R3 are ¢; = (90 — G4,0,0)7, ¢ =
(071270)T7 q3 = (O 0 Ibmln_Id)T7 q4 = (180—Gd,O,O)T,
g5 = (0,%2,0) ", and ¢; = (0,0, Iy max—1aq) . Now, we need
to design a robust control law u, for system (10), such that
u(t) € U = [0, umax, for all ¢ > 0, and the trajectories of
regulation error dynamics converge to zero or to a region
around the origin, despite the parameter uncertainties and
disturbances, and taking into account the system constraints
(11). Then, the idea is to design w based on an interval
predictor state—feedback.

12)

I'V. INTERVAL PREDICTOR
Note that the matrix A(p) can be written as follows

—k1 0 0
0 —p2 D3
0 0 —-n

Alp) =

0
+ LE;le(k/‘lGd — p2x1)
0 0 —n

—X1 0

—]52 + m;lk)lGd ]53 ) )
where P2, p3, and 7 are known nominal values for po, ps,
and n, respectively; while po = p2 — P2, p3 = p3 — ps3, and
n = n — n represent the error between the real and nominal
parameter values. Therefore, there always exist a Metzler
matrix 4y € R3*3, and some matrices A;, F; € R**3, for
i = 1,16, and j = 1,2, for some k,! € N, such that the
following equations

ZAZ(P)ZZAJ‘(M):L Ai(p) Aj (1) € [0,1], (13b)

hold for the system (10). Therefore, taking into account (13),
the dynamics of the system (10) is given by

16
€= {Ao + Z Ai(p)

2
Ai] e+ Bu+ Y \j(z)Fyw(t). (14)
j=1

Then, according to [12], it follows that

16
—Z§7 —Ang S Z&(P)Aﬁ S ZEJF +&77
i=1
2
—Fw™ — Fwt SZ (z1)Fjw < Fot + Fw™,

=1

where A = 216 Af, A Z = Z?zl Ff

F = Zj y E;, vectors g, w, w€R3 suchthat§§5§€

and w < w < w, respectlvely, and

1 0 0 1 0 0
Fr={ —@p 1 0 |, B=| -5 1 0 |,
0 0 -1
0 b1
w = min(psLap) , W= max(psLap) .
min(nlg) max(nlqp)

0 0 -1
Thus, it is possible to design the following interval pre-
dictor [13] for system (14):

¢=Apg—Ast — A~ + Bu— Fu" — Fuw™,
E=ApE+ Azt + A + Bu+ Fu' + Fuw™,

(15a)
(15b)

with two vectors g,8p € R3 such that g, < £(0) < &
providing the interval inclusion property for the errors in-
dependently of the control, i.e., g(t) < e(t) < &(¢), for all
t > 0. The previous dynamics may be represented in the
following compact form

= AgC + A1 ¢t + AsC™ + Bu + F,

where ( = (¢",8")T € R%, 6 = (w™ T, w" )T

(16)
€ RS, and
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the system matrices given as follows

_( A O _ (0 -A
w54 ) =00 7))
-F —-F
)7=(% #)

—-A 0 B
() (1
Then, in order to stabilize the error dynamics (10), due
to the interval properties of system (16), we can design
a state—feedback u to take the trajectories of the system
(16), and hence the trajectories of system (10), to zero or
a neighborhood of the origin (see, e.g., [14]).

V. ROBUST CONTROL DESIGN

The proposed control signal u possesses the following
structure

u(t) = {"(WD’ if 21> Ga+ [ Awax (P) (s + 1),

(17)
0, else,

where 0 < P € R®*6 is a diagonal matrix, u;, = (Umax —

Umin)>/2(Umax + Umin)?, the signal @ is a state—feedback

control law, and the function o is the saturation function,

ie.,

Umax if Upax < u,
U(’EL) =4 u, if Umin < % < Umax,
Umin if @ S Umin -

with some given positive values uyin, Umax > 0. The state—
feedback controller @ is designed, based on (16), as

= Ko + K1t + Ka(™ + K36, (18)

where Ko, K, Ko, K5 € R 6 are the matrix gains to be
designed. The following theorem provides a constructive
way to design the state—feedback gains in order to ensure
the convergence of the trajectories of the system (16) to a
neighborhood of the origin satisfying the system constraints.

Theorem 1. Let the state—feedback control law (17)—(18)
be applied to the system (16), with x1(0) > Gg4. Suppose
that, for some given Umin, Umax > 0, there exist two vectors
£0,80 € R3 such that g, < £(0) < &g, diagonal matrices
0 < X;,Q; € R6x6 0 < R; € R%%6 and some matrices
K3,Y,,Z e RS, for i=0,3, 1 =0,5 and | = 0,2; such
that the following LMIs

X zT Umax T Umin
(%3 ; )zo, gy = s Ll gy
X z7 Umax + Umin
(% 2. )mom =ttt oy
Q=0, (19¢)
X3 < Xo+ X1+ Xo, (19d)

where

Q1 Q2 Yz Qs s Qs Q17 Qus
* Qoo Qa3 Qg Qs Qe Qi Qas
* * Q33 Q3a Q35 Q3 Q37 Qass

Q o * * * Q44 R4 Q46 0 0

- * * * * Qs5 R3 0 0 ’

* * * * *  Qgs 0 0
* * * * * * Q77 Q7g
* * * * * * * Qss

Q11 = He(AoXo + BYs) + Qo,
Qo = A1 X1 + BY1 + XoAg + Y B' + Ry,
Qi3 = A2 X2 + BYs — XoAg — Yy B — Ry,
Q4 = Ao Xo + BYy, Q15 = A1 X1 + BYq,
Qe = A2 X5 + BY2, Q7 = F + BKs,
Qs =B-6(Yo—2)", Qa2 = He(A: X1 + BY1) — Q1,
Qo3 = A Xy + BY: — X1 A — Yy B + Ry,
Qos = B—68Y;', Qa3 = —He(A2 X2 + BY2) — Qa,
Q34 = _9147 935 = _9157 QSG = _9167
Q37 = =7, Q3g =B — 5Y2T, Qus = —Q3,
Qe = —Rs, Q55 = —Qu, Q66 = —Qs,
Qrr = —aQ, Qs = —0K4 , Qgs = —27,
are feasible for some fixed constants o, 9,y > 0 and a matrix

Q = |0|721s. If the state—feedback gains are designed as
K, =YX, !, for 1 = 0,2, and K3; and the inequalities

XM (QoXy 4 2min(Ry X, Re X5 h))

X7 O X - X5NQ0 X5 > aP (20a)
P> X3t (20b)

Xo Q3 Xyt — 2min(Ry X, Rs X5 )
X7 QX T+ X5 X = aXs, (200)

hold for some diagonal matrix 0 < P € RS%6 and the
solution (X;, K3,Y;,Q;,R;), i =0,3,j=0,5and 1 = 0,2,
of (19); then, the trajectories of the system (16), starting
in E(R,C) \ &((wy + 1)1P,C.) = {C € RS : CTRC <
L, ETPC_ > uy, + 1}, with C_ =(—Co G = NXSZT, B=
(umax _umin)/(umax +umin)) and up = /142 (umax _umin)/z
asymptotically converge to the ellipsoid & ((u, +1)"'P, (),
implying that x1 asymptotically converges to a region around
Gy, ie., z1(t) = Gq + \/)\Hléx(P)(uu +1), ast - oo .
Moreover, if the inequalities

(6i—C)TR (g —C) <1,
(@—¢)"R Hai—¢,) <1,
¢, <6 <C,,

21a)
21b)

R =Ry — RisR 'R}, i =16,
R =Ry — RiaRy Ry, i = 1,6,
_ R R
1 _ 11 12
Xy = ( R{y Ry )’

are satisfied; then, x1(t) € Xy, x2(t) € Xo, x3(t) € X3, and
u(t) €U, forall t > 0.
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Due to space limitations, the proof of this result is omitted.

Remark 1. The switching mechanism introduced in (17)
prevents the occurrence of hypoglycemia by cutting off the
insulin injection. Otherwise, the controller u in (18), due to
Umin > 0 and the parameter uncertainties, would continue
injecting insulin despite that the glucose level is at the
desired value.

A. Practical Implementation

The matrix inequality (19), proposed in Theorem 1, is
linear with respect to (X;, K3,Y;,Qi, R;), 1= 10,3, j = 0,5,
and | = 0,2, if we fix some values o,y > 0. Additionally,
we may maximize the volume of the ellipsoid & (R, () in
order to increase the attraction region. However, we need to
verify the inequalities (20) and (21). In order to facilitate the
design of the control parameters, such that the conditions
of Theorem 1 are satisfied, we propose the following tuning
algorithm:

Algorithm 1 Tuning Algorithm

Input: Constants Umin and Umax, and vectors g;.

Output: Controller parameters (X;,Ks,Y;,Qi, R;), ¢ = 0,3,
j=0,5, and 1 =0,2.

1. Select «,d,v > 0.

2. Look for a solution (X;, Ks,Y;,Q;, Rj) of LMIs (19) such
that log{det(X3)} is maximized:

— If the solution is feasible, go to step 3.

- Otherwise, return to step 1 and modify «, J§, and/or ~.
3. Look for a solution P of LMIs (20a) and (20b), for the
feasible solution (X;, K3,Y;,Qi, Rj):

- If the solution is feasible, go to step 4.

- Otherwise, return to step 1 and modify «, 9§, and/or ~.

4. Verify that (20c) holds.

- If it does, fix K; = Y;X; ', for | = 0,2, K3, and the
algorithm ends.

- Otherwise, return to step 1 and modify «, 9§, and/or =,

and continue with the algorithm.

VI. SIMULATION RESULTS

The simulations have been done in MATLAB with the
Euler explicit discretization method and sampling time equal
to 0.1 [s], while the solution to the given LMIs is obtained
by means of SDPT3 solver, among YALMIP in MATLAB.

The proposed controller is tested in a cohort of 4 virtual
T1DM adult patients, which parameters are taken from [15]
and can bee seen in Table I.

Table T
PATIENT PARAMETERS

Patient P2 P3 ‘ Iy ‘ n
1 4.78 x 1072 | 8.73x107% | 15 | 0.3
2 3.13x 1072 | 9.7x10°¢ 3 | 0.22
3 6.76 x 1072 | 16.1x107% | 17 | 0.09
4 0.69 x 1072 | 0.55 x 107 | 81 | 0.13

The simulation considers a single-meal closed—loop sce-
nario (80 [g] of carbohydrates at 5 hr in 24 hr). The proposed
controller is active since the beginning of the trial. The sys-
tem constraints sets are taken as X; = (70, 250), X5 = [0, 3),

400 T T T T T T T T
—Food Intake —Patient 1 - -Patient 2----Patient 3 —- Patient 4

w
D
[=]

mg/dl]
w
o
o

[
)
(33
S

[
(=3
=3

o
[=)

o
=]
T

Blood Glucose

o
[=]

o

o
N
S
[o>])
o
S
S
=
>
>
S
N
R

Time [bu]

Figure 1. Blood Glucose Level

x3(t) € X3 = (3,100), and U = [0, 10}, and u;, = 0.001,
while the initial conditions are set in z1(0) = 160, x2(0) =
0, and x3(0) = 80, for all the patients. The nominal values
are po = 3 x 1072, p3 = 10 x 1076, I, = 50, and 72 = 0.1,
and hence, taking into account the patient parameters, we can
establish that pomin = 0.30 X 1072, pamax = 6.8 x 1072,
P3min = 0.50 X 1078, pgax = 19 x 1078, Iy pin = 2.5,
Tpmax = 100, npmin = 0.08, and n,,« = 0.35. Based on
all the previous minimum and maximum values, and taking
Gq = 110 [mg/dl], I; = 30 [pU/ml], and k; = 0.01, we
are able to compute all the matrices A;, ¢ = 1,16, using a
convex polytopic approach.

Then, we apply Algorithm 1 to tune the
controller parameters selecting a = 2000, § = 0.1,
and vy = 10, and obtaining the following
controller gains K = (0,0,0.0026,0,0,0.0032),
K; = (0,0,—0.0495,0, —0.1322, —0.2017),
K, = (0,0.1241,0.2041,0,0,0.0497), K3 =
(0,0, —1.0045,0,—0.0001, 0.9876), and P =

diag(0.0795,0.0324,0.0795,0.0795,0.0324, 0.0795).

Thus, the switching controller (17) is implemented to the
whole cohort of patients offering the results depicted by Figs.
1, 2, and 3. The blood glucose for the 4 patients, under
the same carbohydrate intake, is shown in Fig. 1. In the 4
cases, the blood glucose level is taken to the normoglycemic
band (70-180 [mg/dl]) while no hypoglycemic events (<70
[mg/dl]) occur despite the carbohydrate intake. It is also
clear that the blood glucose level never violates the state
constraints and is always around the desired value of 110
[mg/dl]. Moreover, the proposed controller provides a mini-
mal hyperglycemic (>180 [mg/dl]) risk, for the whole cohort.
The control signals, corresponding to the infusion rate, are
shown in Fig. 2, where we also see that the input constraints
are not transgressed. The time evolution of the regulation
errors e1, 22, and eg is presented in Fig. 3. We can see
that these regulation errors satisfy lim;_, o, e1(t) = ey (¢,),
limy o0 22(t) = kie1(t,)/(Gaq + e1(ty)) (im0 ea(t) =
0), and lim;_, e3(t) = —I4p, respectively.
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VII. CONCLUSIONS

In this paper, we propose a robust controller for the blood
glucose regulation problem in patients with TIDM. The
proposed switching control approach is based on an interval
predictor—based state—feedback that considers the state and
input constraints of the insulin—glucose system dynamics,
i.e., positive states and input, and minimum and maximum
values of the blood glucose level and the insulin infusion
rate. The stability analysis is based on a Lyapunov function
approach, which ensures the asymptotic convergence of the
blood glucose level around the desired value. The synthesis
of the controller is constructive since it is in terms of LMIs.
The simulation results, over a cohort of 4 virtual T1DM adult
patients, demonstrate the performance of the proposed blood
glucose regulation approach.
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