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Fully Distributed Adaptive Consensus of Multiple Manipulators with
Elastic Joints under a Directed Graph

Xiangzheng Meng, Jie Mei, Aiguo Wu, and Guangfu Ma

Abstract—In this paper, the distributed leaderless consensus
problem of multiple manipulators with elastic joints under a
directed graph is investigated, which extends existing results
on the coordination of multiple second-order Euler-Lagrange
systems to fourth-order manipulators with elastic joints. We use
the model reference adaptive consensus scheme to transform the
consensus problem into two subproblems. A trajectory tracking
algorithm is designed based on the command filter adaptive
backstepping approach, and it is shown that the joint positions
of the manipulators achieve ultimately bounded consensus. The
proposed algorithm only requires the interaction of the relative
joint position information.

Index Terms— Multi-agent systems, directed graph, manipula-
tor with elastic joints, command filter based adaptive backstep-
ping approach, model reference adaptive consensus

I. INTRODUCTION

In the past two decades, cooperative control of multi-agent
systems has drawn a lot of attention in the control field.
Current research mainly includes consensus, formation con-
trol, coordination exploration, and distributed optimization
[1], [2]. As a fundamental problem, the consensus of multi-
agent systems is deeply studied. The goal of consensus is to
use local information interaction among agents to make the
states of agents achieve the same final value. Furthermore,
the consensus of multi-agent systems is closely related to
formation, flocking and containment control.

The results of early research on multi-agent systems
mainly focus on linear systems. However, many mechanical
systems like the robotic manipulators are inherently nonlin-
ear. Basically, the coordination on networked manipulators
is based on Euler-Lagrange dynamics [3]-[5]. [3] proposes
a distributed algorithm of multiple Euler-Lagrange systems
under an undirected graph, and considers the situation of
unknown velocity information and input saturation. For a di-
rected graph, the nonlinearities in Euler-Lagrange dynamics
bring a lot of difficulties for the convergence analysis. A
widely used strategy is to employ distributed sliding mode
variables and design a control algorithm to drive the agents’
states toward the sliding surface. [4] presents a consensus
algorithm without the need of relative velocity information.
In a recent study [5], the problem of distributed adaptive
consensus under switching directed graphs is examined.

The above results concentrate on second-order Euler-
Lagrange dynamics. For manipulators with elastic joints, the
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dynamics become a fourth-order one with unmatched uncer-
tainties. The benefits of using fourth-order dynamics include
enhanced modeling accuracy, improved control precision,
and better performance in compliance control. Meanwhile,
unmatched uncertain high-order dynamic systems brings
significant challenges to the consensus algorithm design.
To cope with the unmatched uncertainties, backstepping
method is commonly used in [6]-[8]. In [6], a tracking
control algorithm based on the integrator backstepping is
proposed. The authors in [8] present an output feedback
tracking algorithm by adopting the link velocity observer
and actuator velocity observer. A proportional-derivative type
algorithm for the position tracking problem is proposed
in [7]. However, one of the shortcomings of backstepping
method is that the derivatives of the virtual control inputs
become difficult to calculate with the increase in the num-
ber of uncertain parameters. An effective method to solve
this problem is using command filter based backstepping
approach [9]. In [10], the command filters are designed to
approximate the virtual control inputs in the tracking problem
of a manipulator with elastic joints. The results in [6]—
[10] consider the control problem of one single manipulator.
As far as we know, there are only a few relevant results
about the coordination of multiple manipulators with elastic
joints. In [11], the authors propose a consensus algorithm
under an undirected graph. In [12], the consensus problem
in task space under a directed graph is investigated. However,
the interactive information among agents in [11], [12] is
related to the dynamical parameters, which are difficult to
obtain when dealing with parametric uncertainties. In [13],
we study the consensus problem without the exchange of
high-order derivatives under a directed graph where there
are no parametric uncertainties.

In this paper, we study the consensus problem of multiple
manipulators with elastic joints under a directed graph in
the presence of parametric uncertainties. By utilizing the
model reference adaptive scheme in [14], we assign each
manipulator a fourth-order reference to track. A trajectory
tracking algorithm is designed based on the command filter
adaptive backstepping approach [10], and it is shown that
the joint positions of the manipulators achieve ultimately
bounded consensus.

Notations: Let 1, and 0, denote, respectively, the n x 1
column vector of all ones and all zeros. Let 0,,, denote the
n x n matrix with all zeros and I, denote the n x n identity

na. Email: jmei @hit.edu.cn. This work was supported in part by the National matrix. Throughout the paper, we use || . H to denote the
Natural Science Foundation of China under Grant 62073098 and Grant Euclid E ’ o T &
U1913209, and in part by the Shenzhen Fundamental Research Program un- uclhidean r.lorm' or a. vect'or n= (771 yrr n”) K lag(n)
der Grant JCYJ20200109113210134 and Grant JCYJ20210324132215038.  denotes a diagonal matrix with 7n,...,n, on its diagonal.
979-8-3503-0123-6/23/$31.00 ©2023 IEEE 2409



II. BACKGROUND AND PROBLEM STATEMENT
A. Graph Theory
We use a directed graph to describe the network topology
among the N agents. Let 9y 2 (¥n,8y) be a directed graph

with the node set ¥y = {vi,...,vy} and the edge set &y C
YN X Yy. An edge (vj,vj) € &y denotes that agent v; can
obtain information from agent v;, but not vice versa. Here,
node v; is the parent node while node v; is the child node.
A directed path from node v; to node v; is a sequence
of edges of the form (v;,vi), (vi,vi3), ..., (Vik,vj), in a
directed graph. A directed tree is a directed graph, where
every node has exactly one parent except for one node, called
the root, and the root has directed paths to every other node.
A directed spanning tree of a directed graph is a direct tree
that contains all nodes of the directed graph. A directed graph
contains a directed spanning tree if there exists a directed
spanning tree as a subset of the directed graph.

The adjacency matrix oy 2 [aij] € RN*N of a directed
graph (¥n,éy) is defined such that a;; > 0 if (v;,v;) €
én, and a;j = 0 if (vj,v;) € &y. In this paper, self-edges
are not allowed, i.e., a;; = 0. The in-degree of node i is
defined as follows: deg;,(v;) = le\'zlaij,i =1,...,N. Then,
Py = diag{deg;, (v1),--- ,degi, (vy)} is called the in-degree
matrix of ¥y. The (non-symmetric) Laplacian matrix of ¥y
is defined as %Yy = 9y — @y, with [;; = ):;le’j#ia,-j and
lij = —ajj, i # j. A directed graph associated with n agents
is denoted by %y = (v, &v).

Assumption 1: The directed graph ¢ contains a directed
spanning tree.

Lemma 1: [15] Under Assumption 1, the eigenvalues of
$N+ka1Nv,{, possess positive real parts, where ky is a
positive constant, vy represents the left eigenvector of the
Laplacian matrix associated with the zero eigenvalue and
meets the condition v{ 1y = 1.

B. Agent Model

The dynamics of a manipulator with p elastic joints can
be represented by the following equations [16]:

M;i(qi)gi +Ci(qi,4i)di + &i(qi) = Ki(6; — qi), )]
Jiéi+Bi9’i+K,‘(9i*qi) :u,-eri(t), )

where ¢; € R? and 6; € R? represent, respectively, the vectors
of joint position and actuator position, M;(g;) € RP*P
represents the link inertia matrix, Ci(g;,g;) € RP*P
represents the Coriolis and centrifugal terms, g;(g;) € R?
represents the gravitational terms, u; represents the vector of
actuator torques, K; = diag{Kj,Kp,...,Kip}, Ji, B € RP*P
are positive constant diagonal matrices that represent joint
stiffness, actuator inertia, and actuator damping, respectively,
and d;(r) € R? is the external time-varying disturbance
satisfying ||d;(¢)|| < d;, where d; is assumed to be a known
constant. Several fundamental properties can be employed
to simplify the subsequent control algorithm design [17].

(P1) The link inertia matrix is symmetric, positive definite

and satisfies the following inequality for any x,y € R?
my||x[|* < T M; () < g

where m;, m; € R are known positive constants. More-
. . ! !
over, there exist positive constants ky;;, kci1, and k,
!
such that kyy;|[y[| < [IM; (x)y[l, [|Ci(x,y)zll < keii[IyllfIzl;
||gl('x)|| < kgi’ an%z eR?.

(P2) Skew symmetric property: M;(q;) —2Ci(qi,qi) is skew
symmetric.
(P3) Linear in parameters: Yi1(4i,4i,di) 61 =

M;(qi) G + Ci(qi,4i) i + &i(qi)s YGi, Gi» qi» € RP,
where Y; 1 (gi,gi,Gi) € RP*Poi! is known as the
regression matrix, and 6;; € RP¢%! is an unknown
parameter vector associated with the ith agent satisfying
16:.1]] < 6;1, where 6;; is known upper bound.

(P4) Joint stiffness matrix K; satisfies

T Kix < xTKix <x"Kix, VxeRP?, 3)

where K; = diag{K;,Kp,...,K;,} and K; =
diag{K;1,Kp,...,K;,} are positive definite diagonal
matrices. Define k; as the minimum element of K; and
k; as the maximum element of K.

In this paper, we assume that the parameters 6; 1, K;, J;,
and B; are constant but unknown. Define x; 1 = 6;, x;2 = 6;.
The above system can be described as

M; (qi) Gi +Ci(qi-q1) ¢i + &i (i) + Kiqi = Kixi 1, €]
Xi1 = Xi2, (5)
Xio=J; w7 i — I Bixin — I K (i —qi) . (6)

1

It can be seen from (4)-(6) that the dynamics of a ma-
nipulator with elastic joints is different from second-order
Euler-Lagrange system. Therefore, we cannot directly design
consensus algorithm for (4) due to the influence of the
actuator dynamics.

The objective of this paper is to design a consensus
algorithm for multiple manipulators with elastic joints under
a directed graph in the sense that the relative joint position
error ¢;(t) —q;j(t) and the joint velocity ¢;(r) converge to
certain bounded sets.

III. MAIN RESULTS

Due to the nonlinearity and strong coupling of the
manipulator with elastic joints, it is difficult to design con-
sensus algorithm directly. Inspired by [14], by designing a
linear reference model for each manipulator, the consensus
problem of multiple manipulators with elastic joints can be
transformed into two subproblems, namely, the consensus of
the linear reference models and the tracking algorithm design
of one single manipulator with elastic joints.

A. The Framework of The Consensus Algorithm

In this subsection, we first design a suitable reference
model for each manipulator. Note that the manipulator with
elastic joints has a fourth-order dynamics. Therefore, the
reference model should also be fourth-order with the relative
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joint position error 7 = — Y 1aij(gi —

(zis2iy %02 3 )) € R* as state. For agent i, the dynamics of
the 11near reference model can be designed as

0

gj) as input and

+a;,3z§3) +aipZi+ai1zi+aiozi =bit, i=1,...,n, (7)

where a;,a;1,a;2,0a;3,b; are positive parameters to be de-
termined later. The tracking error is defined as

i =dqi—Zi-

Then, we present a variable substitution for the fourth-order
reference model as follows. Define the auxiliary variables
&1 =z and 1, 3,& 4 € RP with

1.
Eii= Eéi,l—l +&ii-1,
i

where k; is an arbitrarily positive constant. From (8), §i74 can
be written as

[=2,3,4, ®)

3. 3. 1
‘gi,4 =zt EZi + @Zi + EZi . &)
Taking the derivative of (9) with respect to time yields
: .3 3 3), 1 @
Sis =tk ptit 5 P (10)
By adding and  subtracting  —k; ! Yioiaijbia —
ki ' E0_y aij(&ii — &) into (10), we obtain
. ) a 2 3 3 u .
51’,4:— kT kZZ ij — Zi kl3 _E_Egaij]zi
ai3 <
_[k?_/?_ ;‘; k‘ k3za”
—4qj)— Z aijia+ i Z aij&j1+ *_ Z a;j (i
ki ;= ki ;= ki ;=1
=&1)- (11)

Choose ajp =0, a;1 =k} + 3kiY_yaij, aip = 3k +
32?:1 ajj, ai3 = 3k; +k;1 Zl}:] aij, b; = kiz. Then, (11) can
be written as

514—]( Zalj§l4+k Z‘h}é],l"‘k Zal] _e]
(12)
(5117§2p il

Define the stack vectors & =

§1T4,§ZT4,...,§”T‘4)T, and e, = (elT,eg,.. ) (8) and (12)
can be written in the following vector form
£ = —(ZLoL,)E+He., (13)
where .7 is defined as
K _K Ol’l)(n Oan
> 0 K -K 0
z — nxn nxn ,
OHXH On><n K K
*K_lfQ{ Onxn 0n><n K_lg
where H £ (Onpxnp,onpxnwonpxnpy _(fTKil) ®IP)T’ =2

2, £ are the adjacency matrix, the in-degree matrix,

and the Laplacian matrix of ¢, respectively, and K =
diag{ki,k2,...,k,}. For the matrix %, it can be seen that its
row sum is zero, the diagonal elements are all non-negative,
and the off-diagonal elements are non-positive. Hence %
can be viewed as the Laplacian matrix of a directed graph

with 4n nodes denoted by 4 2 (¥,&). Overall, the reference
model (7) can be written as

4 Bk Y a3 43 Y
Jj=1 j=1
+ kG +3 Y aijlzi= —k7 Y aij(qi (14)
=1 =1
with the initial states being chosen as z;(0) = ¢;(0), 2;(0) =

0,, Zi(0)=0,, zl@)(O) =0,. (14) can be seen as the fourth-
order linear system with Z;?:]a,-j(qi —q;) as input and
zi,z'i,'z',-,zl@ as output.

Under the above framework, the following analysis is
divided into two parts. Firstly, we analyze the consensus
convergence of the reference models, in which the key is
the proof of the graph connectivity. Secondly, we design a
trajectory tracking algorithm for each manipulator to track
the output of the reference model. Under a fixed directed
graph, consensus can be achieved for multiple first-order
integrators if and only if the graph includes a spanning tree.
And we have the following result.

Lemma 2: Graph & contains a spanning tree if and only if
¢ contains a spanning tree.

The proof follows a similar procedure to that in Theorem
4.6 of [14] and Lemma 3 of [13], and we omit it here.

B. Command Filter based Adaptive Backstepping Control
Algorithm Design

In this subsection, we aim to design a trajectory tracking
algorithm for each manipulator such that e; converges to a
bounded set. Since the parameters of the manipulator are
unknown and a desired trajectory is given by the reference
model, the actual control input can be designed using the
command filter based adaptive backstepping approach. De-
fine the following auxiliary variables

Gri = Zi — kaiei,

Si = qi — qri = éj +kge;, (15)

where ky; is a constant positive gain. Then (4) can be written
as

M;(qi)$i =—Ci(qi, qi)si + Ki(xi1 — qi) —
—Ci(zi,2i)2i — gi(zi) + hi.

(Z,)Z,
(16)

where the residual term 5; is

hi = Mi(qi)kai(si — kaiei) +Ci(qi, kaiei) (si — kaiei)
+Ci(qi, kaiei)zi + [Mi(zi) — Mi(q:))Zi
+(Ci(zi,2i) — Ci(qi,Gi))2i + gizi) — &ilqi), (A7)
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Under (P1), the residual term h; satisfies

||51Thz” < (G +Ci,2||Z'iH2+ Ci,3\\2i||4+Ci,4||Z'i\\2
+ Gislleidll®)lsill> + Cislleil >

where (;; are positive constants associated with the ith
agents parameters, j = 1,...,6. Here we define the lin-
early parameterizable function Y;(z;,2:,%)0i1 = Mi(z)Zi +
Ci(zi,2i)zi + gi(zi). Let 6y € R? denote the vector consisting
of the diagonal elements of K[l, and let 6; € RP9%! be the es-
timate of 6;, O; = (k1. - -, Gkip)T € RP present the estiAmate
of 6. Additionally, 13;1 = diag(6) = diag{ O, -, 6kip}-
Choose x; 1 as the virtual control input of (16) and define the
virtual control law as

(18)

Xi 14 = — kgisi +qi +diag(Y;16;1) 8y
=—kgsi+qi+ K 'Yi16:1, (19)
where ki = Gio+k (G + k;,-zéi,é + Giallzill® + Gisllzil|* +
Giallzi|* + &islleil|?) is time-varying control gain with ;o

being a positive constant to be determined later. Differenti-
ating (19), we obtain

d(dlag( i 161 l)ekz)
dr '

From (20), the calculation of s; is difficult and hinders the
backstepping. Here we use a second-order command filter
to approximate the derivatives of x; 14. The dynamics of the
second-order command filter can be written as

—kyi(Xi1 —%i2), %i1(0) =x;14(0),
Xip = —kyi(%i2 —xi1a), %i2(0) =x;14(0),

where k,;(¢) > 0 is a continuous time-varying positive gain
to be determined later, and )El-,l,)?l-,l € R? are the outputs of
the command filter. (21) can be written as

X1 = — (2ke — ki k)1 — k(%

Xita = —kgiSi — kgisi + Gi + (20)

X1 =
21

—Xiia)-  (22)

where ky;(t) > 0 is a continuous differential time-varying
positive gain associated with the ith agent to be determined
later, X; 1 ,fc,',l € R? are the outputs of the command filter.

Define X; | = X; 1 —X; 14, Xi2 = Xi2 —X; 14. The dynamics
of %;1,%;2 can be written as follows

X1 =—kyi(Xi) — Xi2) — Xi1d,

Xip = — kyiXip — Xi14- (23)
Define Wil = (Wi,llawi,127 e ,W,’71p)T € R? with

Wil =Xi1—Xi1- 24)
Define the parameter estimate errors 0 = éki — 6;; and é,;l =
0;1 — 6;1. Then (16) can be rewritten as
Mi(q))$i = — Ci(qi,4i)si — kgiKisi + Yi 101 + i
+Kidiag(Y;16:1) 6 + Kiwi1 +Ki%i1.  (25)

The adaptation law for é,-_yl with o-modification is formulated
as

éi,l =T Y si— o161, (26)

where T = diag{I;.11,T12,- -, Ty 1pg,, } € RPOLIXPOLL g
a positive diagonal matrix satisfying 0 <I; <T;; <T}. Note
that 6y; should satisfy I?l;' <0y, < K;jl. A projection-based

adaptation law of ékij, j=1,...,p, is used
FKijyij if k_l <ék,]<K_ ék _K,_Jl
X andy,]<0 or Gk, = 71
Gkij: andy,j>0
0 if Ok,]—K andy,-j>07
or Gk,J I and yij <0.
(27)

where T'x; = diag{FKil,FKiz,...,FK,-,,}T is a positive di-
agonal matrix satisfying 0 < [y; < Tk =< fK,, v =
(it - - ,y,p) = —dlag( ,19,1)s,, the 1n1t1al value le(O) is
chosen such that K < ;i i(0) < K . Note that x; 1 is not
the actual control mput of the mampulator with elastic joints.
Therefore, we assume that x;, in the subsystem (5) is the
virtual control input. Taking the derivative of w;; yields

Wil = Xi1 —Xi1 = X2 — X1 (28)
A virtual control law for x;» for (28) would be
Xioa = —Niawii + X1, (29)

where A;; is a positive definite diagonal matrix and the
smallest diagonal element of A;; is Ay > %k,-. Then (28)
can be rewritten as

Wil = (Xi2 —Xi2q) — Ai1wi1. (30)
Define
Wi2 = Xi2 —Xi2d- (31
Substituting (31) into (30) yields
Wil = wiz—Aj1wil, (32)

However, x; is not the actual control input. We then use
the backstepping method and take the derivative of w;, to
obtain the control input ;. Note that

Wio = X2 —Xi24- (33)
Multiplying both sides of (33) by J; yields
Jiwi» = —Ki(xi1 — qi) — Bixio +ui — JiXing,  (34)
Note that (34) can be written as
Jiwizo = ui—Yi20;2, (35)

where Y26, = Ki(xi1 — ¢i) + Bixi2 +Ji%i24- Let 9,2 be the
estimate of 6;,, and define 6; 2= ;0 — 0;>. For (35), we
propose the following control algorithm

diwin
Iwiall +e7"
where A;> is a positive definite diagonal matrix and the

smallest diagonal element of A;> is Ai,z- Substituting (36)
into (35) yields

Ui =—Aiawin —wit + Y200 — (36)

. x diwi2
Jiwio =—Niowio —wi1+Yi20; — m (37)
L,
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The parameter adaptation law for él-,z with o-modification is
designed as

6= —T; YQWIZ oiLi26;, (38)

where I'ip = diag{Lio1,[i2, - Tinpg, )T € RPOZPO2 s
a positive diagonal matrix satisfying 0 <I'; XTI, =T
Now, we have the following result.

Lemma 3: For (4), (5), and (6) with unknown parameters,
under the control algorithm (36) and adaptation law (26),
(27), (38), the tracking error e; is ultimately bounded.

Proof. Consider the following Lyapunov function candidate
1 | a1 =
Vi.l = ESI-TM,' (q,'> si+ EGiTIFi71] 6,"1 + EG,CTI-FK}K,-GM

B 1 1 L
+ Gk ef eit+ —wiiwin + swiJiwia + Eei,TZFi_zl 0;5.

2 2

Taking the derivative of V;; along with the solutions of (37)
and (38) yields

. T

Vit <—&ios; Kisi—
T A AT 15 T T

=5 Y101+ 6,117 0.1 —wipAipwip — wiwia

r r Tz
wiiAiiwin +wiwiz +s; Kifi

7T
I A L P LN
<—(Gio—1)sT Kisi — (A1 — %l_ci)wawi,l — W,‘T:zAiQWi,Z
- %c,-é{l 01+ %o,-e,.ﬁ 61 — %o,»é,?z 00+ %c,-e{z 6:2
+ %siTKizs,' + %i{m | +die". (39)

Then, we design the following Lyapunov function candidate
for (23)

1
12
Vio = zk 11x11+ k xllez

> ki (40)
Taking the derivative of (40) ylelds
Vip = k' & i1 +ky 5 o%in
<- %fflim — %i,,zi,»,z +2ky kg &l gxing. @AD)

Note that x; 4 satisfies ||)€,~71d||2 < li(% lls:]12 + —5}2 lls:l|* +2),
where a detailed analysis about calculation of A; and A; is
1

given in Appendix V-A. Therefore, we choose ky = A; 2 A;,
1
and k,; = A7 . Substituting k,; into (41) yields

. 1 ;. 1
Via S = 28— 3o+ 1ol + el + 4.

256
Define the following Lyapunov function candidate as

Viz =16V, 1 +Vis. (42)
The derivative of V; 3 satisfies
. 1-
Viz <—(&o—1)s! Kisi — (A1 — Zki)WZ1Wi,l - WZzAi,ZWi,Z

1 <7~ 1
761'6[']:2 6["2 + 561'65‘291"2

1 -+ - 1
- 561'95 01+ EGie,',Tl 01 — >

1 ~ o 1
+ 5 K= T = 4E T+ 1T il 4 il
+64+die”! (43)

Let Vi3 be the upper bound of V;3(0). Define a constant
min(ZAl 11— k,,ZA, 2.3k, 0L ) Here we choose §;o =

1+12k 17k T (A 2v,3+ Imici + Bi), where B; is

an arbitrarily positive constant.

1

Vig <= (8, — 5mici —

1
2 _2 2V13)||Sl||2+ 0'19214- 619122

1
4

| -
—ciVis+ EGfFiEKi] Zlg-j(tgj1 —K;;') +64+die”!

1
<— (B,+ Scim m)||si|I> + = 0',621+ 0',9,2+64+de’

p
+ = o,rr Z k'K (44)
From (44), we have the semi-global ultimately
bounded stability of the error dynamics. Therefore,
Si, Wi, Wi2,%i1,%i2,6i1,6ki,0i2 € Le.  From  (44),
the term d;e! eventually converges to zero and
we  have tlim si(t) € Qg {IIsi| < &}, where
—yo00
1 S -
(ﬁz + éc, )77 ( ! GzB,Tl 01 + %o-irt'EK,‘l Z Kz/(K
K” )2+ 20,95912—#64) According to (15), we obtain
that thme()GQelf{He,Hgkdfils}},i:l,...,n. O
—yo00

C. Consensus Analysis

The following theorem demonstrates the main result of
this paper.

Theorem 1: Under Assumption 1, using (26), (27), (36)
and (38) for (4), (5), and (6), the agents will achieve the
ultimately bounded consensus, i.e., ||¢i(t) —¢;(t)|| converge
to set Quij = {llgi — ¢l < 2c T k'S + ky,'5i + kg /55,
and ||¢; ()|l converge to set Q4 = {lldill < [lmdx( Yo +
Amax (K V) X0k s+ ko s+ 5}, iy j=1,.

Proof. Assume that the eigenvector ,cvorresponding to
the zero eigenvalue of £ and £ are vy € R"
V= {¥1,..., 0} € R¥, respectively. From ZTv = Oy,
and 15 7 = 1, we have 17 = (17 )79, where " =
0E2k W IK VT 2K I VE)T. Left multlplylng both
sides of (13) by \7T®I,, yields we have (¥ @1 )é = 04),.
Therefore, (?7 @ 1,)&(t) = (3 ®1,)E(0), V¢ > 0, which
implies that Y 9Ei () =X, 9;6;(0) and X7 9,E; € Le..
Define § = & — (14,77 ®1,)&. Noted that (14,77 ®1,)¢ =
04,,p. Then, (13) can be written as

£ = P& 1 He,, (45)

where P = —(% +kql4,7 ) ®1,. From Lemma 1, P is a
Hurwitz matrix. Note that there exist positive constants @, 0
such that [Je”|| < 8¢~ . Integrating both sides of (45), we
can get ||E(r)]| < 6e“‘”§(t0)+c sup le«(T)||, where ¢ =

®~'8||H||. Therefore, we conclude that the consensus error
of the reference models & converges to the set Q; = {I1€]l <
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cZ?zlk;ilf,-}. The relative position errors among reference
models ||z — zj|| are ultimately bounded with the ultimate
bounds Q; = {||zi —zj|| < 2cXl k,'5i}, Vij=1,...,n
From the boundedness of e;, the relative joint position errors
among agents ||g; — ¢;|| are ultimately bounded with the
ultimate bounds Qi = {||gi —g;l| <2c¥L Kk, i 's; +k*1 <

s 1:5i} The Velocrty of the reference models é converges to

the set Q; = {[1€]] < [Amax (P)e+ Amax (K~ 2) X1 k51151
Finally, tfre joint velocities q, converge to the set Q4 =
{11l < [Amax(P)c + Amax (K~ g)] ky; s,—l—kd sl—f—s_,-},
i,j=1,...,n, which completes the proof. O

IV. CONCLUSION

This paper has studied the distributed consensus problem
of multiple manipulators with elastic joints under a directed
graph. Through the model reference adaptive consensus
method, a linear reference model has been constructed and
the ultimately bounded consensus of the reference models
has been proved. Then, for the trajectory tracking problem
of a single manipulator with elastic joints, a tracking con-
trol algorithm has been designed using the command filter
based adaptive backstepping method. Under the proposed
distributed control law, the joint positions of the manipulators
eventually achieve consensus with bounded error.

V. APPENDIX
A. Boundedness of %; 14

From (20), X; 14 has upper bound as follows

%14l = — kqisi — k. iji+q'i_léik'72)/vi 16— K'Y, 6
) q q i 5 i
— K716 (46)

Under property (P1), §; satisfies
—q)||+Gig. (47)

where §;7 = k//;l-kax,r, Cig = k/&:, Cio= k/,;,:-k/gi. Then (46)
can be written as
iaall < K~ (28027 2+ 4Gl 4] 2+ 26 42T 2
+kgi + 1+ Tk Y1011 +k711;'17~2 )Isill
+ (| kgik; — kai)ei+ ki kgizi — K 'Yi1 61
+0K YT 61+ 2k ' G ||€iH i1+ kel G-

Y1 satisfies [|Yi1]| < ¥y = Giio(l|zill+ [|z:]|* + 1), where & 10
is a positive constant. Then %; 14 satisfies

Gill < Gig||si +kaiei +2i i8] Ki(xi1
1Gill < Gizllsi+ kaiei + 2il1* + G| Ki

i1l < Aqllsill + A lsill? +/l,» 3

< (27Li,1+32/1,-,2+7ti.3)( lsill + 35 ||s,||2+1)
where Ay = k N(Gollzl? + <:,-2||3z,-uz + 2Gsllul® +
26501217+ Galzl? 4 G ||z”||2 + kg +

24k Gskalled> + 1+ r||me|| + KT+
vk (Klledl+ 112 +2). Ao =i ' Gis(lled>+ 1) +hiir
Aig = 3 + 5|l(keik3; — kai)ei — kgizi — diag(¥;16,)0k; +
odiag(Yii )0l + ke 2GakEllel> + 28]

%éiﬁgé’i’_91||13i(xz' - q)|?* + %Ci,f)] Therefore, by using
Young’s inequality, we have
17
i 1all? < (2% I +32/1i,2Jr/%',a)z(*llsz‘ll2 Isi* +2)
1024
< 2 Y42 4
My lsilP + s sl +2), (48)

where A; = (27L,~’1 +324i2 —|—/'L,~’3)2. From the definition of A;,
the lower bound of A; can be calculated as

5 1= _ _
A :[5 + 2k Tl + 32k s + (Go+ kG

. 3 2
+k; lkdizciﬁ) (2kqi +368:7 + 3 Ci,9>:| (49)
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