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Abstract—In this paper, the optimal containment control of
a class of unknown nonlinear multi-agent systems (MASs) is
studied via a time-aggregation (TA) based model-free reinforce-
ment learning (RL) algorithm. By proposing TA-based event-
state, event-control, and integration-reward, the model-free TA-
based policy iteration (TA-PI) approach is synthesized such that
the policy evaluation and policy improvement steps are only
executed for finite event-state, and the optimal control protocol
is obtained with fewer computational requirements. Besides, the
control input is intermittently updating only when the event-
set is visited, which greatly reduce the updating frequency
of control. Therefore, the proposed learning algorithm helps
to save computational resources in both learning process and
control updating. Moreover, armed with a finite predefined
event-set, the developed TA-PI algorithm without employing
function approximator and state discretization, resulting a
strict convergence analysis via the mathematical induction.
Finally, simulation results are given to show the feasibility and
effectiveness of the proposed algorithm.

Index Terms— Time-aggregation, policy iteration, model-free
control, optimal containment control.

I. INTRODUCTION

The containment control of multi-agent systems (MASs)
has received great attention in the past two decades due
to its wide applications [1]-[4], including the smart trans-
portation, emergency rescue, and other scenarios. Note that
most existing works only study the stability of containment
control, which is the basic requirement in system design. To
achieve the containment control in a better way, the optimal
containment control is developed such that not only the
followers enter the convex hull spanned by multiple leaders,
but also a predefined performance index is minimized for a
better control performance [S5]-[8].

To achieve this optimal containment control, the model-
free reinforcement learning (RL) algorithm, such as policy
iteration (PI) and value iteration (VI), have been taken into
consideration, and enable the synthesis of the control proto-
col in an optimal model-free manner [6]-[8]. Nevertheless,
the majority of existing literature requires a lot of computa-
tional resources, because the learning process is executed for
continuous and uncountable states rather than finite important
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event-state, and the learned optimal control protocol usually
needs persistently updating [9], [10]. Moreover, the practical
implementation of existing model-free RL-based optimal
control protocol requires a function approximator or state
discretization. When a function approximator is employed,
the theoretical convergence of the algorithm can not be
strictly guaranteed due to the appearance of approximation
error [11], and on the contrary, using state discretization can
lead to the curse of dimensionality if the discretization is
particularly accurate [12].

To overcome these drawbacks, a novel time-aggregation
(TA) technique [13]-[15] is introduced in this paper to
synthesize TA-based policy iteration (TA-PI) algorithm, in
which the continuous and uncountable state is replaced by
the finite predefined event-set, and enable a tremendous
reduction of the state space. The contributions of this paper
are as follows.

1. The improved TA-based event-state, event-control, and
integration-reward are developed. Thus, the learning pro-
cesses, such as the policy evaluation and policy improve-
ment, are only executed when the current state belongs to
event-set, enabling a more computationally efficient way
compared with conventional learning algorithms [9], [10].
Besides, the developed TA-based event-control effectively
avoids persistent control updating, which can greatly reduce
more computing consumption in the control updating than
[16], [17].

2. By introducing a finite predefined event-set, the uti-
lization of the function approximator and state discretization
are avoided in the proposed TA-PI algorithm. Meanwhile,
the convergences of the proposed TA-PI algorithm is proved
based on the mathematical induction, and the monotonicity
and boundedness property of the iterative value function are
derived in detail.

Notations: R indicates the set of real numbers; R"™ repre-
sents the set of real vectors with n elements; R™*™ stands
for the set of real matrices with n rows and m columns;
I; indicates the [ dimensional identity matrix; ® represents
Kronecker product; diag{ds,...,d,} is a diagonal matrix
whose diagonal entries are di,...,d, and all other entries
are zero.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Preliminaries

The considered communication graph G(V,€) is com-
posed of nodes set V = {1,2,...,n} and edges set & C
VY x V. The corresponding adjacent matrix is represented by
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A = [a;;] € R, where a;; = 0 if (v;,v;) ¢ € and
a;; = 1,(i # j) otherwise. Define neighbors set of node
vias N; = {j : v; € V,(vj,v;) € £}. The agent with the
empty neighbor set is a leader, and it is a follower otherwise.
A (directed) path from agent 1 to agent [ is a sequence of
edges as the form (1,2),(2,3),...,(I — 1,1) with distinct
nodes. A directed spanning forest is a graph G in which
there exists at least one available leader for any follower
[18]. The Laplacian matrix £ is calculated as £ =D — A,
where D = diag{dl,dg, veny d”}, dl = ZjeM- Qjj.

B. Problem formulation

Consider an unknown nonlinear MAS consisting of m
leaders and n —m (n > m) followers with the following
dynamics:

#4(t) = 0, iel, 0
i (t) = fi(zi(t),wi(t)), i € F,

where z;(t) € R and w;(t) € R represent the state
and control input, respectively; L = {1,...,m} and F =
{m + 1,...,n} represent the leader set and follower set,
respectively; f;(-) is an unknown nonlinear function. To
achieve optimal containment control, the performance index
is defined as:

Jilei(t),ui(t)) = ftoo ri(e; (), uwi(T))dr, )
where
ri(ei(t),ui(t)) = ei(t)Qiei(t) + ui(t) Pui(t),  (3)

ei(t) = X jen, @ij(zj(t)—i(t)) is a network-induced error;
Q; >0and P; > 0.

With m leaders and n —m followers, the Laplacian matrix
L can be spitted as

Ormxm ‘ Omx(nfm) %)

=" [ L ’

where £, € R(m=m)xm ang £, € R(n=m)x(n-—m)

To proceed, we give following assumption, lemma, and
definition in advance.

Assumption 2.1: There exists a directed spanning forest in
g.
Lemma 2.1 ( [19]): Under Assumption 2.1, all the real
parts of eigenvalues of Lo are positive. In addition, each
element of —£,'£; is non-negative and all row sums of
—L£5'L; equal to one.

Definition 2.2 ( [18]): If (1 — y)x + vy € K for v €
[0,1] and Vx,y € K, then K € R! is said to be convex.
Co{z1,...,xm} represents the minimal convex hull spanned
by a finite set of points x, ..., z,, € R!. More specifically,
Co{x1,.c,xm} = {I 2 aimila; > 0,0 € R,y =
1}.

Let zr(t) = [21(t),..,2m(®)]T and zp(t) =
[@ms1(t), ..., 2, (t)]T. Define the containment error as

4

6( :$F(t)+£;1£1$L(t)7 )

where 6(t) = [01(t), ..., 0p—m(t)]T. For each follower i € F,
we have

5i—m(t) = Iz(t) + Zl h(i—m)jxj (t)v (6)
=

where A(;_p; is ((i—m), j)th element of £; 'L satisfying

m

—hi—my; 20, = Zlhu—m)j =1 (7
j:

from Lemma 2.1. With Definition 2.2, if tlim 0;(t) =0, one
— 00
has tlggo zi(t) = — tlggo ;1 P (i—m)jzj(t), which implies

follower i reach the convex hull spanned by the leaders
with coefficients —h(;_,);. Thus, we refer to §(t) as the
containment error.

Remark 2.3: Note that the containment control problem of
high-dimensional MASs can be solved by simply expanding
the dimension via the Kronecker product. For example,
assume each agent with [ > 1 dimensions, (5) can be
extended as 0(t) = zp(t) + (L3'L1 @ I)xr(t), where
St) € RO=mI gr(t) = [T (t),....,2T ()] € R™,

R m

zp(t) = [2L (), ...zl ()T € RM=™! Thus, without
loss of generality, in this paper, the one-dimensional MASs
is considered.

In the following, we recall the definition of optimal
containment control of a class of unknown nonlinear MASs

Definition 2.4: Consider a nonlinear MAS (1) with un-
known dynamics over directed graph G satisfying Assump-
tion 2.1. For any bounded z;(0), the optimal contain-
ment control is achieved if the containment error satisfies
tliglc 0(t) = 0, and the performance index (2) is minimized
meanwhile.

The goal of this paper is to achieve optimal containment
control while avoiding great computing requirement in both
learning process and control updating, and ensuring theoret-
ical convergence strictly.

ITII. TA-BASED EVENT-SET

In this section, the TA-based event-set is formulated for
the preparation of TA-PI algorithm. Based on this event-set,
the event-triggered control protocol and integration-reward
are developed in the sequel. Different from conventional
definition, the TA-based event-set help to reduce state space
greatly; the event-triggered control protocol makes the con-
trol updating be intermittent; and the integration-reward is
obtained with time-varying integration length.

First, with Lebesgue sampling [13], a finite subset of the
full state space is picked out as a finite predefined event-set:

S = {s¢:d e Dy}, (8)

where sf is the important state for agent ¢, D; = {1, ..., D;},
and D; is the size of predefined event-set for agent 1.

Follow from (8), the corresponding event-triggered mech-
anism is formulated as

t =min{t:t >, e(t) €S), e;(t7) S7'}, (9
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where ¢t~ is the left limit of ¢. Obviously, the event is
occurred only when network-induced error e;(t) belongs
to the predefined event-set. Thus, the corresponding event-

triggered control protocol is designed as:
ug(t) = ug(ty), t), <t <tp,,, i€ F. (10)

With this event-triggered control protocol, the integration-
reward is given as

Ri(ea(t}), ualt) = [ ri(es(r), uam)dr. (1D
To minimize (2), a value function is defined as
Vilei(t) = [ rile(m) wi()dr. (12)
And the optimal value function can be written as
Vi (e(ty)) = min{ [;" rilei(r), wi(r))dr}. (13)

Armed with the (12) and the Bellman optimal principle, the
optimal value function can be rewritten as an iterative form:
Vi (elty)
tl.c+1
= min{

in{ [ rilei(n), ui(7))dr + Vi (ei(thi1))}

= H}Liin{Ri(ei(tz)vui(tZ)) + Vi (eiltiin))}-

The following definition and assumptions are needed for
further analysis.

Definition 3.1 ( [20]): The control protocol u;(t) are said
to be admissible if tl_lglo ei(t) = 0 and J;(e;(t),us(t)) is
finite.

Assumption 3.2: The initial control protocol is admissible.

Assumption 3.3: By properly picking V.0 =V, > 0,0 <
a; <1< B; < oo, the inequalities, 0 < a;V* < Vl0 <
B: V7, are hold.

Assumption 3.4: The optimal value function satisfies 0 <
Vi(ei(th 1)) < 0iR;(ei(t),), ui(t},)), where 0 < 6; < oo.

(14)

IV. MODEL-FREE TA-PI ALGORITHM

In this section, based on the designed TA-based event-
set, event-triggered control, and integration-reward, a TA-PI
algorithm is developed to obtain the optimal control protocol
in a model-free manner, and its convergence analysis is given
later.

The developed TA-PI algorithm given in Algorithm 1.

Remark 4.1: From the algorithm 1, the proposed TA-PI
algorithm has finite iterations because the calculation is only
for the finite event-state e;(t}) € S, thus saving a lot of
computing resources. In addition, the designed event-control
protocol (10) can greatly reduce update frequency, and the
calculation consumption can be further decreased.

Theorem 4.2: Consider the unknown nonlinear MAS (1),
satisfying Assumption 2.1, the proposed event-control pro-
tocol is designed as (10) which will learn via algorithm
1, then the optimal containment control of MAS (1) is
achieved. Moreover, the following theoretical properties can
be guaranteed:

(D): 00 > V2 ei(th) > Vi (ealt})), s =0, 1> 0,

Algorithm 1 Model-free TA-PI algorithm.

1: Initialization: Set the initial value function to a constant
value V.. Given an initial admissible control policy u!.
Select a small threshold € > 0. Then, for each e;(t%) €
SD perform the following iteration for index I.
while [V (e;(t1)) — V' (e;(t1))] < & do

VO (e,(1) = Rulea(t), w0 (60)+ VO et 1))
end while
while [V (e;(t})) — V(e(#))] <  do
Policy improvement: for each e;(t.) € S,
timize u{ under V;” % ie., perform wu? (el(tz ) =

argmm{R (ei(t}), uz(tk)) V-so(ez(tiﬂ))}

while V2 (ea(t) — Vil (ealth))] < e do
8: Policy evaluation: for each e;(t}) € S??, optimize
VS under ug, ie., perform V' (e(th)) =
Ri(@i(%)ﬂf(%)) VSl(ez(tkH))
9:  end while
10: end while
11: Return u$(e;(t})).

AN AN

@z Vi (ea(t)) < Vi (ei(th)), s 21,120,
@): V0 ei(t) < V0eity), s > 1

@: Vi (ealth) < (1 e Vit (ealth), s > 1,
(3 lim Vi (eq(th)) = Vi (eilt]), 1 2 0.

©): lim ug(es(t})) = i (e:(t}).

Proof: In the following, we first prove the six theoretical
properties in Theorem 4.2, and further analyzes the conver-
gence of optimal containment control.

Property (1): With the fact that Vio’o(ei(t};)) = V., one has
Vi (ei(th)
= Ri(eq(ty,), ud (t}) + Vi (es(ti))

= Ri(eq(ti,), ud (t) + Vi (ea(ti)

>V (es(th,)- (15)

Assuming (15) holds for iterative index [, i.e., Vio’l(ei(t}c)) >
VO ey (1)) for each e;(t) € SP?, we have

VI ()
= Ri(ei(th), u)(t)) + Vi (eiltig))
> Ry(es(ti) uf (1) + Vi (eiltign)

=V (ei(t}). (16)

Thus, we can obtain that V'io’lﬂ(ei(t};)) > Vio’l(ei ti)).
Furthermore, based on Assumption 3.2, one has co >
VAOeth) = VO(ei(th) = VO (en(8)).

Property (2): From the policy improvement step of TA-PI
algorithm, one has that R;(e;(t}), u;(t)) + V> (e: (i)
will be minimized under policy uf(t}). Therefore, it yields
that

Vo (es(th)

= Ri(es(ty),ui (1) + V% (ei(thrs))
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= Hll}in{Ri(ei(tk)vul( )+ V0 eithn))}

= I{gn{Ri(ei(tk)auz( 2) + Vis_l’oo(ei( 2-5-1))}
< Ri(eq(ty,), uf ' (t})) + Vis_l’oo(ei(t';cﬂ))
=V (ei(th)

=V es(th)).

Assuming (17) holds for iterative index , i.e., V> l(ez(tl ) <
VS (e (t1) for each e;(th) € ST, it follows that

Vo (ea(t)
= Ri(ei(th),ui (1)) + Vi (eilth 1))
< Ri(ei(th), ui (t) + V' (eilth))
=V (ei(th)- (18)

Therefore, one can derive that for any iteration index s >
1 and iterative index [ > 0, the inequality Vf’l(ei(t};)) <
V51 (e5(tL)) holds.

Property (3): According to V"0 (e; (1)) = Vi (e4(t1))
and Vo (e;(t1)) < V°(e;(th)), it is concluded that
Ve, () < V(e (t)).

Property (4): The initial condition is need to be proven when
the iterative index s = 1,7 = 0. By the policy improvement
step, the following value R;(e;(th), ul(t:))+V;"%(e; (thi1))
will be minimized under policy u; (ez(tl )). Therefore, we
have

a7

Vi (ea(th))

= Ri(ei(th,), ui (1)) + Vi (ei(tigr))
— mi_n{Ri(ei(ti)an(ti)) +V ()} (19)
Due to oo > V'e(t)) = V"¥(eslty) >

v e, (ﬂi))’ one can find a large enough parameter j;
such that V 0 < B;V;*. Furthermore, from Assumptions 3.3
and 3.4, one can obtain

Vi (eilth)

= Ri(e;(ty), u; (t

< Rilei(th), ui (t
mm{Rl (es (), u;
Bi—1
1+6;

V0 en(th))

+BiVi* (eiltis))

(1) + BV, (i)
OuRs(en (1), ws(8)) = V7 Cealth)])
%)Rmei(tz),ui@z))

4 PV i)
Bi

1—1—_9;1) min{Ri(ei(tﬁc),ui(t};)) + Vi (es( 2+1))}

Bi —
9 1

k)
k)

~— —

IN

+

= mln{(l +

=(1+

=1+ SV (e (). (20)
Assume (20) holds for iterative index s, i.e., V.” 1(el(tl ) <

(1+ YW (ex(tL)) for each e;(t]) € Sﬁjl then, with

(1+9 )*

Ve (th10) = Vi (ealth ) <V (ealth ), 2D

it is concluded that
VI e ()
= Rie(ti), uf ™ (8h)s thn) + Vi 0 es(tis)
< r?ilin{Ri(ei(tk)’ui(t;c)) + Vo (eilth)) )
Then, armed with Assumption 3.4, it yields that
Vi ea(h)
min{ R;(e; (), ui(t}))

Bi—1 (. (4 (B — 1)o7
m)‘@ (€i(thy1)) + RETAEE]

x [0 Ri(ea(ty), uity)) — Vi (eiti 1))}

(22)

IN

+(1+

. Bi—1 i i
= H;m{(l + W)Ri(ei(tk)vui(tk))
1 Bi —1 v i
+ 01+ W) i (eiltig))}
Bi—1 . i i . i

= (1+W)%}L_H{Ri(€i(tk%Ui(tk))‘f'vi (ei(th1))}

A+ 2L v e ) 23)
= T Te— . ei .

(14 6; D)=+t 70 K

Therefore, it is concluded that for any iterative index s > 1,
one has V" (e;(t1)) < (1 + (1%0_11)5)‘/*(61'(#)) s> 1

Property (5): Since the optimal value is the minimum value,
one has V;*(e;(t1)) < V:*'(e;(ti)). Furthermore, with the

conditions V;" (ex(11)) < (1+ 25k V7 (ex(t).s > 1

and V! (e;(t1)) < Vol (es(th)), s > 1,1 > 0, we have
Vi (en(th)) < Vool (er(t)) < Vi (€ilti)-
Property (6): Follow from lim Vil ea(th)) = Vi (es(th)),
one can get the optlmlzed pohcy with the policy im-
provement step of TA-PI algorithm, which means that
Tim u (e4(t}) = u (e:(1}).

Finally, with the fact that lim V;!(e;(t1)) = Vi* (e;(t%))
and (12), it is concluded thastjlzorrolo ri(ei(t),ui(t)) =0, ie.,

tlim 0;(t) = 0. As a result, the optimal containment control
—» 00

is achieved as expected. |

Remark 4.3: It can be observed from proof of TA-PI
algorithm, without using the function approximator or state
discretization, the theoretical convergence is analyzed exactly
via the mathematical induction, and the monotonicity and
boundedness property of the iterative value function are
derived.

V. SIMULATION
Consider following nonlinear continuous dynamic system
Ti(t) =0, ieL,
() = —x3(t) + 22 (t) +u,(t), i € F.
It is noted that, the system model in (V) is only used to do
simulation. The proposed TA-PI will not use the information
of model structure and parameter. Thus, the proposed TA-PI

is model-free algorithm. In other words, the proposed TA-PI
algorithm can be adapted to any other controllable nonlinear
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continuous dynamic system without modifying the learning
algorithm. This is a big advantage of the model-free learning
algorithm.

Fig. 1. Directed communication network G.

The communication network is directed and shown in Fig.
1, where the agents {1,2,3,4} are leader agent, the agents
{5,6,7,8} are follower agent.

Choosing the parameters in (3) Q; = R; = 1. And the
finite predefined event-set S]?i in (8) is

SP = {-1.0,-0.8, 0.6, —0.4, —0.2,
0.0,0.2,0.4,0.6,0.8,1.0}.

V(-1.0)
V(-0.8)
V(-0.6)
V(-0.4)
V(-0.2)
V(0.0)
v(0.2)
—V(0.4)
V(0.6)

V(0.8)
V(1.0)

Iterative Value

Iterative index

Fig. 2. The iterative value function of each state based on the TA-PI

algorithm.

It is noted that, based on the TA approach, the continuous
and uncountable state is divided into several segments, which
means the state space is finite. Thus, the value function of
each state in event-set can be stored in a finite table, which
means that there is no need to use the function approximator
and state discretization. Therefore, the value of each state
in event-set can be calculated exactly. The iterative value
function based TA-PI algorithm is given in Fig. 2. It is
noted that each agent has the same (); and P;. Thus, all
the agents have the same iterative value function curve.
Therefore, we only consider one of them. Furthermore, the
red rectangle box in Fig. 2 represents the Initialization step,
in which the value function is monotonically increasing. In

Agent 1
Agent 2

Agent 3
Agent 4
Agent 5
Agent 6
Agent 7
Agent 8
O Eventinstance

0.5

Third dimension

-0.5

05 First dimension
Second dimension

Fig. 3. The trajectory of each agent.

the following iteration, the value function is monotonically
decreasing. Thus, from Fig. 2, the correctness of Theorem
4.2 is validated.

Later, to show that the learned policy via TA-PI could
solve the optimal containment control, we would like to
verify on three-dimensional space. More specifically, the
dynamic is represented as

T 1 (t) =0,
j?i7k(t> = —.T
with k € {1,2,3}, where z; 1 (¢) € R, u; 1 (t) € R.

Then, based on the proposed TA-PI algorithm, the learned
event-control strategy is given as

1€ L,

()“r.%‘ ()-i—’ui’k(t),iEF,

1.0 sgn(e; (), 1.0 < |e; k()]
1.0 % sgn(e; (t)), ek (t)| = 1.0,
1.0 % sgn(e; x(t)), les k()| = 0.8,
uik(t) = = 0.9xsgn(eir(t)),leir(t)] = 0.6,
0.5 sgn(e (t))v |€z,k(t)‘ =04,
0.2 x sgn(e; k(t)), leirx(t)| = 0.2,
0.0,0.0 = |e; 1 (t)],
where e; x(t) = Y aij(xjr(t) — x;%(t)). The initial

JEN;
configuration of each agent is z; = [0.87,0.70, —0.50]T,
ry = [—0.87,0.70,—-0.50]7, z3 = [0.00,—0.80,—0.50]T,
x4 = [0.00,0.20,1.12)7, 25 = [1,1,0)T, 26 = [1,—1,0]T,
vy = [-1,-1,0/7, zs = [-1,1,0]T, where x; =
(21,2, 237 € R3.
The simulation results are given in Fig. 3. It is eas-
ily observed that the followers are driven into the three-
dimensional convex hull spanned by the leaders by the
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learned control strategy without knowing any model infor-
mation of each agent.

VI. CONCLUSIONS

In this paper, the optimal containment control of unknown
nonlinear MASs has been investigated via the developed
model-free TA-PI algorithm. To reduce the computational
burden of traditional PI algorithm, the TA technique is em-
ployed, in which the steps of policy improvement and policy
evaluation is need to be executed for a finite event-state.
Moreover, with the introduced event-set, the control updating
can be reduced greatly, enabling a further computational re-
sources saving. Furthermore, without employing the function
approximator and state discretization, the convergence of the
proposed TA-PI algorithm can be proved exactly. Finally, the
feasibility and effectiveness of the proposed algorithm have
been verified by numerical simulations.
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