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Abstract— The solution of optimal control problems is funda-
mental to numerous concepts, such as model predictive control.
Despite recent advancements, solving these problems remains a
challenge, particularly with complex systems involving multiple
states. Employing reduced order models is a strategy to simplify
these problems, but accurately estimating system states from
output measurements continues to be difficult. We address the
challenge of reconstructing the state of a linear dynamical
system using measured input and output data, intending to
use this reconstructed state in an optimal control framework,
reducing the problem size. Our objective is to minimize the
discrepancy between the optimal solution derived from the true
system state and that from the reconstructed state. We approach
the reconstruction problem through the lens of observability
within a finite horizon, which allows us to confine our search to
a subspace of the original state space containing only observable
components. This confinement effectively yields a reduced-order
system representation. We delineate conditions under which
the reconstruction problem can be solved and demonstrate the
practicality of our approach with a case study.

I. INTRODUCTION

Solving optimal control problems is at the core of many
methodologies, such as model predictive control (MPC) [1],
[2]. One key challenge in optimal control is the trade-off
between prediction accuracy and computational complexity
of the used mathematical model. Since the optimization is
typically performed online in real time, the model must not
be too complex.

In this work, we are concerned with high-dimensional
linear systems. Despite their linear nature, they are often
challenging because the computational complexity associated
with solving optimization problems appearing in MPC scales
in general cubically with the state dimension [3], [4]. While
one could aim to use data-driven control approaches [5],
[6], one would still need to consider input/output data with
the length of the state dimension to fix the initial state of
the predicted trajectory. Furthermore, harvesting the insight
contained in an available model might be challenging.

One possibility to alleviate this problem is to reduce the
mathematical model in dimension, and then use it as a
prediction model; see, e.g., [7], [8], [9], [10]. The reduction
step constrains the system dynamics to a low-dimensional
subspace of the original state space.

A popular method for model reduction is balanced trunca-
tion [11], [12]. The core idea is to focus on directions of the
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state space which are equally well to control and to observe.
The controllability and observability measures are, however,
based on the infinite-time behavior of the system [12].

We argue that this is not the best criterion for many
methods using optimal control problems such as MPC, as
often they are used for transitional processes where the goal
should be achieved in finite, not infinite time. Consequently,
we are interested in a subspace that captures the system
behavior over this finite horizon. For example in MPC this
might be sufficient because the prediction happens repeatedly
in closed-loop with updated information on the system state.

Another problem in using “off-the-shelf” reduction meth-
ods like balanced truncation in our context is that balanced
truncation is based on the minimal realization of the transfer
function associated with the dynamical system. This means
that only system trajectories with zero initial state are
considered. In many control applications, this is justifiable,
because the system solutions that are not modeled by the
minimal realization are not influenced by the control anyway.
Furthermore, they decay exponentially fast, so they are
neglectable for the long-term system behavior. For example
in MPC, we want to find — given the current state of the
system — the optimal input sequence over the finite prediction
horizon. The unmodeled solutions might very well play a
role in the system’s short-term behavior, so not knowing
them might lead to an uneducated choice of the optimal input
sequence over the horizon.

The contribution of this work is the characterization of a
low-dimensional subspace to which the system description
is restricted, based on the finite-time behavior of the system.
We focus on the output feedback problem, i.e., full-state
measurement is unavailable. Thus, we need to reconstruct
the state with a suitably tailored observer. For this, we adapt
the scheme from [8]. There, the observer is not based on its
asymptotic properties, but the most recent input/output data
is used to infer the best possible current state. We put special
focus on the problem of using the available input/output
information to infer a state that contains the most important
information with respect to the system behavior on the
finite prediction horizon. All unnecessary information for this
horizon is neglected.

A closed-loop analysis of the optimization-based con-
troller, such as MPC, in conjunction with our proposed
reconstruction method, is out of the scope of this paper and
will be the focus of future work.

We structure the paper as follows. In Section II, we
introduce the considered system class, while Section III
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outlines the considered problem. In Section IV, we present
our solution strategy for this problem. Section V illustrates
the approach for an example system and we give a conclusion
in Section VI.

Notation: We denote the field of real numbers by R
and the group of integers by Z. For a map f: X — Y and
a subset M C X, the restriction of f to M is f\M.

An inner product space over R is the quadruple
(V,+,-, gv) where (V,+, ) is a R-vector space and gy : V' x
V' — R is an inner product. We denote the evaluation of gy
at v,v" by gy (v,v") = (v,v')y. The inner product implies
the norm ||v]ly = +/(v, v)v.

Let V and W be finite dimensional inner product spaces
and consider a linear map A: V' — W. The subspace
ranA = {Av | v € V} C W is called its image and the
subspace ker A = {v | Av = 0} C V its kernel. Its adjoint
AT: W — V is defined by (Av, w)w = (v, Afw)y for all
v eV and w € W. If A is surjective, its pseudoinverse is
the map A% := AT(AAT)~1: W — V, and A*w is the unique
solution of Av = w of smallest possible norm.

Let Uy, Us be subspaces of V. We say that V' is the direct
sum of Uy and Us, denoted V =Uy @ Us, if V =U; + U,
and U; N Uy = {0} holds. There is one and only one linear
map P: V — V with P2 =P, ranP =U; and ker P = Us,
which we call the projection on Uy along U,. [13, Sec. 6.6].
A vector v € V is contained in U; if and only if v = Pv
holds. We can uniquely express any vector v € V' as a sum
of vectors in Uy and Us, i.e., v = Pv + (idy — P)v.

The orthogonal complement of a subspace U C V is
Ut ={veV|VYueU: (v,u)y =0}.Then, V =UdU"L.

Additionally, V' x W can be made into an inner product
space by letting (v, w)+a(v',w') = (v+av’,w+aw’) and
{((v,w), (W, w))vxw = (v,0)y + (w,w'),, for v, €V,
w,w € W and a € R.

Let I C Z be an interval. This allows the construction
of a new inner product space V! = {f: I — V} where

(f +ag)(t) == f(t) + ag(t) and
Grghvr = U0 g0

tel

for f,gc VI, a cRand t € I.

If I is an empty interval, then the set V! only contains
one element, which we denote by .

Consider tg,t1,to € Z with tyg < t; < t9, and let
fi € VItot) and f, € VI:t2) Then, their concatenation
— denoted by fy fo — is the map f € V[to:2) defined by

() = {f o

if t e [to,tl),

fz(t) if t € [tl,tg).

II. PRELIMINARIES

We restrict our analysis to discrete-time systems. We
thoroughly introduce the system class that we consider,
which is mainly motivated by [14], [15], [16]. They are
characterized by a discrete underlying time set T, which is
defined as a subgroup of (R,+). We use 7 = Z as the
time set throughout this work. Since Z is always implicitly

understood to be the time set, we will not explicitly mention
it. All intervals are restricted to Z, e.g., [a,b) is to be read
as {t€Z|a<t<b}

We consider linear systems with outputs defined as fol-
lows:

Definition 1. A linear system with outputs is the collection
S =(X,U,Y, ¢, h) consisting of:
e An inner product space X with dimension dim X =
n < oo called the state space of S;
e An inner product space U with dimension dimU =
m < oo called the control-value space of S;
e An inner product space Y with dimension dimY = ¢ <
oo called the measurement-value space of S;
e Amap ¢: D — X, with

D= {(tl,to,!E,W) ‘
to,t1 € Z, tg < ty, x € X, w e Uttt}

the transition map of S, and,
e Amap h: Z x X — Y, the measurement map of S,

such that the following properties hold:

o For each triple tg,t1,to € Z with ty < t; < to, if
wo € Ultot) and wy € Ultrt2) | and if 29 € X is a
state so that

o(ti,to,xo,wo) =1 and  @(ta, b1, 21, wr) = X2,

then ¢(t2,to, xo,w) = x2 for w = wows. (semigroup)
o Foreacht € Z and each x € X, we have ¢(¢,t,x,0) =
x for the empty sequence o € UMY, (identity)
o For each pair to,t1 € Z with {3 < t1, the two maps

X x Ultot) 5 (2, w) — ¢(t1, to, z,w) € X
and X 3 x — h(ty,z) € Y are linear. (linearity)

We call elements of X states, elements of U control
values, elements of Y measurement values and maps w €
Ulto:t1) controls. The transition map ¢ has an intuitive
interpretation. It defines — with given control w € Ulto-t1)
— the state ¢(t1,t0,zo,w) € X of the system at time ¢;
if the system was in state zop € X at time ¢o. We say that
¢ € XMtot1l is a path or solution of S on [tg, t1] if there exists
a control w € Ulto:t1) such that, for each pair t, s € [to, 1]
with ¢ > s, the statement {() = &(t,s,£(s), wl, ) is
true. For a specific control w, we denote the set of all such
solutions by Ly, ¢, (w).

While we state all our results for systems as in Defini-
tion 1, we focus in Section V on time-invariant systems.

Definition 2. A linear system with outputs § =
(X,U,Y, ¢, h) is time-invariant if for each w € Ulto:'1) each
x € X and each 7 € Z the equalities
(b(tlv th Z, w) = (b(tl + T, tO + T, wiT)
h(to, 1‘) = h(fo + 7, l‘)

hold, where w” € Ulto+mt+7) (7 () == w(t — 7).
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III. PROBLEM FORMULATION

We consider an arbitrary linear system with outputs § =
(X,U,Y, ¢, h). For clearer readability, we will refer to § just
as “the system” . We look at the following scenario.

Scenario 1. Let ty,t; € Z with ty < t;. Suppose that S is
in the state z a time to, and that the control wy € Ulto-t1)
is applied to the system. The resulting solution of S on
[to,t1] is &o € Liy.1, (wo), with initial state &, (to) = x5 and
terminal state x¢ = &o(t1) = ¢(t1, to, s, wo). The associated
measurement is Ao € Y011l given by \o(t) = h(t, & (t)).

Additionally, let ¢t € Z with t; < to. We consider the
system on the interval [t1,¢2]. In an optimal control setting
in finite time, we are interested in selecting a control w €
Ultt2) such that — given the initial condition (t1,x¢) — the
system solution behaves “optimally” on [t1, t2]:

Py, 1p(xg): minimize (A, QN)y-(er.e0 + (W, Rw) riey i)
w e Ulhta)
subject to  A(t) = h(t,£(1)),

f(t) = ¢(t7t17$f7 w|[t1,t))7
) ) ) )
where @ = 0 and R > 0, with Q # 0.

The optimal control problem (1) requires knowledge of
the system state z; at the current time ¢;. In our setting,
however, the state information itself is not directly available,
but only control and measurement values.

For this reason, the optimal control problem is accom-
panied by a reconstruction problem, in which we seek to
leverage the available measurement and control information
over the past interval [tg, 1] to estimate or reconstruct a state
x1 € X at time t;, which is a “good” approximation for
x¢. Then, x; is used as an estimate for zy, i.e., the optimal
control problem 2, ,(x1) is solved instead of 2, 4, (xy).

This approach is motivated by [8]. In particular, we do not
rely on the structure of a Luenberger observer to reconstruct
a state, as done in, e.g., [7]. The motivation for this is that
we do not want to design an observer that asymptotically
converges to the true system state, but we want to use the
available information (wg, Ag) on [to,t1] to infer a state at
time ¢; which brings us in the best position to solve (1)
without knowing the true system state exactly. This leads to
the following problem formulation.

Problem 1. Consider Scenario 1. Use the available infor-
mation (wp, Ag) to infer a path £ € Ly, ¢, (wo) such that, for
each t € [tg,t1], the equality Ao(t) = h(t,£(t)) holds.

The intuitive explanation for this problem formulation is
that we want to find a solution for § on [tg, #1] that explains
the available information. Then, the state x; = £(¢;) can be
used as an estimate for the true system state x¢ at time ;.
By doing so, we have exploited all information available to
us on the interval [tg, t1].

The conclusion that we can draw if Problem 1 admits a
solution is that xf = x1 could hold, but — as we will see —
it does not have to. We discuss the consequences in the later

sections; specifically the question of how possible degrees
of freedom can be used in solving Problem 1.

The fact that xy # x; might be true stems from our
assumption that the dimension of the state space X is
“very large”. We can now be more precise. In particular,
we assume that n = dim X and ¢ = dimY are such that
it is not economical from a computational perspective for
Scenario 1 to consider intervals that lead to measurement
spaces with dimensions larger than n. By this, we mean that
dim Yltot1l < 5 and dim Y *1:%2] < n certainly holds. This
will imply that (wg, \g) does not infer an unique solution &.

IV. OBSERVABILITY-BASED RECONSTRUCTION

First, for notational convenience, we introduce — for ¢, s €
Z with t > s — the map

(P(t, S): X — X7 To @(t 5)1‘0 = ¢(ta 3a$070)

which is linear by linearity of 5. With this map, the solutions
€ € Ly,4,(0) with ¢, s € [to, t1] satisfy £(t) = ¢(t, 5)&(s).

Assumption 1. The map (¢t + 1,¢) is bijective for each
teZ.

Remark 1. Note that this also implies that ¢(s, t) is bijective
for all s > t+1, since p(t+2,t) = @(t+2,t+1)p(t+1,t)
is bijective by composition, and so on inductively.

Since we want to study § both on [tg,t1] an [t1, 2], we
first state some required intermediate results on an arbitrary
interval of the form [0, 7] with —o0 < 0 < 7 < 0.

Theorem 1. Let w € Ul"7) be arbitrary. For each pair
(to,x0) € [o,7] X X, there exists a unique solution & €
Lo, (w) with £(to) = xo.

Proof. Note that, under Assumption 1, the map fy: x —
o(to, 0, , w\[mto)) is bijective, with inverse given by
fotr @ = o Ntg,0)(& — ¢(to, 0,0, Wy 40)))- This im-
plies that a solution ¢ € L, (w) with &(tp) =
¢(to,0,£(0), |, 4,)) = o always exists, and that it sat-
isfies £(0) = f5 ' (). We can construct such a solution by
defining £(t) = ¢(t, 0, f5 * (z0), wl(y.4)) for each t € [o, 7].
We prove uniqueness by contradiction. For this, assume that
there exists i € L, (w) with ¥(tg) = x¢ and ¥ # £. Using
the same argument as above, ¥(0) = f; *(29) = &(o) must
hold. Then, for each ¢ € [0, 7], we have

’l/)(t) = ¢(t, a, 1/)(0% w‘[o'7t)) = (b(ta ag, 5(0)7 w|[(77t)) = f(t)
since &, € L, -(w), which contradicts the assumption. []

We further examine linear combinations of possible solu-
tions of § on [0, 7].

Lemma 1. Consider arbitrary wy,ws € U7, and suppose
that & and &3 are solutions of S on [0, T| with & € Ly r(w1)
and & € Ly :(we). Then, for arbitrary «,3 € R, the
following holds:

§ = ad1 + B € Lo (awr + Buz).
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Proof. Let t,s € [0, 7] with ¢ > s. We have

£(t) = ag(t, s,81(s), wil(p)) + BO(E, 5,82(s), wal[s4))
= ¢(t,s,al1(s) + B&2(s), awr + Pwa|( 4)
= ¢(t,5,&(5), awr + Bwal ),
where we have used linearity of §. [
We can use this result to decompose solutions of S.

Theorem 2. Let w € Ul®7) and _consider an arbitrary §~ €
Loqr(w). Then, Lo (w) ={+E| &€ Lo(0)}.

Proof. On the one hand, let ¢y € £, ,(w) be arbitrary. Then,
Lemma 1 implies that £ =) — € € Lo (w —w) = L.+ (0),
i.e., we have 1) = £4& with € in £, ,(0). On the other hand,
let € € £, -(0) be arbitrary. Relying again on Lemma 1, we
have that ¢ = € + € € L, (0 +w) = L, - (w) holds. O

Apparently, the specific solution set £, -(0) plays a promi-
nent role in describing an arbitrary solution set £, -(w). We
proceed by further studying the structure of this set.

Corollary 1. £, . (0) is a subspace of X!77),
Proof. This follows directly from Lemma 1. O

As a next step, we establish that the state space X and the
space L, -(0) of autonomous solutions are closely related.

Lemma 2. Let s be an arbitrary element of [0, 7). Then, the
map
(I)Z',T: ‘CCHT(O) - Xa 5 = ‘I’fmg = 5(8)

is a vector space isomorphism.

Proof. For linearity, note that ®5 _(aé; + 8&2) = aéi(s) +

Ba(s) = a®; & + BP; & holds. Now consider & €
L;+(0) and assume that £ € ker ®; _ i.e., {(s) = 0 holds.

This implies £(0) = 0 under Assumption 1 and linearity
of o=1(s,0), since &£(0) = ¢ 1(s,0)&(s). But then, for
each t € [o,7], &(t) = ¢(t,0)&(0) = 0 by linearity of
@(t,o), ie., ker ®; = {0}. Therefore, ®;  is injective.
Additionally, Theorem 1 states that for each zg € X, there
exists a solution § € £, -(0) with {(s) = zo, so that @3
is also surjective. O

Let us denote the inverse of ®7 by L . ie., ®; L =
idx. This allows the identification X > z¢ = ¢ € L, ,(0)
via £ = L wo. Then, { is the unique element of £, ,(0)

that satisfies £(s) = xo.

A. Observability

We first turn our attention to the optimal control problem
(1). Hence, we want to study, for w € Ut*2) and zg € X
arbitrary, the influence of the initial condition (¢, z¢) on the
system solution & on [t1, £5]. For this, let £ denote the path in
L+, +,(w) defined by £(¢;) = 0. Using Theorem 2, we may
decompose £ € Ly, 1,(w), which is defined by £(¢1) = zo,
as & = £+ &, where € € Ly, +,(0) is fixed by £(t1) = o.
Next, we map & to the measurement space Y (t1:t2]

A(t) = h(t, (1) = h(t, (1)) + h(t,£(1) = A(t) + A1),

with the “obvious” definition of A and 5\, where we have
used linearity of h(t,-). We shall denote the linear map that
sends w to A by Gy, +,. Furthermore, using Lemma 2, we
identify € = x4 via the isomorphism Lii_’t ,- Then, we denote
by F}, :, the linear map that sends xg to A

Thus, we obtain \ = F}, 4, z0 + Gy, 4, € Y #0121 which
motivates the following notions:

Definition 3. The state (o € X is called indistinguishable
from 0 on [t1,1o] if it is an element of W}, 4, = ker Fy, 4,.
The states xo € W, are called observable on [to, t1].

Note that observable is not the negation of indistinguish-
able from 0. Since X = Wtf’tg @ Wi, 1., any state xf € X
can be decomposed as xy = 0r + w¢, having a component
b € Wy, that is observable on [t1,?2] and a component
W € W, 4, which is indistinguishable from 0 on [t1,?2].
The states in %}, ;, do not have non-trivial parts that are
indistinguishable from 0 on [t1, ¢2].

In Scenario 1, if ¢ is indistinguishable from 0 on [t1, 2],
then it has the same influence on all possible measurements
on [t1,ts] as the zero state. This implies that, in order to
solve Problem 1, we only need to know the parts of z¢ that
are observable on [t1,ts] if we aim to solve P, ., (z¢).
To be more precise, the optimal solutions to 27, ,(xr)
and 4, 1,(0r) coincide. One can see this by explicitly
computing the optimal solution w* € Ult1:t2) to 2, , (x¢):

w* = _(R + Gzl,tZQth,tz)_1G11,t2QFt17t2xf' (2)

B. Reconstruction

In this section, we focus on Problem 1. In particular,
considering the insights from Section IV-A, we are interested
in the observable part of x1 = £(t1), since we use x1 as our
guess for zy when we solve the optimal control problem (1).
For this reason, we first leverage the results of Theorem 2
and Lemma 2 to state Problem 1 in terms z;.

Let us use Theorem 2 to decompose ¢ = & + é, with
€€ Liy4,(0) and € € Ly, 4, (wo). Specifically, we choose
the fixed solution & in Ly, ¢, (wo) to be defined by &(#;) = 0,
c.f. Theorem 1. This implies £(¢;) = £(¢1) + 0, so that the
terminal state of ¢ and ¢ coincide.

Next, we rely on Lemma 2 to identify ¢ with its terminal
state £(t1) = 21, i.e., we set £ = Li;ytlxl.

Since the reconstruction problem is stated in the space of
measurement values, we map & to A € Yltot1l by

A(t) = h(t,€(t) = hlt, (Li 4, 1) (1) + h(t, (1)),

where we have used linearity of h(t,-). Thus, our task boils
down to finding z1 € X such that A = A¢ holds. To state
that even more concisely in terms of x1, let A be the element

of Ylto:t1] given by Ao — h(-,&(-)) and introduce the map
Kpgpy: X = Yol g s Ky

with (K, ¢, 21)(t) = h(t, (Lj} , #1)(t)), which is linear by
linearity of §. This leads to the following reformulation.

Problem 2. Consider Scenario 1 andj\ € Ylto:t1l defined
above. Find a state 1 € X such that A = Ky, ;, x1 holds.
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We introduce an additional assumption to ensure the
solvability of Problem 1.

Assumption 2. The map K, is surjective.

Under this assumption, we can always find a terminal
state x; that solves the reconstruction problem. Note that
this implies 7 = ¢ only if Uy, ¢+, = ker Ky, 4, = {0},
ie., if dimYltotl — dim X. Otherwise, if z; satisfies
Ky, 21 = A, then all states x; +w € X with w € Uy 1,
satisfy the equality as well. Thus, in this case, there are
infinitely many possible terminal states, living in an affine
subspace A(wo, Ag) C X, which all fit the given control and
measurement, and one of them is the true state x;.

C. Proposed Solution to the Reconstruction Problem

Now, we analyze solutions to Problem 2, combining the
results from the previous sections. For this, we assume
throughout the section that v is a subspace of the state space
X such that X is the direct sum of ¥ and Uy, . Let P
denote the projection on ¥ along Uy, +,.

Theorem 3. For every \ € Yo"l there exists a unique
state x1 € V that satisfies A = Ky 1, x1.

Proof. Fix an arbitrary A\ € Ylto:t1], Under Assumption 2,
there exists a state x € X with A = K ;2. We can
decompose = as x = x1 + uy, with 1 = Pxr € ¥ and
up = (idx — P)z € Uy, 1, - Since Ky 4, u1 = 0 by definition
of U, +,, linearity of K, implies A = Ky ¢, 21.

We show uniqueness by contradiction. Assume that x5 €
7V is a state such that A\ = K 4, z2 and 2 # 2 holds. Then,
by linearity of Ky, ;,, we have 0 = A=\ = Ky, 4, (1 —x2),
which implies the inclusion 1 —x9 € U, ;, . However, since
7 is a linear space, we have x1 —x2 € 7, i.e., the difference
x1 — oo lies in Y N Uy, ¢, = {0}, where we have used X =
Uy b, @ V. This implies 1 — 2 = 0, which is equivalent
to ©1 = x2, and thus contradicts the assumption. O

Let us discuss the consequences of Theorem 3 on Prob-
lem 1. For this, we denote with Sy: Yol s @ the
inverse of the restriction Ktoitl \,V, ie., Koo, Sy = idyieg.61
holds. By setting 1 = Sy, we perfectly reconstruct the
component vy = Pxy € 7 of the true state z¢ in the subspace
vV, i.e., x1 = v holds. This is illustrated for a single-input,
single-output example system with a two-dimensional state
space in Fig. 1, where we have used {3 = ¢; = 0 and
to = 1. Since we are only interested in the observable part
of a state, we project ¥f on ‘l/l/tjl-’t2 along W, .,. This is our
final estimate for the influence of x¢ on (1).

We have the free choice in selecting 7/, under the condition
that X is the direct sum of % and Uy, ,. We can state the
following about states in V.

Corollary 2. Consider Problem 2 and set x1 = Sy\. If
the inclusion x¢ € V holds, then the optimal solutions to
Py 1, (1) and Py, 1, (z1) coincide.

Proof. The assumption implies x; = Sy\ = Px; = ;. O

Thus, we are able to perfectly solve Z, ., (z¢) by only
relying on the available information (wo, A) if the state x¢
happens to lie in a subspace of dimension r = dim ¥ =
dim X — dim @, ¢, = dim Yot = (¢, — 5+ 1)q.!

One particular and possible choice for 7 would be to work
with the orthogonal complement of 7 4, i.e., ¥V = futjtl.
In this case, the map Sy coincides with the pseudo-inverse
K £O7t1' This would be the “standard” way to solve Problem 2.

In the light of Section IV-A, however, one would also
be able, by a suitable choice of 7/, to exclude directions
in the reconstruction that are indistinguishable from 0 on
[t1,t2]. If, for instance, the intervals are chosen such that
dim W, 4, = dim X —r, and if X = Uy, ¢, & W, holds,
another choice is to use ¥ = ‘Wtf’tz, which ensures that the
dominant directions for the optimal solution (2) — the states
that are observable on [tq,t5] — are perfectly reconstructed.
We show in Section V with an example that the choice of
v does influence the quality of the reconstructed solution.

Remark 2. These results justify calling our method a
“reduced-order” method. Since we can restrict the system
description to the subspace ‘Wtf@ for the optimal control
problem, and to the subspace 9’ for the reconstruction
problem, we effectively work with a system description that
has the dimension of the considered measurement spaces.

V. NUMERAL EXAMPLE

We consider the sixth-order linear time-invariant system
with outputs § = (R%, R, R, ¢, h) that was presented in [10],
and which was also used in [7]. Notably, the system has a
zero outside the unit circle and is non-minimum phase. For
Scenario 1, we choose tg =0, t; =3 and t5 = 7.

As the initial state z, € R3 at time ¢ = 0, we use the one
given in [10]. For this initial state, we create Niesy = 10*
control sequences w € R? with components drawn from the
uniform distribution on the open interval (—1,1). The initial
state and the controls imply the measurements \j € R,
while the terminal states at time ¢ = 3 are z} € RS.

We compare the influence of the choices 7, = ‘110%3 and
W = ‘WBJW on the optimal solution (2). More precisely,
we compute 2}, = Sy A’ and x}, = Sy A" Then, for
j € {a,b}, we compute @} as the optimal solution to
Py ts (m’lj), see (2). We denote the true optimal solution
to z@thb (I%) by w'.

As a measure of how well the inferred terminal states
capture the optimal solution on [t1,t5], we use

; ||<7Ji' - WiHR“ 1 N
ghi=m —L — — gj = Z e’
/ ||("ﬂ||]R4 ’ ! Ntest i—1 J

for j € {a,b}. Hence, the smaller ¢}, the better a1 ; is
suited to approximate x. Finally, we use ; as a heuristic
approximation of how well method j is suited to predict the
measurement on [¢1, 2] from input/output information on the
interval [to,t;] for the initial condition (g, zs).

1'Under Assumption 2, the dimension of 7y, ¢, can be inferred straight-
forwardly from the rank-nullity theorem.

1830



Fig. 1: Illustration of the reconstruction problem. On the left, we use ¥ = ‘u,i,tl, while on the right we use a different
9. In both cases, we reconstruct 7 = Sy\ = Pz € 9/, and consider its orthogonal projection on Wtfh to solve (1). We
denote the solution to (1) with initial state x, and x. by @, and w., respectively. For the chosen state z¢, the reconstruction
in terms of optimal solutions works better for the latter choice. This is because — in this case — the component wg € Uy, ¢,

of x¢ that we are unable to reconstruct has a smaller component vy in ‘WtJl- b
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