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Delay-agnostic Asynchronous Distributed Optimization

Xuyang Wu, Changxin Liu, Sindri Magnisson, and Mikael Johansson

Abstract— Existing asynchronous distributed optimization
algorithms often use diminishing step-sizes that cause slow
practical convergence, or fixed step-sizes that depend on an
assumed upper bound of delays. Not only is such a delay bound
hard to obtain in advance, but it is also large and therefore
results in unnecessarily slow convergence. This paper develops
asynchronous versions of two distributed algorithms, DGD and
DGD-ATC, for solving consensus optimization problems over
undirected networks. In contrast to alternatives, our algorithms
can converge to the fixed point set of their synchronous
counterparts using step-sizes that are independent of the delays.
We establish convergence guarantees under both partial and
total asynchrony. The practical performance of our algorithms
is demonstrated by numerical experiments.

I. INTRODUCTION

Distributed optimization has attracted much attention in
the last decade and has found applications in diverse areas
such as cooperative control, machine learning, and power
systems. The literature on distributed optimization has pri-
marily focused on synchronous methods that iterate in a
serialized manner, proceeding to the next iteration only after
the current one is completed. Synchronous methods also re-
quire all nodes to maintain a consistent view of optimization
variables without any information delay, which makes the
algorithms easier to analyze. Nevertheless, synchronization
through a network can be challenging. Additionally, syn-
chronized update is inefficient and unreliable since the time
taken per iteration is determined by the slowest node and the
optimization process is vulnerable to single-node failure.

Asynchronous distributed methods that do not require
synchronization between nodes are often better suited for
practical implementation [1]. However, asynchronous meth-
ods are subject to information delays and nodes do not have a
consistent view of the optimization variables, which makes
them difficult to analyze. Despite the inherent challenges,
there have been notable successes in studying the mathemat-
ical properties of asynchronous optimization algorithms. One
area of focus has been on asynchronous consensus optimiza-
tion algorithms [2]-[10], including asynchronous variants
of well-established consensus optimization algorithms such
as DGD, PG-EXTRA, and gradient-tracking-based methods.
Asynchronous distributed algorithms on other optimization
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problems include ADGD [11], Asy-FLEXA [12], the asyn-
chronous primal-dual algorithm [13], and the asynchronous
coordinate descent method [14], [15].

The above work mainly focused on two types of step-size
strategies: diminishing step-sizes [3]-[7] and fixed delay-
dependent step-sizes [8]-[10], [12]-[14]. While diminishing
step-sizes are effective in stochastic optimization or non-
smooth optimization, they can result in slow convergence
rates in deterministic smooth problems. For these types of
problems, faster algorithms can often be obtained with non-
diminishing step-sizes. Fixed step-sizes that depend on delay,
in contrast, usually require an upper bound on the worst-
case delay that is challenging to compute prior to executing
the algorithm. Moreover, the use of worst-case delay can
result in a conservative step-size condition and consequently,
slow down the practical convergence speed. This is because
the actual delays experienced in practice may be signifi-
cantly smaller than the worst-case delay. For example, [16]
implements an asynchronous SGD on a 40-core CPU, and
reports a maximum and average delay of around 1200 and
40, respectively. Convergence of asynchronous distributed
algorithms with fixed step-sizes that do not include any
delay information have been considered in [2], [11], [15].
However, [2], [15] only consider quadratic programming and
[11] studies only star networks.

In this paper, we study the asynchronous variants of two
distributed algorithms, the decentralized gradient descent
(DGD) [17] and the DGD using the adapt-then-combine tech-
nique (DGD-ATC) [18], for solving consensus optimization
over undirected networks. Our contributions include:

1) We establish the optimality gap between the fixed point
of DGD-ATC with fixed step-sizes and the optimum
of the consensus optimization problem. This result is
absent in the literature.

2) We show theoretically that, under the total asynchrony
assumption, the two asynchronous methods can con-
verge to the same fixed point sets of their synchronous
counterparts with fixed step-sizes that do not include
delay information.

3) We improve the above asymptotic convergence to linear
convergence by assuming bounded information delays.

Compared to the delay-dependent fixed step-sizes, our pro-
posed delay-free step-sizes are easy to tune and, in gen-
eral, less restrictive. Although algorithms that use delay-
dependent fixed step-sizes [8]-[10], [12]-[14] or diminishing
step-sizes [3]-[7] can theoretically converge to the optimum
while our algorithms suffer from unfavourable inexact con-
vergence inherited from their synchronous counterparts, our
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algorithms may achieve faster practical convergence due to
their less restrictive fixed step-sizes, which is demonstrated
by numerical experiments.

The outline of this paper is as follows: Section II for-
mulates the problem, revisits the synchronous algorithms
DGD and DGD-ATC, and reviews/establishes their optimal-
ity error bounds. Section III introduces the asynchronous
DGD and the asynchronous DGD-ATC, and Section IV
provides convergence results. Finally, Section V tests the
practical performance of the two asynchronous algorithms by
numerical experiments and Section VI concludes the paper.

Notation and Preliminaries

We use 1,4, 04x4, and I to denote the d-dimensional all-
one vector, the d x d all-zero matrix, and the d x d identity
matrix, respectively, where the subscript is omitted when it is
clear from context. The notation ® represents the Kronecker
product and Ny is the set of natural numbers including 0.
For any symmetric matrix W € R™*"™, \,(W), 1 <i<mn
denotes the ith largest eigenvalue of W, Range(W) is its
range, and W > 0 means that W is positive definite. For
any vector z € R", we use ||z|| to represent the £5 norm and
define ||z||w = VaTWaz for any positive definite matrix
W € R™ ™. For any differentiable function f : RY = R, we
say it is L-smooth for some L > 0 if

IVf(y) -
and it is p-strongly convex for some p > 0 if
(Vfly) = Viz)y

II. PROBLEM FORMULATION AND SYNCHRONOUS
DISTRIBUTED ALGORITHMS

Vi@l < Llly — ||, Yz,y € R?

—x) > plly — =|?, Va,y € RY

This section describes consensus optimization and revisits
the synchronous distributed algorithms, DGD [17] and DGD-
ATC [18], for solving it. The asynchronous version of the
two methods will be introduced in Section III.

A. Consensus Optimization

Consider a network of n agents described by an undi-
rected, connected graph G = (V, &), where V = {1,...,n}
is the vertex set and £ C VxV is the edge set. In the network,
each agent 7 observes a local cost function f; : R? — R and
can only interact with its neighbors in N; = {j : {i,j} € £}.
Consensus optimization aims to find a common decision
vector that minimizes the total cost of all agents:

%

mlnlmlze flx
z€R

Distributed algorithms for solving Problem (1) include the
distributed subgradient method [19], DGD [17], distributed
gradient-tracking-based algorithm [20], distributed dual av-
eraging [21], and PG-EXTRA [22]. While these algorithms
were originally designed to be executed synchronously,
they have since been extended to allow for asynchronous
implementations. However, existing asynchronous methods
often suffer from slow convergence due to the use of either

diminishing step-sizes or fixed step-sizes that depend on a
(usually unknown and large) upper bound on all delays.

In this paper, we analyse the asynchronous version of
two algorithms with delay-free fixed step-sizes: Decentral-
ized Gradient Descent (DGD) and DGD using Adapt-Then-
Combine Technique (DGD-ATC).

B. Decentralized Gradient Descent (DGD)

The first algorithm is DGD [17]. To present the algorithm
compactly, define x = (z7,...,2])T € R, F(x) =
> ey fi(x:), and let W = W ® I3 where W is an averaging
matrix! associated with G. We use k € N as iteration index
and x”* as the value of x at iteration k. Then the DGD
algorithm progresses according to the following iterations:

= WxF — aVF(x"), ()

where a > 0 is the step-size.

As shown in [17], the DGD algorithm converges to a fixed
point under reasonable assumptions. However, while the set
of fixed points of DGD is not identical to the set of optimal
solution of Problem (1), it is possible to bound the difference
between the two sets under the following assumptions:

Assumption 1: Each f; is proper closed convex, lower
bounded, and L;-smooth for some L; > 0. Further, Problem
(1) has a non-empty and bounded optimal solution set.

Assumption 2: Each f; is p;-strongly convex.

We are now in a position to quantify the gap between the
fixed point of DGD and the optimal solution. Define

L=maxLi, L=~ ;L 3)
8 = max{|Aa (W), [An(W)]}, )

where 8 € (0,1) since G is connected [20]. We first state
the following lemma that follows similarly to Lemma 2 and
Theorem 4 in [17].

Lemma 1: Suppose that Assumption 1 holds. If

14 A,
a < min <+(VV)’ 1) ,
L L
then the fixed point set of DGD (2) is non-empty, and DGD
converges to a point x* € R"¢ satisfying

||I - 7*” < 1\/§7 Vi € V7 (5)
i N o La?
f@) — f S<1—6+2(1—5)2>O’ (6)

V_vhere T* = %Ziev x¥, f* is the optimal value of (1), L,
L, and $ are given in (3)—(4), and

C=2L(f* =Y inf fi(z:). (7)

LER?
iev Ui€

The fixed point is unique if, in addition, Assumption 2 holds.

'We say a matrix W = (w;;) € R™*" is an averaging matrix associated
with G if it is non-negative, symmetric (W = WT), stochastic (W1 = 1),
and satisfies w;; = 0 if and only if {4, j} ¢ £ and ¢ # j. This matrix can
be easily formed in a distributed manner, with many options listed in [23,
Section 2.4].
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C. DGD using Adapt-Then-Combine Technique (DGD-ATC)

DGD-ATC [18] is a variant of DGD that uses the adapt-
then-combine technique and follows the update

x = W(x* — aVF(x")), (8)

where W is the same as in (2) and o > 0 is the step-size.
We are unaware of any previous work that analyses
the convergence of DGD-ATC with fixed step-sizes. In
the lemma below, we show that DGD-ATC has a similar
optimality gap as DGD. The convergence of DGD-ATC (8)
follows as a special case of Theorem 2 in Section III.
Lemma 2: Suppose that Assumption 1 holds. If W > 0,
then the fixed point set of DGD-ATC (8) is non-empty and
for any fixed point x* € R™, (5)—(6) hold. If, in addition,
Assumption 2 holds, then the fixed point is unique.

III. ASYNCHRONOUS DISTRIBUTED ALGORITHMS

In this section, we introduce the asynchronous DGD and
DGD-ATC algorithms. A key advantage of these algorithms
is that they do not require global synchronization between
nodes or a global clock. Both algorithms are analyzed in a
setting where each node 7 € V is activated at discrete time
points, and can update and share its local variables once it
is activated. In addition, every node ¢ € V has a buffer B; in
which it can receive and store messages from neighbors all
the time (even when it is inactive).

A. Asynchronous DGD

In the asynchronous DGD, we let each node ¢ € V hold
z; € R? and Ti5 € R4 Vi € N;, where z; is the current
local iterate of node ¢ and x;; records the most recent x; it
received from node j € N;. Once activated, node i reads all
x; in the buffer B; and then sets x;; = x; and, in case B;
contains multiple z;’s for a particular j € N, node i sets
x;; as the most recently received x;. Next, it updates x; by

i wimi + Y wigry — oV fi(x) (©))
JEN;
and broadcasts the new x; to all its neighbors. Once a node
j € N receives x;, it stores z; in its buffer B;. A detailed
implementation is given in Algorithm 1.

To describe the asynchronous DGD mathematically, we
index the iterates by k£ € Ny. The index k is increased by 1
whenever an update is performed on a local variable x; of
some nodes ¢ € V. The index k£ does not need to be known
by the nodes — it is only introduced to order events in our
theoretical analysis. We can now see that each z;; in (9)
is a delayed x; — each node ¢ € V updates using the most
recently received x; for higher efficiency but it is, in general,
not the newest x; computed by node j. Let KC; C Ny denote
the set of iterations where node ¢ updates its iterate. For
convenient notation, we define N; = A; U {i} for all i € V.
Then, the asynchronous DGD can be described as follows.
For each i € V and k € Ny,

’?‘,
okt — {Z]EN WijT Y= avfz( )v
v k

T

k€ K,
otherwise,

(10)

77

Algorithm 1 Asynchronous DGD

1: Initialization: All the nodes agree on o > 0, and
cooperatively set w;; V{i,j} € &.

2: Each node i € V chooses z; € R?, creates a local buffer
B;, and shares x; with all neighbors in A;.

3: for each node ¢ € V do

4:  keep receiving x; from neighbors and store (x;,j) in

B; until node i is activated?.

5. oset xy; = x; Y(xj,7) € B;. If multiple (z;,j) € B;
for some j, choose the most recently received one.
empty B;.
update x; according to (9).
send z; to all neighbors j € ;.

Untll a termination criterion is met.

0 2 3D

where 5 € [0,k] for j € N is the iteration index of the
most recent version of x; available to node 4 at iteration k
and s = k. If K; = No Vi € V and sf; = k V{i,j} €
E,Vk € Ny, then (10) reduces to the synchronous DGD (2).

B. Asynchronous DGD-ATC

To implement the asynchronous DGD-ATC, each node ¢ €
V holds z; € R%, y; € RY, and y;; € R for j € N,
where x; is the current local iterate of node i, y; = z; —
aVfi(x;), and y;;, j € N; records the most recent value
of y; it received from node j. Once activated, node ¢ € V
first reads all y; in its buffer B; and then sets y;; = y; and,
in case B; contains multiple values of y; for a particular
J € N, node i sets y;; as the most recent y; it has received.
Next, it updates z; by

Ti < WilYi + Z WijYij, Y

JEN;

computes y; = x; — aV f;(x;), and broadcasts y; to all j €
N;. Once a node j € N receives y;, it stores y; in its buffer
B;. A detailed implementation of the asynchronous DGD-
ATC is described in Algorithm 2.

Note that each y;; in (11) is a delayed z; — oV f;(z;).
Then, similar to (10), the asynchronous DGD-ATC can be
described as follows. For each 7 € V and k € N,

xml_{zﬂww( —aV (i),
1 xk

19

k€ K,
otherwise,

12)

where all the notations follow their definitions in Section III-
A.When K; = No Vi € Vand s¥;, = kV{i, j} € £,Vk € Ny,
(12) reduces to the synchronous DGD-ATC.

IV. CONVERGENCE ANALYSIS

In this section, we analyse the convergence of the asyn-
chronous DGD and the asynchronous DGD-ATC under two
different models of asynchrony. Our first results allow for
total asynchrony in the sense of Bertsekas and Tsitsiklis [24],

2In the first iteration, each node i € V can be activated only after it
received (z;,7) (Algorithm 1) or (y;, j) (Algorithm 2) from all j € N;.
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Algorithm 2 Asynchronous DGD-ATC

1: Initialization: All the nodes agree on o > 0, and
cooperatively set w;; V{i,j} € &.
2: Each node i € V chooses z; € R?, creates a local buffer
B;, sets y; = z;—a'V f;(z;) and shares it with all j € N;.
3: for each node ¢ € V do
4:  keep receiving y; from neighbors and store (y;, j) in
B; until node i is activated?.
5. set y;; = y; for all (y;, ) € B;. If multiple (y;,7) €
B; for some j, choose the most recently received one.
6: empty B;.
7 update x; by (11).
8: set y; = T; — onfl- (IZ)
9:  share y; with all neighbors j € N;.
10: Until a termination criterion is met.

i.e. the information delays k — si?j may grow arbitrarily large
but no node can cease to update and old information must
eventually be purged from the system. This assumption is
well-suited for scenarios where communication and compu-
tation delays are “unstable”, e.g., in massively parallel com-
puting grids with heterogeneous computing nodes, delays can
quickly add up if a node is saturated [25]. More formally,
we make the following assumption.
Assumption 3 (total asynchrony): The following holds:

1) IC; is an infinite subset of Ny for each i € V.

2) limg— 400 sfj = +oo forany i € V and j € N;.

The following theorem provides delay-free step-size con-
ditions that guarantee that the asynchronous DGD and DGD-
ATC algorithms converge under total asynchrony.

Theorem 1 (total asynchrony): Suppose that Assumptions
1-3 hold. Also suppose that in the asynchronous DGD,

. Wi
€(0,2 , 13
T a3
and in the asynchronous DGD-ATC,
2
o€ <0, > . (14)
maX;ey Lz

Then, {x*} generated by either method converges to some
element in the fixed point set of the synchronous counterpart.

Under total asynchrony, there is no lower bound on the
update frequency of nodes and no upper bound on the
information delays, and we are only able to give asymptotic
convergence guarantees. To derive non-asymptotic conver-
gence rate guarantees, we consider the more restrictive notion
of partial asynchrony [24].

Assumption 4 (partial asynchrony): There exist positive
integers B and D such that

1) For every ¢ € V and for every £ > 0, at least one
element in the set {k, ...,k + B} belongs to K;.
2) There holds
k—D<sf <k

forallieV, jeN;, and k € K;.

In Assumption 4, B and D characterize the minimum update
frequency and the maximal information delay, respectively.
If B =D = 0, then Assumption 4 reduces to the syn-
chronous scheme where all local variables z¥ Vi € V are
instantaneously updated at every iteration k£ € Np.

To state our convergence result, we define the block-wise
maximum norm for any x = (z7,..., 2])T € R"? as

o = max ||

The following theorem establishes linear convergence for the
two algorithms under partial asynchrony.

Theorem 2 (partial asynchrony): Suppose that Assump-
tions 1, 2, 4 hold. Also suppose that (13) holds in the
asynchronous DGD and (14) holds in the asynchronous
DGD-ATC. Then, {x*} generated by either method satisfies

ok — [l < pU/ BP0 et

where x* is the fixed point of their synchronous counterpart
and p € (0,1). Specifically, for

L;
async DGD : p = \/1 — amin (M (2 - )) (15)
i€V Wiq

async DGD-ATC: p=, /1 — ozriréi‘I} (1i(2 — aLy)). (16)

By Lemmas 1-2 and Theorems 1-2, the two asynchronous
methods can converge to an approximate optimum of Prob-
lem (1), where the optimality gap is given in Lemmas 1-2.
Note that the range of step-sizes that guarantees convergence
is independent of the degree of asynchrony in the system. The
two algorithms converge even under total asynchrony, but the
guarantees we can give improve as the amount of asynchrony
decreases. Moreover, Theorem 2 indicates two advantages of
the asynchronous DGD-ATC over the asynchronous DGD.
First, it allows for a larger step-size range (14) than (13),
which may lead to faster practical convergence. Second, even
using the same «, the asynchronous DGD-ATC has a faster
convergence rate: Let p, p denote the values in (15) and (16),
respectively. Then,

L
2 2 . . i
—p = (2 —al;) — il 2—a—
p°—p a<%13u( al;) gggu< aw”»
> amin | p(2 —aL;) — p 2—01Li
= e i ) 2% Wi
2. 1
= " min u; L; —1)>0.
eV Wiq
17)

The faster convergence of the asynchronous DGD-ATC is
also demonstrated by experiments in Section V.

A. Comparison with Related Methods

To the best of our knowledge, Theorem 1 provides the
first convergence result for solving (1) with non-quadratic
fi on general networks under total asynchrony. Other works
considering total asynchrony include [15], [26]. In partic-
ular, the asynchronous coordinate descent method in [15]
can solve Problem (1) with quadratic objective functions
over undirected, connected networks, and the asynchronous
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proximal gradient method in [26] can address (1) with non-
quadratic f;’s, but only considers star networks.

In order to distinguish our results from the state-of-the-
art on asynchronous consensus optimization algorithms [2]-
[10], [15], [26], we categorize these works based on their
step-sizes and compare them to our results.
delay-dependent step-size: [8]-[10] assume the existence of
an upper bound on the information delay and use fixed
parameters relying on and decreasing with the delay bound.
Although the works [8]-[10] can achieve convergence to
the exact optimum under partial asynchrony, which is more
desirable than the inexact convergence of our algorithms,
they suffer from difficult parameter determination and unnec-
essary slow convergence for two reasons. Firstly, the delay
bound is often unknown and hard to obtain in advance.
Secondly, the delay bound is typically large, which leads
to small step-sizes and further slows down the convergence
process. Our numerical experiments in Section V suggest
that the asynchronous DGD and DGD-ATC can significantly
outperform PG-EXTRA [9] for the simulated problem. In
addition, our algorithms can converge under total asynchrony
that is not allowed in [8]-[10].
delay-free and non-diminishing step-size: This category
includes [2], [15], [26]. However, [2], [15] can only solve
simple problems. The work [2] focuses on the consensus
problem which is equivalent to Problem (1) with f;(z) =0,
and [15] can only deal with Problem (1) with quadratic
objective functions. The work [26] can solve Problem (1)
with non-quadratic objective functions, but requires star net-
works. In contrast, our results in Theorem 1-2 allow for non-
quadratic objective functions and non-star communication
networks, which is a substantial improvement.
diminishing step-size: [3]-[7] consider diminishing step-
sizes that are also delay-free. However, the diminishing step-
sizes decrease rapidly and can lead to slow practical con-
vergence. Moreover, [3]-[7] all focus on partial asynchrony,
while our algorithms can converge under total asynchrony.

V. NUMERICAL EXPERIMENTS
We evaluate the practical performance of the asynchronous

DGD and the asynchronous DGD-ATC on decentralized
learning using the /- regularized logistic loss:

N
o1 “bi(aTa)y L A2
minimize Zl <log(1 +e )+ §||:EH , (18)
where [V is the number of samples, a; is the feature of the ith
sample, b; is the corresponding label, and A\ = 1073 is the
regularization parameter. The experiments use the training
set of Covertype [27] and MNIST [28] summarized below:

TABLE I: Information about training data sets.

Data set sample number N | feature dimension d
Covertype 581012 54
MNIST 60000 784

We compare our algorithms with the asynchronous PG-
EXTRA [9]. We do not compare with the algorithms in [3]—

[7] with diminishing step-sizes because [3]-[6] require Lip-
schitz continuous objective functions which does not hold
for Problem (18) and the maximum allowable step-size
in [7] is excessively small (< 107! in our experiment
setting). We set n = 8, evenly partition and allocate all data
samples to each node, and implement all the methods on a
multi-core computer using the message-passing framework
MPl4py [29], where each core serves as a node and the
communication graph G is displayed in Figure 1. In the ex-
periments, each node ¢ € V is activated once its buffer B; is
non-empty, and the delays are generated by real interactions
between the nodes and not by any theoretical delay model.
We set @ = mingey wy;/ max;ey L; in the asynchronous
DGD and o = 1/max;cy L; in the asynchronous DGD-
ATC, which meet their conditions in Theorems 1-2. We
fine-tune the parameters of the asynchronous PG-EXTRA
within their theoretical ranges for guaranteeing convergence.
The theoretical ranges involve the maximum delay, which
is determined by recording the maximum observed delay
during a 20-second run of the method.

Fig. 1: Communication graph in simulation.

We run all methods for 20 seconds and plot the training
error f(Z¥) — f* at the average iterate z% = 1Y%  oF
in Figure 2, where f* is the optimal value of (18). We
can see that for both datasets, the asynchronous DGD-ATC
outperforms the asynchronous DGD as indicated by (17), and
they both converge faster than the asynchronous PG-EXTRA.
The slow convergence of the asynchronous PG-EXTRA may
be because of its conservative parameters caused by the large
delay, while our algorithms can converge under much more
relaxed delay-free parameter conditions.

VI. CONCLUSION

We have investigated the asynchronous version of two
distributed algorithms, DGD and DGD-ATC, for solving
consensus optimization problems. We first reviewed existing
results on the optimality gap of DGD and developed a corre-
sponding results for the optimality gap of DGD-ATC. Then,
we developed delay-free parameter conditions under which
both asynchronous methods converge to the fixed point set
of their synchronous counterparts under total and partial
asynchrony. Finally, we demonstrated superior practical con-
vergence of the two asynchronous algorithms via numerical
experiments. Future work includes developing asynchronous
algorithms with delay-free parameter conditions for other
distributed optimization problems.
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