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Abstract— The well-known replicator equation in evolution-
ary game theory describes how population-level behaviors
change over time when individuals make decisions using simple
imitation learning rules. In this paper, we study evolutionary
dynamics based on a fundamentally different class of learning
rules known as logit learning. Numerous previous studies on
logit dynamics provide numerical evidence of bifurcations of
multiple fixed points for several types of games. Our results
here provide a more explicit analysis of the logit fixed points
and their stability properties for the entire class of two-strategy
population games – by way of the r-Lambert function. We
find that for Prisoner’s Dilemma and anti-coordination games,
there is only a single fixed point for all rationality levels.
However, coordination games exhibit a pitchfork bifurcation:
there is a single fixed point in a low-rationality regime, and
three fixed points in a high-rationality regime. We provide an
implicit characterization for the level of rationality where this
bifurcation occurs. In all cases, the set of logit fixed points
converges to the full set of Nash equilibria in the high rationality
limit.

I. INTRODUCTION

Evolutionary game theory provides a wide range of tools
to analyze how large populations of agents behave over time.
Originating in the fields evolutionary biology and population
dynamics [1], [2], these mathematical tools are now widely
applicable to societal and engineered systems like traffic
networks, distributed control systems, and social behaviors
in epidemics [3]–[9]. Central to an evolutionary game is the
learning rule, also called a revision protocol [10], whereby
individual agents choose their strategies during the game.
When all agents adopt a particular learning rule, one can
derive the associated mean dynamical equations that describe
how the proportion of agents using a particular strategy
changes over time.

Considering that evolutionary game theoretic tools are
increasingly used to model human population dynamics and
large-scale socio-technical systems, it becomes increasingly
important to study the impact of different learning rules on
the population-level behavior. Perhaps the most well-studied
and utilized protocol is the imitative revision protocol used
in the replicator equation. Originally formulated to model
biological replication and fitness [1], the replicator equation
is the mean dynamic of agents utilizing imitative learning
rules, i.e., modeling strategy selection as the imitation of
those who are most successful.
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Imitators, by definition, do not assess all their options
before making a decision – they blindly mimic those whom
they perceive as more successful. However, in today’s world,
advanced technology and an almost inexhaustible amount of
information are available to most decision-making agents.
The availability of these resources gives the agents the ability
to make informed decisions. As comparing strategies based
on cold hard facts is fundamentally different to parroting
those who are more successful, modeling modern decision-
making necessitates a revision protocol that includes the
dynamics of informed decision-making.

A learning rule that is more aligned with these aspects of
decision-making is logit learning. Agents using this protocol
weigh the payoffs of choosing one strategy against the
payoffs of all other strategies. In other words, each agent
decides what to do next using information on the advantages
and disadvantages of any given course of action. The logit
learning rule specifies the level at which the agents rationally
make this choice using a rationality parameter β ≥ 0,
where low values represent choosing at random and high
values represent choosing payoff-maximizing actions with
high probability.

This paper focuses on the analysis of logit learning dynam-
ics in two-strategy population games. Our analysis centers
on completely characterizing the locations and stability of
all fixed points for all possible two-strategy games, which
includes dominant-strategy, anti-coordination, and coordina-
tion games. While these results are well-known for replicator
dynamics, they are not systematically characterized for logit
dynamics as its fixed points are described by a transcen-
dental equation. Consequently, many previous studies of
logit dynamics primarily highlight their many interesting
properties (e.g. bifurcations and limit cycles) via numerical
simulations for specific games [11]–[13]. One exception is a
recent work that analyzes general stability properties of the
logit dynamics in population games by using contraction and
Lyapunov-based tools [14]. Another recent work studied the
impact of logit dynamics in feedback-evolving games, where
an environment state co-evolves with agent payoffs [15].

Our main contributions in this paper establish an explicit
connection between the fixed points of the logit dynamics in
two-strategy population games and the r-Lambert function
[16]. By leveraging the properties of this function, we are
able to more precisely characterize the behavior of logit fixed
points for all β ≥ 0 and for all two-strategy normal-form
population games. Of note, we find that only the class of
coordination games exhibits a bifurcation: from a single logit
fixed point for low rationality, to a set of three fixed points
for sufficiently high rationality.
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To this end, preliminary background on evolutionary
games is provided in Section II. Then in Section III, we
give the logit revision protocol and the resultant mean logit
dynamics and define the problem. Sections IV and V cover
the analysis of the fixed points and present simulations
confirming these results, and finally, Section VI summarizes
our results and future research directions.

II. PRELIMINARIES

We consider a two-strategy normal-form population game
with unit mass and label the strategies S = {1, 2}. Let
x1, x2 ∈ [0, 1] denote the fraction of the population that are
using strategies 1 and 2, respectively. As x1 + x2 = 1, we
let x = x1, since it immediately follows that x2 = 1 − x.
We term x ∈ [0, 1] the population state.

The payoff matrix is given by

A =

[
R S
T P

]
(1)

with the four entries R,S, T, P ∈ R. An agent using strategy
1 experiences a payoff of R when it encounters another agent
using strategy 1, and a payoff of S when it encounters an
agent using strategy 2. Likewise, an agent using strategy 2
experiences a payoff of T and P when encountering an agent
using strategy 1 and 2, respectively.

We concisely represent the payoffs to each strategy as

π1(x) = [A[x, 1− x]⊤]1 = Rx+ S(1− x),

π2(x) = [A[x, 1− x]⊤]2 = Tx+ P (1− x),
(2)

where [M ]i denotes the ith row of matrix M .

Definition 1. A population state x is a Nash equilibrium if
and only if it satisfies one of the following:

1) If x = 0, then π2(0) > π1(0);
2) If x ∈ (0, 1), then π1(x) = π2(x); or
3) If x = 1, then π1(0) > π2(0).

The collection of all 2-strategy normal form games can
be classified into four distinct types. Defining the parameters
δSP := S−P and δRT := R−T , the four types correspond to
the four quadrants in the parameter space (δSP , δRT ) ∈ R2.
Throughout this paper, we shall denote these quadrants as

QI :=
{
(δSP , δRT )

∣∣ (δSP , δRT ) ∈ R+
0 × R+

0

}
\ {(0, 0)}

QII :=
{
(δSP , δRT )

∣∣ (δSP , δRT ) ∈ R− × R+
}

QIII :=
{
(δSP , δRT )

∣∣ (δSP , δRT ) ∈ R−
0 × R−

0

}
\ {(0, 0)}

QIV :=
{
(δSP , δRT )

∣∣ (δSP , δRT ) ∈ R+ × R−} ,

where R+ is the set of all positive real numbers, R− is
the set of all negative real numbers, and the subscript 0 in
R+

0 and R−
0 denote R+ ∪ {0} and R− ∪ {0}, respectively.

Quadrant I corresponds to games where strategy 1 is
dominant whose unique Nash equilibrium is x = 1. Quadrant
II describes coordination games which have three Nash
equilibria at x = 0, x = δSP

δSP−δRT
, and x = 1. Quadrant III

describes the Prisoner’s Dilemma which has a unique Nash
equilibrium x = 0. Quadrant IV describes anti-coordination
games whose unique Nash equilibrium is x = δSP

δSP−δRT
.

A. The replicator equation

Agents in the population must dynamically revise their
strategy choices over time. They do so using a revision
protocol, which models how they decide whether or not to
switch from their current strategy. A revision protocol is
given by the collection of functions

ρij(x), ∀i, j ∈ S (3)

where ρij(x) ≥ 0 quantifies the rate at which i-strategists
switch to strategy j. Specification of the revision protocol
allows one to express the mean dynamics,

ẋ = (1− x)ρ21(x)− xρ12(x) (4)

which describes the rate at which the fraction of 1-strategists
changes in the population. In many evolutionary game anal-
yses, the agents follow an imitative revision protocol,

ρij(x) = xj [πj(x)− πi(x)]+ (5)

where [a]+ = max{a, 0}. Here, an i-strategist encounters a
j-strategist in the population with probability xj , and will
switch to j at a rate proportional to the magnitude of the
difference in their payoffs. The imitative protocol induces
the mean dynamics (4)

ẋ = x(1− x)g(x) (6)

where

g(x) := π1(x)− π2(x) = δRTx+ δSP (1− x) (7)

is the payoff difference between strategy 1 and 2. The
equation (6) is called the replicator equation.

III. PROBLEM DESCRIPTION

In this paper, however, we focus on a different revision
protocol based on a boundedly-rational learning rule known
as the logit protocol:

ρij(x) = ρj(x) =
exp(βπj(x))∑

k∈S exp(βπk(x))
. (8)

where β ≥ 0 is the rationality level.
The logit protocol is fundamentally different from the imi-

tation protocol. In (8), the agent weighs all possible strategies
with more weight over ones that give higher payoffs – con-
sistent with informed or technologically-assisted decision-
making. The degree to which higher-payoff strategies are
favored depends on the rationality level. For β = 0, agents
just choose any strategy uniformly at random, and for large
β, the logit protocol reflects a best-response decision.

The expression for the mean dynamics (4) induced by the
logit protocol is given by

ẋ = f(x) =
eβg(x)

1 + eβg(x)
− x (9)

and is referred to as the logit dynamics.
In the next section, we detail the connection between the

r-Lambert function and the fixed points of (9).
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IV. ANALYSIS

One can easily locate the fixed points for each game for
large β by evaluating the limit of f(x∗) = 0 as β tends to
infinity. Hence, one arrives at the Theorem 4.1.

Theorem 4.1 (Fixed Point Values as β → ∞). The
fixed points of (9) converge to the Nash equilibria for all
(δSP , δRT ) ∈ R2 \ {(δSP , δRT ) | δRT = δSP } as β tends to
infinity.

Proof. Finding the number of solutions for large β entails
finding the limit of the expression f(x∗) = 0 as β tends to
infinity and solving for x∗. For details, see Appendix A of
[17]. ■

Theorem 4.1 immediately reveals an interesting property
without having to solve the transcental equation f(x∗) = 0.
For two-strategy games using logit learning, the set of fixed
points, S∗, defined

S∗ := {x ∈ [0, 1] | f(x) = 0} ,

for any particular game converges to the full set of Nash
equilibria. In the context of two-strategy population games,
this provides a strengthened version of the results from [14]
which state that the set of fixed points for an arbitrary n-
strategy game must be a subset of the Nash equilibria.

This method, however, is limited to infinite values of
β. For an analysis of finite β ≥ 0, one must solve the
transcendental equation f(x∗) = 0. To do so, however, one
requires the r-Lambert Function [16].

A. Fixed Points Location in Terms of r-Lambert Function

The r-Lambert function is the solution y = Wr(z) to
equations of the form yey + ry = z for some r, z ∈ R
[16]. Define k := −βm, m := δRT − δSP , and r := eβδSP .
At a fixed point x∗ of (9), f(x∗) = 0 is given in terms of
k, m, and r by

kr = kx∗ekx
∗
+ rkx∗.

This expression satisfies the form necessary for a r-
Lambert solution. Therefore, (10) is the explicit expression
for the fixed points of (9) when k ̸= 0.

x∗ =
1

k
Wr(kr) (10)

If k = 0, i.e., if β = 0 or δRT = δSP , an algebraic
expression exists for sole the fixed point, given by

x∗ =
r

1 + r
. (11)

As such, one acquires an explicit expression for the fixed
points x∗ for any level of rationality β and any game
(δSP , δRT ).

B. Quantity of Fixed Points

Though x∗ has a single algebraic solution whenever k = 0,
x∗ has no straightforward algebraic solution whenever k ̸= 0.
Despite this, one can deduce the quantity of solutions and
their stability using the properties of the r-Lambert function.

For y = Wr(z), the number of solutions to the r-Lambert
function depends upon the values of r and z [16, Theorem
4]. Therefore, the number of solutions to (10) depends on
r and kr, which in turn depend on the agents’ level of
rationality and the type of game. Examining r and kr over
all β and (δSP , δRT ), one finds the number of fixed points
per parameter regime, summarized in Theorem 4.2.

Theorem 4.2 (The Number of Fixed Points). Let |X | denote
the cardinality of set X . The number of fixed points depends
on the quadrant in which the game (δSP , δRT ) resides.

• If (δSP , δRT ) ∈ QI ∪ QIII ∪ QIV, then |S∗| = 1 for all
β ≥ 0;

• If (δSP , δRT ) ∈ QII and δRT ̸= −δSP , then for all
β ≥ 0,
– |S∗| = 1 for all β < βr;
– |S∗| = 2 for all β = βr; and
– |S∗| = 3 for all β > βr;
δRT = δSP

where βr is defined implicitly for δRT > −δSP as

W0(−re) = 1− βrm

2
+

√
βrm (βrm− 4)

2
,

or for δRT < −δSP as

W−1(−re) = 1− βrm

2
−

√
βrm (βrm− 4)

2
;

and W0(z) and W−1(z) are the 0th and –1st branches
of the Lambert W function.

• If (δSP , δRT ) ∈ QII and δRT = −δSP , then for all
β ≥ 0,
– |S∗| = 1 for β ≤ − 2

δSP
; and

– |S∗| = 3 for β > − 2
δSP

.

Proof. See Appendix A ■

Theorem 4.2 concretely establishes the number of fixed
points x∗ for any β ≥ 0. Furthermore, given a finite βr

for (δSP , δRT ) ∈ QII, Theorem 4.2 proves that the number
of fixed points strictly increases for increasing β. More
generally, however, as β → ∞, this theorem neatly coincides
with Theorem 4.1 for all types of games. As such, Theorems
4.1 and 4.2 combined characterize the quantity of fixed
points x∗ for any level of rationality β ≥ 0 and all games
(δSP , δRT ) ∈ R2.

C. Stability of Fixed Points

With the location of any fixed point x∗ analytically
shown using the r-Lambert function in Section IV-A and
the quantity thereof proven in Section IV-B, each fixed
point’s stability characteristics are all that’s left outstanding.
Fortunately, each fixed point’s stability as β tends to infinity
is easily found by taking the limit of df

dx as β tends to infinity.

Theorem 4.3 (Fixed Point Stability as β → ∞). As β tends
to infinity and for any (δSP , δRT ) ∈ R2, all fixed points are
stable except the fixed point x∗ = δSP

δSP−δRT
in the parameter

regime (δSP , δRT ) ∈ QII.
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Proof. See Appendix B ■

Therefore, on top of the fixed points x∗ tending to the
full set of Nash equilibria by Theorem 4.1, the fixed points
of the logit dynamics have the same stability characteristics
for large β as the fixed points of replicator equation. As
logit learning with high β represents a best-response revi-
sion protocol, this result demonstrates that the best-response
coincides with imitating others despite the imitative and logit
learning rules working in fundamentally different ways.

Furthermore, using the r-Lambert function, one acquires
the general condition for any fixed point’s stability expressed
in Theorem 4.4

Theorem 4.4 (Fixed Point Stability for Finite β). The fixed
point x∗ is

1) stable for all β > 0 if δSP = δRT ;
2) stable for all δSP ̸= δRT if β > 0; and
3) stable for some β ̸= 0 and δSP ̸= δRT if

1

k
W 2

r (kr)−Wr(kr)− 1 ≤ 0 (12)

Proof. See Appendix C. ■

This theorem highlights again that the r-Lambert function
relates yet another fundamental trait of the logit dynamics: its
stability. The following section checks this and the previous
results numerically for each type of game and different levels
of rationality.

V. SIMULATIONS

Simulations confirm the theorems and lemmas presented
herein and in the appendices. Figure 1 illustrates repre-
sentative plots of x∗ values in all four quadrants of the
parameter space for increasing β given constant parameters
(δSP , δRT ). All simulations confirm Theorems 4.1, 4.2, and
4.3, as illustrated in Figure 1.

Furthermore, simulations suggest that there exist further
properties of this system. As illustrated in Figure 1, all
simulations suggest that the fixed points tend monotonically
to the Nash equilibria for each game type. On top of this,
numerically computing (12) suggests that all fixed points are
stable except the one that approaches the mixed Nash equi-
librium for coordination games. In other words, increasingly
better responses tend to the replicator equation’s response in
terms of fixed point location and stability. As such, analytical
characterizations of monotonicity and stability will be the
subjects of future investigation.

VI. CONCLUSIONS

This research analytically characterized evolutionary game
theoretic models using the logit revision protocol with the r-
Lambert function. We showed that at low rationality levels
only coordination games exhibit bifurcations. At very high
rationality levels, however, logit learning exhibits the same
dynamical outcomes, both in terms of fixed point location
and stability as imitation learning despite belonging to a
fundamentally different class of revision protocol.

Fig. 1: Plots of the fixed points x∗ of (9) as a function of β for
points in the parameter space (δSP , δRT ) = (±1,±2), (±2,±1),
and (±2,±2). Dashed lines denote mixed Nash equilibria. This
diagram plots stable values of x∗ in green and unstable ones in red,
as calculated numerically using (12). Gaps in the plots indicate the
limits of the numerical methods used to compute the solutions to
(10).

Future research will endeavor to demonstrate analytically
that the fixed points x∗ tend monotonically towards the Nash
equilibria for each game and to analytically characterize the
stability for where k ̸= 0. This research would directly
influence any future research into the control of the logit
dynamics using the rationality parameter, which would have
potential applications towards industrial robotics with limited
resources like time, energy, and materials.
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APPENDIX

A. Proof of Theorem 4.2

Using the results found by Mező and Baricz [16, Theorem
4], the number of solutions to x∗ = 1

kWr(kr) depends on r
and kr. Define α−1 := W−1(−re)−1, α0 := W0(−re)−1,
and fr(z) = zez + rz as in [16, Theorem 4].

Lemma 1.1. The conditions for certain quantities of fixed
points where k ̸= 0 are as follows.

• If r ≥ e−2, then |S∗| = 1;
• If 0 < r < e−2, then

– |S∗| = 1 if kr > fr(α−1) or kr < fr(α0);
– |S∗| = 2 if kr = fr(α−1) or kr = fr(α0); and
– |S∗| = 3 if fr(α0) < kr < fr(α−1): and

• If r < 0, then

– |S∗| = 1 if kr = fr(α0); and
– |S∗| = 2 if kr > fr(α0).

As r = eβδSP , r is never less than or equal to zero for all
β ≥ 0 and any δSP ∈ R. Solving for when r ≥ e−2 yields

r ≥ e−2 =⇒

{
β ≥ − 2

δSP
δSP > 0

β ≤ − 2
δSP

δSP < 0

If δSP > 0 then − 2
δSP

< 0. As β must be greater than zero
by definition, for any model with δSP > 0, there will be only
one solution. Hence, |S∗| = 1 for all (δSP , δRT ) ∈ QI∪QIV.

On the other hand, for models with (δSP , δRT ) ∈ QII ∪
QIII, δSP < 0 and − 2

δSP
> 0. By Lemma 1.1, there is an

interval [0,− 2
δSP

] wherein there is guaranteed to be only one
solution, but for all β > − 2

δSP
, there are one, two, or three

solutions.

To find when there are one, two, or three fixed points for
(δSP , δRT ) ∈ QII ∪QIII, one can rearrange kr = fr(αi) as

W 2
i (−re) + (βm− 2)Wi(−re) + 1 = 0

for i = 0,−1, where i represents a particular branch of the
Lambert W function.

Define

hi(β) := W 2
i (−re) + (βm− 2)Wi(−re) + 1

for i = 0,−1 whose domain is the interval (− 2
δSP

,∞). With
this definition, one can express the requirements from [16] as
those specific to the logit dynamics, summarized in Lemma
1.2.

Lemma 1.2 (Quantity of Logit Dynamics Fixed Points). For
all (δSP , δRT ) ∈ QI ∪ QIV, |S∗| = 1. For all (δSP , δRT ) ∈
QII ∪QIII,

• If β ≤ − 2
δSP

, then |S∗| = 1;
• If β > − 2

δSP
, then

– |S∗| = 1 if h−1(β) > 0 or h0(β) < 0;
– |S∗| = 2 if h−1(β) = 0 or h0(β) = 0; and
– |S∗| = 3 if h−1(β) < 0 and h0(β) > 0.

Proof. See Appendix B of [17]. ■

Without the ability to directly ascertain the stationary
points of the function hi(β) which is quadratic in Wi(−re)
another way to demonstrate which intervals of β satisfy the
conditions in Lemma 1.2 is to check hi(β)’s stationary points
and roots. Lemmas 1.3 and 1.4 summarize these analyses.

Lemma 1.3 (Stationary Points of hi(β)). For games with
parameters (δSP , δRT ) ∈ QII ∪QIII, the function

• h0(β) only has stationary points in the parameter
regime δSP < δRT < −δSP . In this parameter regime,
h0(β) has only one stationary point.

• h−1(β) only has stationary points in the parameter
regime 0 < δRT < −δSP . In this parameter regime,
h−1(β) has only one stationary point.

Proof. See proof of Lemma 1.3 in [17]. ■

Lemma 1.4 (Roots of hi(β)). The functions h0(β) and
h−1(β) only have roots for (δSP , δRT ) ∈ QII. For any
(δSP , δRT ) ∈ QII,

• If δRT > −δSP , then
– h−1(β) has no roots; and
– h0(β) has one root βr,0 > − 2

δSP
given implicitly by

W0(−re) = 1− βr,0m

2
+

√
βr,0m (βr,0m− 4)

2
;

• If 0 < δRT < −δSP , then
– h0(β) has no roots; and
– h0(β) has one root given implicitly by

W−1(−re) = 1−βr,−1m

2
−
√

βr,−1m (βr,−1m− 4)

2
;

and
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• If δRT = −δSP or δRT ≤ 0, then h0(β) and h−1(β)
have no roots.

Proof. See proof of Lemma 1.4 in [17]. ■

Combining the knowledge of these functions’ stationary
points and roots along with their signs at the extremes of
their domains (See Table 1 from [17]), one can deduce the
results of Theorem 4.2.

B. Proof of Theorem 4.3

Checking the stability of (9) entails checking df
dt

∣∣∣
x∗

≤ 0.
By Lemma 1.5, as β → ∞, this amounts to showing the
following holds true.

lim
β→∞

1

k
W 2

r (kr)−Wr(kr)− 1 ≤ 0

Factoring this expression yields

lim
β→∞

Wr(kr)

(
1

k
Wr(kr)− 1

)
− 1 ≤ 0.

As x∗ = 1
kWr(kr), one acquires

lim
β→∞

kx∗ (x∗ − 1)− 1 ≤ 0.

As the values of x∗ are known as β tends to infinity, one
needs only to substitute each x∗ along with its corresponding
the parameters (δSP , δRT ) into this expression and evaluate
the limit. By evaluating this limit for each fixed point x∗ in
each quadrant of the parameter space, one finds that only
the limit for the fixed point x∗ = δSP

δSP−δRT
for parameters

(δSP , δRT ) ∈ QII evaluates to a value greater than zero.

C. Condition for the Fixed Point Stability

The following Lemma demonstrates how the stability of
logit dynamics fixed points are intrinsically linked to the r-
Lambert function.

Lemma 1.5 (Condition for Fixed Point Stability). A fixed
point x∗ = 1

kWr(kr) is stable for k ̸= 0 if

1

k
W 2

r (kr)−Wr(kr)− 1 ≤ 0.

Proof. The derivative df
dx

∣∣∣
x∗

in terms of k = −βm, m =

δRT − δSP , and r = eβδSP is

df

dx

∣∣∣∣
x∗

=
−keWr(kr)r−1(
1 + eWr(kr)r−1

)2 − 1.

By the definition of the r-Lambert function, one knows
that Wr(kr)e

Wr(kr) + rWr(kr) = kr. Therefore,

eWr(kr)r−1 =
k

Wr(kr)
− 1.

Substituting this expression into that of df
dx

∣∣∣
x∗

and simplify-
ing yields

df

dx

∣∣∣∣
x∗

=
1

k
W 2

r (kr)−Wr(kr)− 1

Therefore, all fixed points x∗ = 1
kWr(kr) where k ̸= 0

are stable if
1

k
W 2

r (kr)−Wr(kr)− 1 ≤ 0.
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