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Exact Noise-robust Distributed Gradient-tracking Algorithm for
Constraint-Coupled Resource Allocation Problems

Wenwen Wu'!, Shanying Zhu', Shuai Liu? and Xinping Guan'

Abstract— The Industrial Internet of Things (IIoT) gradually
becomes a new paradigm for information exchange in the in-
dustrial production environment. To ensure the high reliability
of IIoT services, an efficient resource allocation method with
good robustness is urgently needed under complex industrial
environments. This paper considers the distributed constraint-
coupled resource allocation problem with noisy information
exchange over an undirected network, where each agent holds
a private cost function and obtains the solution via only
local communications. Communication noise poses a challenge
to gradient-tracking based algorithm as the impact of noise
will accumulate and its variance tends to infinity when the
noise is persistent. Adopting noise-tracing scheme, we propose
an exact noise-robust distributed gradient-tracking algorithm
to achieve cost-optimal distribution of resources, which can
avoid noise-accumulation in the tracking step. Moreover, noise
suppression parameters are introduced to further attenuate the
impact of noise. With diminishing suppression parameters, it
is theoretically proved that the proposed algorithm is able to
achieve exact convergence to the optimal solution. Finally, a
numerical example is provided for verification.

I. INTRODUCTION

As an emerging and prospective paradigm, the Industrial
Internet of Things (IIoT) enables intelligent manufacturing
via the interconnection and interaction of industrial pro-
duction elements. Distributed constraint-coupled resource
allocation problem (DRAP) is an important term associated
with the IIoT, providing a efficient way to make systems
more flexible and computation friendly [1], e.g. it has wide
applications in software-defined networks [2] and MEC
systems [3]. The goal of DRAP is achieving the cost-optimal
distribution of limited resources among users to meet their
demands, local constraints, and possibly certain coupled
global constraints. In this paper, we focus on solving the
following DRAP with a linear coupled constraint

min f(W) = Zfl(wl)

W eRnp
s.t. ZAsz = Zdi’ w; € Qi,Vi7 (1)
i=1 =1
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where f; : RP — R is the agent ¢’s private cost function,
W = [w?, R ,W,TL]T, w; € RP is the decision vector of
agent ¢ and d; denotes the local resource demand. (2; is a
local convex and compact set which encodes local constraints
of agent i. A; € R"™*P is the nonzero coupling matrix.

Compared with centralized methods, distributed ones that
operate with only local information have better scalability
and robustness to possible node failures, especially for large-
scale systems [4]. There are extensive efforts devoted to
solving optimization problems with only simple coupling
between agents, i.e., all A; are identity matrices, from either
the primal or the dual perspectives [5]-[7]. Considering
DRAP (1), distributed algorithms are proposed in [8], where
the tracking technique is employed to track the constraint
deviation. With €); in (1) being a polyhedron, ref. [9]
proposed a dual consensus ADMM method. And a proximal
diffusion strategy is developed in [10] and its convergence
is established even in the presence of nonsmooth terms.

It is noted that aforementioned distributed algorithms have
been designed under the assumption of ideal communication
networks without any distortion and noise. In practice, the
communication channels might be corrupted by additive
noise [11]. Quantization before transmission to reduce com-
munication burden is another source of communication noise
[12]-[14]. To alleviate the impact induced by quantization,
the diminishing noise suppression parameter is introduced in
[14]. Ref. [15] proposed a gradient-tracking based algorithm
to solve optimization problems with stochastic gradient.
To avoid the noise-accumulation problem issue, the noise-
tracing scheme is proposed in [16] and it ensures that
the global gradient estimation is unbiased with bounded
variance. By incorporating diminishing suppression param-
eters with noise-tracing scheme, a distributed algorithm is
proposed in [17], which has guaranteed optimality even
under noisy interference. We note that [14]-[17] only deals
with the special case of DRAP with only consensus con-
straints. Extension to the DRAP with a simple coupling
constraint is performed in [18]. Moreover, a dual method
is proposed in [19], but it can only reach a neighborhood of
the optimum. As for solving the general DRAP (1), an nosie-
robust algorithm is proposed in [20] based on the stochastic
approximation technique. However, it requires exchanges of
global optimization variables among all agents.

In this paper, a fully distributed optimization algorithm
(ERDGA) is proposed to solve constraint-coupled DRAP
(1) with noisy information exchange. Compared with works
in [14]-[19], the proposed algorithm can tackle a more
general coupling constraint between agents. As for noise
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treatment, the noise-tracing scheme is introduced to obtain
the unbiased estimate of the global gradient with bounded
variance. To further eliminate steady state errors induced
by persistent noise, two diminishing noise suppression pa-
rameters are implemented, which poses a challenge to con-
ventional convergence analysis methods of gradient-tracking
based algorithms in [16], [19], [21]. Using martingale theory,
we theoretically prove that the ERDGA can achieve exact
convergence to the optimal solution for strongly convex cost
functions, which are not necessarily to be smooth.

The rest of the paper is organized as follows. Section II
provides preliminaries. The proposed algorithm is developed
in Section IIT and the theoretical analysis of its convergence
is given in Section IV. Then the algorithm is numerically
tested in Section V. Finally, Section VI concludes the paper.

Notations: Vectors default to columns if not otherwise
specified. The Kronecker product is denoted by ®. Let 1,, be
the n-dimension vector with all one entries. For vectors, |- ||
denotes - || denotes the spectral
norm. < denotes the element-wise less than or equal to.
We use blkdiag(Xy,- -, X,) to refer to the block-diagonal
matrix with Xq,---, X, as blocks. For a random variable
x, we use E[x] to denote its expectation.

II. PRELIMINARIES

We make the following assumptions on the DRAP (1):

Assumption 1: Each cost function f;(w) is strongly
convex, i.e., for any w,w’ € RP, the relation (w —
w) T (Vfi(w) = Vfi(w') > pillw — w’||* holds, where
wi > 0. Define p = min;{u;}.

The communication network over which agents exchange
information can be represented by an undirected graph G =
(N, E), where N = {1,--- ,n} is the set of agents, & C N x
N denotes the set of edges, accompanied with a nonnegative
weighted matrix W = [w;;]. For any 4, j € AV in the network,
w;; > 0 denotes agent j can exchange information with
agent 7. The collection of all individual agents that agent ¢
can communicate with is defined as its neighbors set N;.

Assumption 2: The graph G is undirected and connected.

Under Assumption 2, the weight matrix W € R"*" ig
doubly stochastic, i.e., W1, =1, and ISW = 15.

Assumption 3: The problem satisfies Slaters condition.

Assumptions 1-3 are standard when solving related prob-
lems. Under Assumptions 1, 3, the strong duality holds. Spe-
cially, Assumptions 3 is not needed when §2; is a polyhedron.

In this paper, we focus on the error caused by noisy
communication links and/or quantization. In practice, the
communication channels can be corrupted by additive noise,
which was statistically modeled as Gaussian in [22]. In
addition, to alleviate heavy load to communication networks,
quantization techniques are particularly critical. Here, we
take the following random quantization scheme [14] for
example. For a single number « € [I, u], we uniformly divide
the interval into B bins, whose end points are bounded by
e, =7 <---<tp=wuand A 271 — zg—fl
Thus, b = logs (B ) bits can be used to index the {Tl} Given
x € [y, Ti+1), we assign a probability based on its relative

location inside this interval and choose either 7; or 7,41
to represent x at random' Q(z) = 7, wp. 1 — &%, and
Q(z) = Tiy1,w.p. “x*, where the random variable Q (z)
thus satisfies E[Q (2)] = z, E[(Q (z) — z)?] < %2.

In the following parts, we use two independent random se-
quences {nx, }x>0, {nr, }x>0 to summarize the aforemen-

. . . . T T T

tioned communication noise: ny, := [n, ,,---,n, ],
- : ,

ng, :=[ny ,---,nl 1", where ny, ,, m,, €R™ denote

the noise encountered by agent ¢ at iteration time k.
Assumption 4: Noises ny,, nr,,Vk > 0 have zero mean

and bounded variance, ie., Enx,] = E[ng,] = 0 and

E[|nx,|?] < 0%, E[|nz,||?] < o2 for some ox, oz, > 0.

III. ALGORITHM DEVELOPMENT

In this section, we will develop an exact noise-robust
distributed algorithm based on Lagrangian duality.

Introducing Lagrange multiplier x, we construct the La-
grangian L (W, x). Then, the dual problem of DRAP (1) can
be derived, which is equivalent to the following distributed
consensus problem (e.g., see [6] for details)

ZFZ» (x) = ZF (x;)

st. X1 =Xg=---=X, =X €ER™, 2)

in which the local cost function is F; (x) = f; (—ATx) +
x7d;, where f; (—ATx) is the convex conjugate function
f7 (—ATx) = supy,eq, (—xTAw — fi (w)).

Under Assumption 1, f* is differentiable, %-Lipschitz
smooth, and the supremum related to f* is attainable [23].
It follows from Proposition B.25 in [24] that the gradient of
F; (x) can be obtained as VF; (x) = —A;Vf; (—ATx) +
d; = —A; -argmingcq. {fi (W) +x" - AW}+d

Adopting gradient-tracking scheme in the above dual
problems (2) shows effectiveness in solving problem (1) in
noiseless situations [25]. However, with noisy information
exchange, such scheme suffers from poor convergence prop-
erties due to noise-accumulation:

n n k—1
Sl =3 (vmxi,km .S n> e
=1

=1 t=0

min
xER™

where the variable 1; ;.11 is used to directly track the gradient
information and its variance tends to infinity when the
noise is persistent, making it unreliable. To avoid noise-
accumulation, motivated by [16], [19], we adopt the variable
l; x+1 to record the impact of noise on gradient information
at iteration k instead, which is named as noise-tracing

n
1i,k+1 = E Wiy +
Jj=1

Here, 1; ,+1 — 1; 1 is used for gradient-tracking at iteration

k, where the effect of the noise at iteration k — 1 can

thus be eliminated. When the initial condition > " ;1,9 =

Z?=1 VF;(x;,0) holds, it can be derived by induction that
n n

Z (Ligs1 — L) = Z (VF(Xig41) +11,,.), (5

i=1 i=1

Lix + VF(Xi k1) + 1, Vi€ N. (4)

7266



i.e., the tracked information is the unbiased estimate of the
global gradient with bounded variance under Assumption 4.

Additionally, two noise suppression parameters 7, Vi
are introduced to alleviate the impact of noise. These two
parameters determine the degree to which variables from
the neighbors should be weighed against the local one
when proceeding algorithm updating. As shown in Algorithm
1 below, the introduction of 7,7, causes the noise that
actually affects algorithm iterations to be 7 -nx, ,, v -1, .-

Intuitively, without noise-accumulation, the error induced
by noise tends to zero as two noise suppression parameters
decay to 0. However, since 7,7, also closely related to
the consensus process, the consensus constraint in (2) may
be difficult to satisfy if simply reduce two parameters to
zeros with iteration. Thus, a proper design of 7y, vy, is further
needed, which will be elaborated in the next section.

We summarize the Exact noise-robust distributed
gradient-tracking algorithm (ERDGA) in Algorithm 1.

Algorithm 1 : ERDGA algorithm
1: Parameters: W = [wy;], g, vk > 0, B > 0, VEk;
Initialization: Arbitrary x; o € R™,w; g € RP, 1; 0 = —A;w; g+d;.
2: for k=0,1,... do
3: Dual variable update:
Xi k41 = (1 = Mk) Xi ke + Mk (E?:l wWij - Xj K+ nxz‘,k)
—(Lik = lik—1),

4: Primal variable update:
W; k+1 = argmin § f; (w) + xl b1 Iw}
weQ;

S: Auxiliary variable update:
Liger1 =0 —v) Lk + v (Z;Ll wij -1k + Hl,i,k.>

+8k (—Aiw; k1 + di).
6: end for

Similar treatment can be found in [17]. Although problem
(2) possesses similar structure with that in [17], we note that
the convergence cannot be guaranteed by directly adopting
their algorithm to solve (2), since an additional bounded
assumption for dual variable is needed. This assumption is
hard to satisfy when solving the DRAP (1) in this paper.

IV. CONVERGENCE ANALYSIS OF ERDGA

In this section, we will establish the convergence proper-

ties of the proposed algorithm.
T

For analy51s we define X = [x1 B nk] , Ly =
[l?k,'” 71n k] 1 = 1 ®Im, X = ka, Xk = ]_Xk,
Ly = 11TLk, F(X) = S Filxix), VF(X)
VF(x10) s V()] W = W& L, A =
blkdiag(A;,---,Ay,). Then, we will use a deterministic

counterpart of the supermartingale convergence result.

Lemma 1: [26] Let {Ux}, {Vi} be non-negative vector
sequences and {gi}, {h«x} be non-negative scalar sequences
such that Ugy1 < (P + gkllT)Uk 4+ hpl — QVi,Vk > 0
holds, where { P}, {Q} are non-negative matrices. If {gx },
{hi} satisfy 37 | gr < oo and Y ;- hj < oo, and there
exists positive vector 7 such that 77 P, < 77, 77 Q) >
0,Vk > 0 holds. Then we have 1) {xTU}} is convergent; 2)
{U} is bounded; 3) >, 1T QLVi < o00.

Denote W,, = (1 — ne)l + W, W,, = (1 —
Yi)I + W, Vk > 0. Under Assumption 2, the matrix
W, has a unique right eigenvector 1 (associated with
eigenvalue 1) satisfying 171 = nl,, and so does the matnx

W,,. Moreover, the spectral radius of W,, — 1t _

an n
I+mp(W-=1)— % is equal to 1 — ng|pyw—r1|, where
pw-—1 is an eigenvalue of W — I. Thus, we always have
W, — —H 1 - 77k|PW 7| < 1. Similarly, we can
derive that |[W,, — —H 1 — yelpw—1| < 1. We use
Aw = |pw~—r] in the following parts for simplicity.

Lemma 2: Supposing that Assumptions 1-4 hold, the
sequences generated by ERDGA satisfy:

1,2 1,3 1,3
Mi41,1 < M1+ ¢ myg 2+ (bk +c ) M3

et mia + d} — pBr A E[|We — WH2. (6)

where my, 1 = E[|| X), — X*||2], mi2 = E[F(Xy)] - F(X*),
my3 = E[| Xk — Xp[?], mra = E[||[Lk—1 — L[], W*
X* are optimal primal and dual variables, respectively and
parameters b,lC 3, c,lC 2, ci 3, ck s d1 are given in appendix II.

Proof: See Appendix I.

The relation (6) shows that the iteration of my i is
coupled with my 9, my 3 and my 4. For analysis, we use
M, = [mk71,mk72,mk,3,mk74]T as a measure of conver-
gence, where the first two terms quantify the optimality gap,
and the rest terms quantify the consensus error among agents.

Lemma 3: Supposing that Assumptions 1-4 hold, the
sequences generated by ERDGA satisfy:

My11 <(By + Cy)My, + Dy, — Hp Ny, (N

where Ny, = [E[||[W, — W*||?], E[||1TVF(X})|?]]” and all
matrices have nonnegative elements as shown in Appendix.

Proof: See Appendix II

On the basis of Lemmas 1-3, the convergence of ERDGA
is established in the following Theorem.

Theorem 1: Suppose that Assumptions 1-4 hold and pos-

itive sequences {nx}, {7y}, and {Bx} satisfy ZZO 1M =

o0
00, Dpli Ve = 00, Dol 1@@ = 00, Yopo S < 00,
SR < 00, Mt BEE < oo, limy e 22 =
0, limp_ oo 7’;}; = & for some bounded ® >

0. Then, the sequences generated by ERDGA satisfy
(1) limps o0 E[|W) — W*||f} =0, (1) limp_ oo E[|| X —
Xi|?] = limg— o0 E[|| Lk — Ly ] = 0

Proof: From Lemmas 2-3, we can obtain that

Mk+1 (Bk —I—Ck]_lT)Mk +dpl — Itlkj\fk7 (8)

where ¢, dy are equal to the max elements of Cy, Dy, re-
spectively. Under the assumptions on sequences {7}, {V&},
{Bx} in Theorem 1, we have >, - cx < 00, Y poy djy < 00.
Define w = [y, 7o, 73, m4)7. We will prove that there
exists a positive vector 7 such that 77 B, < w7 and
wlH, > 0 hold for ¥ > T with some large enough
T > 0. It can be verified that the above two conditions hold
when relations 71, m > 0, w3 > 2ull AP mt | Atz fis

22w Nk
2 I
Hwiw\l Jh—L s are satisfied. The first two conditions

bl

T4 2>
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7, T > 0 are easy to meet. Due to limy_, o B’“;l =0, for
any given 71, T2, we can always find a bounded 73 > 0 such
that the third inequality holds. Moreover, a bounded 74 > 0
can be found such that the forth inequality also holds after
other elements of 7t are fixed since limy_, o 7’“;1 = ®. Thus,
we can always find a 7 satisfying the above relations.

From Lemma 1, we have 1) {77 M} is convergent; 2)
{M,} is bounded; 3) Y722, 7 H Ny, < oc. So, the relation
lim infy 00 E[||Wr—W*[|?] = 0 holds since > - ; B = 00

Since wy, € ;, the variable {Wj } >0 is bounded. We can
find a convergent sub-sequence of {Wj, },>o. Taking the
limit along k; — oo yields limy, o0 E[||Wk, — W*|?] =0
Moreover, since W is a continuous function of X, {m® M}
is convergent and contractive with respect to the optimum,
then we can derive that limy_,o, E[|W), — W*||?] = 0 [27],
i.e., the result (i) is proved.

Define Mj, = [E[|| X — X%,
From relation (7), we have

My oy (B + Cy) M, + Dy,
<(By + 117 My + dj 1, )

= T
E[|Lk-1 — Li-1]?]]

where ¢}, d are equal to the max elements of C}, D,
respectively, and all matrices have nonnegative elements:

Bl — [biﬁ’) b%vi‘] ol = [cii 0] D= {cz zmk,g +di} 7
0 by ¢,” 0 ¢ My + diy

where parameters are given in appendix II. Note that my, o is
bounded as { M} is proved to be bounded before. Under the
assumptions on sequences {7y}, {7« }, and {8} in Theorem
1, we have Y ;7 | ¢}, < 00, >_po, dj < o0.

To prove (ii), we define 7’ = [}, 75, w5, 74]T. Similarly,
relations 7r’TB,’€ < (1 — ayg—1)7’" and ~TH, > 0
hold when there exists a positive vector 7’ satisfying (1-

meAw)m < (1 — ayg—1)m and “V\f\WI“ A”;kl L (1—

Ye—1Aw)mh < (1 — ary,—1)7h with some constant o > 0.
It can be verified that the needed two relations hold when

< _ 771 'Yk 1
a, 7 satisfy a min{)\ww s Aw - o —}, and we

can always find 7/ such that \yy — ™ W;kl is greater than
2
0, since limy_ o, 2= = & for some bounded ® > 0. By

’I’] e
properly choosing Vekctor 7/, we can always find such « for

k > T for some large enough 7' > 0. Thus, multiplying both
sides of (9) by &/, we have

T

w1
' Mk+1 <(1+d, =)' M} + dm'"
min
T
— vy’ My, (10
where the relation 17 < ;’,/T is used and 7/, is the

mlnimurn element of 7’. Slmllarly, from Lemma 1 we have
that {z'" M}} is convergent and 337, 17" M, < oo.
Thus, M, is convergent and limy_,, M; = 0 holds, i.e.,
relation (ii) is proved. The proof is completed. |

We emphasize that the requirement on the stepsize /), and
noise suppression parameters 7, vx—1 in Theorem 1 can be
easily satisfied. For example, we can set S, = O(k™%), ni, =
Yi—1 = O(k=) with a,b € (0.5,1] and 2a — b > 1.

V. NUMERICAL EXPERIMENTS

In this section, we conduct numerical experiments to verify
our theoretical analysis. The proposed algorithm is tested
by the economic dispatch of multi-microgrid systems with
14 microgrids [8]. We consider the problem with quadratic
cost functions f;(w;) = t;w? + u;w; + v;, Vi. The coupling
coefficients a; are randomly chosen and the parameters of
the generators are adopted from [19]. Set total load demand
diotal = g di = 231MW. To model the noise interfer-
ence, the exchanged information is corrupted by independent
Gaussian noise A(0,1). We set stepsize S %,
which satisfy

suppression parameters n; = Yx =
the conditions in Theorem 1.

We compare ERDGA with three state-of-the-art algorithm-
s, termed Dual coupled diffusion algorithm [10], SADAL
[20] and RDDGT [19], in terms of the error E [||W}, — W™*|]]
and the expectation is approximated by averaging over 100
simulation results. The stepsize for Dual coupled diffusion al-
gorithms is chosen as 8 = 0.05 and the stepsize for SADAL
is the same as ERDGA. We set 5 = 0.001,7 = 0.08,v = 0.5
for RDDGT. The evolution of the errors is shown in Fig. 1
(a), where the error of RDDGT converges to a neighborhood
of the optimum, while the Dual coupled diffusion algorithm
has increasing errors instead. The errors of SADAL and
ERDGA both continuously decrease. However, with same
stepsize, our proposed algorithm has a faster convergence
rate than SADAL. The evolution of the constraint violation
| > i aiw; — diorar| of the global coupled constraint is
shown in Fig. 1 (b). It can be seen that the RDDGT has a
low upper bound, while the Dual coupled diffusion algorithm
can hardly satisfy the global coupled constraint. As for
SADAL and ERDGA, they can gradually drive the constraint
violation toward zero. Thus, the proposed ERDGA algorithm
is shown to have better robustness to noise interference.
Moreover, Fig. 2 (a) and Fig. 2 (b) show the evolution of
dual variables x;, auxiliary variables 1;, respectively. All dual
variables gradually converge to the same value and so do the
auxiliary variables, which is consistent with Theorem 1.

1
1+0.1.k08>

E[||Wy, — W)

0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
iteration time k ati

teration time k

(@) (b)

Fig. 1. (a) Convergence error, and (b) constraint violation versus iteration
time for different algorithms.

st
——Bus4 ——Bus9 ——Busl4
—Buss Bus10

1000 2000 3000 4000 5000 6000
iteration time &

5
0 1000 2000 3000 4000 5000 6000 0
iteration time k

() (b)

Fig. 2. (a) Dual variables, and (b) auxiliary variables versus iteration time.
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VI. CONCLUSION

In this paper, an exact noise-robust distributed gradient-
tracking algorithm has been proposed to solve constraint-
coupled resource allocation problems with noisy information
exchange. By adopting the noise-tracing scheme and dimin-
ishing noise suppression parameters, the proposed algorithm
has been shown to have better robustness to noise interfer-
ence than existing distributed algorithms. Moreover, its exact
convergence property to the optimum has been established
for strongly convex cost functions. Finally, the theoretical
results have been examined by numerical experiments.
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APPENDIX I
PROOF OF LEMMA 2

The proposed algorithm can be written as
Xi1 =W X — (L — Li—1) + menx,,
Liy1 =W, Ly + B VF(Xpq1) + ing,,

Y
12)

where we use VF;(x; ) = —A;w; 1 + d;. Under Assump-
tion 1, f’(x) is convex, differentiable and it satisfies i-
Lipschitz smoothness [23]. Thus, we have that F(X) is
convex and L’-Lipschitz smooth, where L’ := W.

It follows from the optimal condition of w-update that
(Viw?) + Ax) (Wi — wi) > 0, (Vfi(wir) +
Axi )T (W) — wix) > 0, where w}, x}, are optimal
primal, dual variables and thus relations X* = %X *
and 1"VF(X*) = 0 hold. Combining these two optimal

conditions and summing it from ¢ = 1 to n, we have

(X* = X)) T (AW, — AW™) > p||[Wy, — W12, (13)

where the inequality follows from Assumption 1.

It follows from VFi(xix) = —Aiwig + d; and the
optimal condition ITVAF(X*) = 0 that (X*—Xx)T (AW, —
AW*) = (% — x*)T1TVF(X}) holds. Thus, we have

(X* = Xp)T (AW, — AW™)
n o _ AT /e _
= (% — x")" (R — Xp41)

Br-1

1 - .
+ o (xe = x)" (TTmeny, — 1T peeimg, ), (14)

Br—1

where we use the update rule (11) and relation

17(Ly, — Ly—1) =17 (Br_1 VF(Xy) + ye—1ng,_,). (15)
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Taking expectation on both sides of (14) and using 2(a —

b)"(a—c) = [la—b[]>+ [[a—c|]> - [[b — c||? yields
_ 1 _
E[(X* — Xp)T (AW}, — AW™)] = Y (E[| X% — X*|?]
L 1 _
+E[|| Xk — Xe41l”]) — 57—E[| Xp41 — X*[?]. (16)

2Bk—1
Using Cauchy-Schwarz 2inequality, we have (X —
Xi)T (AW, —AW*) < BD ) - X )12 4+ 4w — e 2,
Combining this relation with (13), (16) yields
Mit11 <mi1 + L' Be_1mp s +E[|| Ly — Ly—1]|]
+ niox — pBr1 E[|[Wi — W7, an
where we use E[|| Xy — Xi11]1?] < E[||Lx— L1 |*]+nic%.
From relation (12), we have
L — L1 =y 1(W = I)(Lp—1 — Ly 1)
+Bk71VF(X;€)+%,1nLk_1. (18)
It follows from the L'-smoothness of F(X) and
1T'VF(X*) = 0 that F(X}) > F(X*) + 2L, IVF(Xy) —
VF(X*)|[2. Thus, we have |VF(Xy)|? < 3L"%||X; —
Xi|?+6L (F(Xy) — F(X*)) +3|VF(X*)||>. Combining
this relation with (18) yields
E[||Lx — Li-1]]
<2AW — I|*vi_ymua + 287 B[ VF(X0) P + 72107
<12L'BF_ymi s + 6L BE_ymie s + 20|W — T|97 - my 4
+ 687 1 [IVF(X)|? + 75107 (19)
Substituting (19) into (17) completes the proof. |

APPENDIX II
PROOF OF LEMMA 3

Using the L'-smoothness of F'(X), we have F(Xpq1) <

F(X3)+VEF(X3)T1(Rpp1 — %) + 2, where

L = @. It follows from relation (11) that Xj4q1 —
aT

Xp = (W, — DXy — (Lk — Li—1) + menx,) =

% (=(Lk — Li—1) + nenx, ). Combining these two rela-
tions and taking expectation on both sides yields
/

L L
Mp+1,2 <My 2 + ?]E[HLk — Li—1|]*] + 577130'3(

1 . _ R
+ E[*E(ITVF(Xk))Tl(Lk —Li-1)]  (20)
Substituting (15) into the last term in (20) yields
1, _ N
]E[—E(lTVF(Xk))Tl(Lk — Li_1)]
12 1 . B
STﬁk—lka - %@c—lE[HlTVF(Xk)HQL 2h

where we use the Cauchy-Schwarz inequality.
Substituting (19), (21) into (20), we have

L L 2
Mis12 < —M0x + 5108 + (L + 6L B )my s

2 2

L’ 3
+ (Tﬁkfl +3L 5,%71)mk 3+ L/HW —
/Bk 1

1P mu

+ 3L B IVE(X )| — E[[1TTVE(XW)[?)- 22)

From relation (11), we have Xji1 — Xpi1 = (W, —
e = 23T
L)Xk = Xp) = (I = 52) (Br1 VF(Xg) = (W —
I (Lk—1 = Lg—1) + menx, + Ye—1nz,_,), where we use
1w, =17, Wy, 1 =1 and (18). Combining this relation

with (19) and || — 12| = 1 yields

Ve[V = I[P 4

2
Mi+1,3 <(1 — nxdw)my s +
M AW

2
+TW51%—1E[HVF(XI<)”2] +niox +i_0%

121 B3 6L B2_
< i Yo + (1 — mdw + k1 )M 3
Aw Mk Aw Mk
2||W*I||271§ L 6 ﬁk 1 2
+ i+ — L g (Xt
e e LAC 8]
0ok + o107, (23)
where the first inequality uses |la + b||2 (1+¢€)|al]® +
(14 € H[b]* and [W,, mAw < 1.

Similarly, from relation (12) we have L, — L =
11T
(Ww 1*7)(Lk 1—Lg_1)+Be_1(I %)VF(Xk)Jr
(I-4 )yk ing, ,,where weuse 17W,, =17, W, 1 =
1. Comblmng this relation with (19) yields

Mig1,4 < (1= Y1 AW) Mg 4

1
+ ——— B ElIVF(XK) ] + 9107

Th—1AW
< 67L/613—1 + 3L/2 Bl%—l

< k2
AW V-1 Aw %—1

Bi

2 2
Mg3 + Y-101

+ (1 =y 1)\W)mk4+7 ||VF(X*)||2

v (24)

where we use |W,, — %H =1—-yAw <L
Combining relations (22), (23), (24) with Lemma 1 yields
relation (7), where all matrices has nonnegative elements as

10 b° 0 0 ¢ ¢ o

0 1 bi’g 0 0 cz’2 ci’s cz’4
By, = 0 0 B il Cr = P S I £ R

0 0 ’6 b’i,4 0 fo ks 0

k % Gk

T

o2 3 4T k-1 0 0 0
Dk - [dk dk dk dk] ’ Hk - 0 Br—1 00 5

2n

1,3 Al? 2,3 At 3,3
where b, = (Lo H Br—1, by = 7“2#! Br—1, by =
1 — mAw, b = ka Loand bMt = 1 —

Ay Tk ke

1,2 _ 12]A[ 52 1,3 _ GHAH 2
Ve—1AW; Cp = /Bk 15 € = 12 /Bk 1
1,4 9 9 22 6|\A\| 23
C, = 2||VV vy, 7 = ﬂk 1 G =
3I|AH B2, _ llapPpw-r1p? V2, 22 _ 12HAAH251c 1
Iz - AW nE
33 _ GHAH“ Bri 42 6llA|2 Bi_s 43 _
k _2 w0 € T AW k-1 and ¢" =
3|A kal. dl = 6ﬂ2 ||VF(X*)||2 + n2 + 2
2wy o1 e = OPg—1 77ng ’Yk 190>
2 _ HAH *\ 112 3 _

dy = (6BR_LIVE(X*)|? + niok +7i_101). di

6@%Wﬂxw2+%@

Aw

3 B |VE(X™)||* +~2_,0%. The proof is completed. W

AW Vk—1

+ y¢_,0%, and di =
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