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Hamel equations and quasivelocities for
nonholonomic systems with inequality constraints

Alexandre Anahory Simoes and Leonardo Colombo

Abstract—1In this paper we derive Hamel equations for
the motion of nonholonomic systems subject to inequality
constraints in quasivelocities. As examples, the vertical rolling
disk hitting a wall and the Chaplygin sleigh with a knife edge
constraint hitting a circular table are shown to illustrate the
theoretical results.

I. INTRODUCTION

Quasivelocities are the components of velocities, describ-
ing a mechanical system, relative to a set of vector fields
(in principle, local) that span at each point the fiber of the
tangent bundle of the configuration space. The main point is
that these vector fields need not be associated with (local)
configuration coordinates on the configuration space. One
of the reasons for using quasivelocities is that the Euler-
Lagrange equations written in generalized coordinates are not
always effective for analyzing the dynamics of a mechanical
system of interest as it was shown in [4].

Some mechanical systems have a restriction either on
the configurations that the system may assume or at the
velocities the system is allowed to go. Systems with such
restrictions are generally called constrained systems. Non-
holonomic systems [5], [8], [10], [16] are, roughly speaking,
mechanical systems with constraints on their velocity that
are not derivable from position constraints. They arise, for
instance, in mechanical systems that have rolling contact
(e.g., the rolling of wheels without slipping) or certain kinds
of sliding contact (such as the sliding of skates).

We will restrict ourselves to the case of linear constraints
on the velocities, where the velocity lies in a subspace of
the tangent space. The collection of this subspaces forms a
distribution, denoted by D, and is locally given by an expres-
sion of the type p¢q' = 0. The nonholonomic equations of
motion are obtained from the Lagrange-d’ Alembert principle
[5] and its local expression is
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where )\, is a Lagrange multiplier that might be computed
using the constraints.

Mechanical systems subject to inequality constraints are
confined within a region of space with boundary. Collision
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with the boundary activates constraint forces forbiding the
system to cross the boundary into a non-admissible region of
space (see, e.g., [11], [13]). Inequality constraints appear, for
instance, in the problem of rigid-body collisions, mechanical
grasping models and biomechanical locomotion [2], [14].
Mechanical systems with impulsive effects on quasivelocities
has been studied in [3], [15]. The dynamics for systems mod-
eled by using quasivelocities is governed by Hamel equa-
tions [4], [5]. In this paper, we introduce Hamel equations
for nonholonomic systems subject to inequality constraints
building on the work [4]. A first approach to the dynamics of
nonholonomic systems with inequality constraints was given
in [7], using Weierstrass-Erdemann conditions to obtain the
state of the system immediately after the collision (see also
[6] for a similar problem in the scope of a control system),
and later in [1], where the authors use a variational principle
to obtain both the equations of motion and the collision
equations. In this paper, we go a step further and consider
the quasivelocities description of nonholonomic systems and
the corresponding Hamel equations generalizing the results
of [1] to an adated basis of vector fields to the nonholonomic
distribution defining the nonholonomic constraints. As it
is the case in nonholonomic systems withour inequality
constraints, the introduction of Hamel’s equations in this
setting may greatly improve the numerical efficiency of
the simulations of these systems, due to the reduction of
complexity attained by leveraging the intrinsic geometry of
the nonholonomic constraint distribution.

The remainder of the paper is structured as folows. In
Section II we introduce mechanical systems with inequality
constraints and the main notation used along the paper.
Section III is devoted to study Hamel equations for systems
with inequality constraints. We extend the analyis to non-
holonomic systems with inequality constraints in Section IV.
As examples, in Sections V and VI the vertical rolling disk
hitting a wall and the Chaplygin sleigh with a knife edge
constraint hitting a circular table, respectively, are shown to
illustrate the theoretical results.

II. MECHANICAL SYSTEMS WITH INEQUALITY
CONSTRAINTS

Suppose @) is a differentiable manifold of dimension
n. Throughout the text, ¢’ will denote a particular choice
of local coordinates on this manifold and T'QQ denotes its
tangent bundle, with T;,Q denoting the tangent space at a
specific point ¢ € ) generated by the coordinate vectors
8?1i' Usually v, denotes a vector at T,() and, in addition,

the coordinate chart ¢* induces a natural coordinate chart
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on TQ denoted by (q*, §%). There is a canonical projection
Tg : TQ — @, sending each vector v, to the corresponding
base point g. Note that in coordinates 7(¢,4¢") = ¢'. A
vector field is a map X : Q) — T'Q satisfying 7g o X = Id.
The set of vector fields on () is denoted by X(Q).

The vertical lift of a vector field X = X* 8?1,‘, € X(Q) to
TQ is defined by

vi_ =

; 0
V=2l (g +tX(e) =X

t=0 ¢

T,Q has a vector space structure, so we may consider
its dual space, T;Q and define the cotangent bundle as
TQ := U T;Q, with local coordinates (g, p;).

q€@
In this paper, we will analyse the dynamics of nonholo-

nomic systems evolving on the configuration manifold @
which are subjected to inequality constraints, i.e., systems
constrained to move in a submanifold C' with boundary of
the manifold Q). The boundary 9C' is a smooth manifold of @
with codimension 1. Locally, the boundary OC' is a smooth
manifold of the type 0C = {q € @Q | g(¢) = 0} and the
manifold C' is C = {¢ € Q | g(¢) < 0} for some smooth
function g : Q@ — R.

In convex geometry, given a closed convex set K of R",
the polar cone of K is the set K? = {z € R" | (z,y) <
0,Vy € K} (see [9] for instance). The normal cone to K
at a point z € K is given by Nk (z) = K N {z}”, where
{x}T is the orthogonal subspace to x with respect to the
Euclidean inner product. Based on this construction, we will
only use a minimal definition of normal cone suiting the kind
of inequality constraints we will be dealing with. Given a
submanifold with boundary C' as before, the normal cone to
a point g € 9C is the set No(q) = {A\dg(q)|\ = 0}, where
dg is the differential of the function g. The two definitions
match, if C'is a closed convex set of R™ with boundary being
a hypersurface of dimension n — 1.

Given a Lagrangian function L : TQ) — R describing
the dynamics of a mechanical system, with local coordinates
(¢',¢"), i = 1,...,n = dim(Q, the equations of motion
under the presence of inequality constraints are given by
Euler-Lagrange equations

doL 0L
dt0gt  O0¢t
whenever the trajectory is in the interior of the constraint
submanifold C'\OC. At impact times ¢; € R of the trajectory
with the boundary ¢(¢;) € OC, there is a discontinuity in the
state variables of the system, often called a jump. This jump
is determined by the equations:
8L| oL
aq t:tj’ ) q

|t:t; € —Ne, EL|t:tjr = EL|t:t;’ (D
where Er, = qui ¢* — L is the Lagrangian energy.

Remark 1: We note that a negative sign in the pre-
vious equation appears as a consequence of the non-
interpenetrability of the constraint.i.e., the mechanical system
may not cross the boundary of the admissible variational

constraint. We will see exactly how the negative signs
appears in the following section.

Throuhgout the paper, L will be a regular mechanical
Lagrangian, i.e., it has the form kinetic minus potential
energy [S] and the Legendre transform FL : TQ — T*Q
is a local diffeomorphism.

III. HAMEL’S EQUATIONS FOR SYSTEMS WITH
INEQUALITY CONSTRAINTS

A. Hamel’s equations

In this section we briefly discuss the Hamel equations. The
exposition follows paper [4].

In many cases the Lagrangian and the equations of motion
of a mechanical system have a simpler structure when these
are written using velocity components measured against
a frame that is unrelated to system’s local configuration
coordinates. Let ¢ = (¢,...,q") be local coordinates on
the configuration space @ and u; € TQ, i = 1,...,n, be
smooth independent local vector fields defined in the same
coordinate neighborhood (in certain cases, some or all of
u; can be chosen to be global vector fields on (). The
components of u; relative to the basis 9/9¢7 will be denoted
] that is,

; 0
() — oy
uz(q) - ¢Z (Q) aqja
where i,j = 1,...,n and where summation on j is under-

stood by employing Einstein summation notation.

Let v = (v!,...,0™) € R" be the components of the
velocity vector ¢ € T'Q) relative to the basis uq, ..., uy, i.e.,
G = v'ui(q); (2)

then
g(Qa ’l)) = L(Qv vlui (Q)) (3)

is the Lagrangian of the system written in the adapted
coordinates (g, v) on the tangent bundle 7'Q). The coordinates
(¢,v) are Lagrangian analogues of non-canonical variables
in Hamiltonian dynamics.

Define the quantities c;}(¢) by the equations

[ui(q), u;(q)] = ¢if (@)um(q), )
where i, j,m = 1,...,n. These quantities vanish if and only
if the vector fields u;(q), ¢ = 1,...,n, commute. Here and

elsewhere, [-,-] : X(Q) x X(Q) — X(Q) is the Jacobi-Lie
bracket of vector fields on @. Also one can find that

oYk oLl
= hHp (aqf i — Bq; 1#;) :

For each point ¢ € @, the quantities c;}(q) define a Lie-
algebra structure on R™ denoted by [, ],. The dual of [, ],

is defined by the operation [-,-]7 : V; x V* — V' given by

([v,a]Z,w} = (adjo, w) = —(a, [v, w]y)

where V is the Lie algebra given by V, = (R", [-,],). Here
ad* is the dual of the usual ad operator in a Lie algebra.
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Viewing u; as vector fields on T'(Q) whose fiber components
equal O (that is, taking the vertical lift of these vector fields),
one defines the directional derivatives w;[¢] for a function
{:TQ — R by the formula

wel4
wlt = vl

The evolution of the variables (g,v) is governed by the
Hamel equations

d ot

dt dvi

o4

m, 1
Cijv Jum

+ u; (], ®)
coupled with equations (2). If u; = 0/9dq’, equations (5)
become the Euler-Lagrange equations. Equations (5) were
introduced in [12] (see also [16] for details and some
history). Hamel equations can be written as

dor_[ o
diov |V ov
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] + u[/] Eadq”ja— + ulf]
a Ov
coupled with the equation ¢ = v'u;(q).

B. The jump equations in quasivelocities

To obtain the jump equations in terms of quasivelocities,
we generalize an extended variational principle derived in
[1] for nonholonomic systems, which in turn is the non-
holonomic version of the variational principle introduced in
[11] to obtain the equations satisfied by a system without
constraints after a collision with a smooth submanifold in
the configuration space.

Theorem 1: Let q : [0,h] — @ and v : [0,h] — TQ
be trajectories of the Hamel’s equations for the Lagrangian
function ¢ : T — R subjected to the inequality constraint
q(t) € C. Suppose that this system has an impact against
the boundary OC' at the time ¢, € [0, h]. Then the trajectory
satisfies Hamel’s equations (5) in the intervals [0,¢, [ and
Jt;,h] and at the impact time ¢, the following conditions
hold:

or, o
ov'=H T dv
E€|t:t;r = Ef‘t:t,:’

_,— € —N¢,
‘t—f,k C (6)

where Ey : TQQ — R is the energy of the system given in
local coordinates by Ey(q,v) = 250 — {(q,v).

Proof: The curve (q(t),v(t)) is a critical point of the
functional

h
/ U(q,v)dt @)
0

with respect to variations dv, induced by the variations dq =
w'u;(q) with §¢(0) = dg(h) = 0, and given by (see [4])

ook = wk + cfj(q)viwj. 8)

So,
ty h
5/ £(q,v) dt+5/ L(q,v)dt
0 th
b o4 o0 d orN
ki i
:/0 <Cij’U ok + Y )wﬂ dt

T0qt  dt Ovi
+ /h ki 20y

i 00 d oty o
i9q  dtovi )"
or . 28
B e )
[amw * k]t

k
The jump condition follows from the fact that ¢(t) € 0C
from where
d(q(tr)) € T(OC) = dq(tx) + ¢(tg)dtr € T(OC).
In quasivelocities this condition becomes
w'(t)ui(g(tn)) + o' (te)ui(g(tr))8ty. € T(O)
The variations satisfying the previous equation are spanned

by variations w’(tx)ui(q(ty)) € T(9C) and ot = 0

or 8t = 1 and w'(t;) = —vi(t;). From the latter we

immediately deduce that

ov . %
[ Ul—f] =0,

ovt -
ty

which is the energy conservation condition in the jump
equations. From 6t = 0, we get that

or or
%‘t:t; - %h:t;’
annihilates 8¢ = w'u;(q) € T(9C). [

Remark 2: Whenever the Lagrangian function is of me-
chanical type and the normal cone is one-dimensional, the
solution of equations (6) exists and it is unique.

IV. NONHOLONOMIC SYSTEMS WITH INEQUALITY
CONSTRAINTS

Assume that there are velocity constraints imposed on the
system. We will restrict to constraints that are linear in the
velocities. Consider a regular smooth distribution D on the
configuration space () describing these constraints, that is,
D is a collection of linear subspaces of T'Q) (D, C T,Q for
each g € Q). A curve ¢(t) € @ will be said to satisfy the
constraints if G(t) € Dy for all t. Locally, the constraint
distribution can be written as

D={4eTQ|ui(q)d" =0, a=1,...,m}.

The Lagrange-d’Alembert equations of motion for the
system are those determined by ¢ f: L(q,q)dt = 0, where
we choose variations dq(t) of the curve ¢(t) that satisfy
dq(a) = 6q(b) = 0 and dq(t) € Dy for each t € [a,b].
Note that here the curve ¢(t) itself satisfies the constraints.
Variations are taken before imposing the constraints and
hence, the constraints are not imposed on the family of
curves defining the variations.
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The nonholonomic equations of motion are obtained from
Lagrange-d’ Alembert principle and its local expression is
d oL 0L ,
S W a(a)g
297 o nis o ki(Q)g
where )\, is a Lagrange multiplier that might be computed
using the constraints.

=0 9

A. Constrained Hamel’s equations

Consider a nonholonomic system determined by a La-
grangian function L : () — R and a constraint distribution
D. Let {uy,...,u,} be a local basis of vector fields in @
such that Dy, = span{ui(q),...,ux(q)} with k = n —m.
Each tangent vector ¢ € T'Q) can be decomposed as

g = Z viu; + Z v’ uZ
i=k+1
k
where Zviui is the component of ¢ along D,. We will
convenilenltly denote the first term by (u(q),¢P) and the
second by (u(q), ).
Similarly, each o € T*(Q can be uniquely decomposed as

U*(Q» + <aU7U*(Q)>7

where (ap,u*(q)) is the component of « along the dual of
D, and u*(g) denotes the dual frame of u(g). In particu-
lar, the annihilator of D, denoted by D°, is generated by
{uiiqs - upt

Hence, any vector v € D, can be written as v =
(u(g), vP) or 0 = (u(g), ¥).

Now, the nonholonomic system can also be obtained
from the constrained Hamel’s equations. Letting ¢(q,v) =
L(q,v*u;) be the local expression of the Lagrangian function
with respect to coordinates adapted to the local basis {u;},
these equations are (locally) given by

dot_ o
dt dvi T gym
v*=0,a=k+1,...n

o = <OéD,

Uj—i_ul[g] q:viui(q)v Z'ajzla"'vka

B. Nonholonomic jump equations

If C' is an inequality constraint on the nonholonomic
system, then Lagrange-d’Alembert equations are still valid
in the interior of C'. However, the jump conditions must now
be changed to accommodate the constraints our system has
on velocities.

Theorem 2: Let q : [0,h] — @ be a nonholonomic
trajectory of the nonholonomic system (¢, D) subjected to the
inequality constraint ¢(¢) € C. Suppose that this system has
an impact against the boundary 9C at the time ¢; € [0, h].
Then the trajectory satisfies Lagrange-d’ Alembert equations
(9) in the intervals [0, ¢, [ and ]¢;, h] and at the impact time
ti, the following conditions hold:

ot ot o
Soli=tt = Folim = Xua(a) + Xdg(9)

E€|t=t,j = Ef|t=t;
q(tZ) € Dq(t}i’)?

(10)

with a = k+1,...,n and A", \* are Lagrange multipliers
to be determined when solving the jump equations.

Proof: The Lagrange-d’ Alembert principle for systems
with impacts is defined on the path space

Q={(c,tr) | c:[0,h] = @ is a smooth curve and t; € R}.

If the mapping A : © — R is the action then, the
Lagrange,d’ Alembert principle states that the derivative of
the action should annihilate all variations (dq,dt;) with
dq € D, ie., dqg = Zle w'u; with dg(0) = dq(h) = 0.
Since,

;O d o ;
i RAINACAT
oA = / [ Toq  dt 8Uj] v
8€ ;00 d ot
k 2w
+ /t+ {cuv ovk * Jaq Cdt 8vj] w dt

ov t
J
|: " -w’ + Kétk} t

k
the fact that constrained Hamel’s equations hold on the
intervals [0,, [ and ]t h] follows from the application of
the fundamental theorem of calculus of variations together
with the fact that dg € D.

The jump condition follows from the fact that ¢(t) € 0C
from where

w (t)uig(tr)) + v (te)ui(q(te) )0t € T(AC)

The variations satisfying the previous equation are spanned
by variations dq(tx) € T(0C) and 6t = 0 or dt = 1
and 6q(ty) = —q(ty), ie., w' = —v’. From the latter we
immediately deduce that

Y, #
[v —E] =0,

ov
tk:

which is the energy conservation condition in the jump
equations. From 6t = 0, we get that
ot ot
%‘t:tkf - %L&:t;’
annihilates dq if either it is on the normal cone Ng or it
belongs to the annihilator of the distribution D, since dq is
in T(0C) N D. Hence,
ot ol
%Lﬁ:t; - %'t:t;
where a = k+1,...,n, \? and \* are Lagrange multipliers
to be determined when solving the jump equations. This is
precisely the first jump equation. The third one follows from
the nonholonomic constraints. [ ]

= A"u(q) + \dg(q)

V. THE CHAPLYGIN SLEIGH KNIFE EDGE HITTING A
BOUNDARY

The Chaplygin system is a celebrated example of a
nonholonomic system. Here we considered the Chaplygin
system with knife edge planar coordinates determined by
(z,y) and orientation given by 6 whose center of mass
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coordinates coincide with those from the blade. Under these
circumstances, the dynamics is given by the Lagrangian
function m 7
2 .2 12
L=< (#+9°)+50
together with the constraint sin #i = cos 6y generating the
distribution

0 . .0 0
D= <{C0898x +sm98—y, 89}>

Consider the local basis of vector field determined by

9 0 4 sind 0
Uy = cosf— +sinf—,us = —
! Oz oy’ 9
0 0
= —sinf— 0—.
Uus sin oz + cos ay
The relevant structure functions appearing on Hamel’s equa-
tions are given by [u1,us] = —ug, implying cly = ¢, =0

and ¢}, = —1.
The Lagrangian function with respect to coordinates
adapted to this local frame for 7°Q) takes the expression

(g, v) =
Therefore, constrained Hamel’s equations give
mot =0, 10?2 =0, v3 =0
g = vlug + v2us
We will examine Hamel’s constrained equations when the
knife edge impacts the boundary of the inequality constraint
C={(z.y.0) | z* +y* <1}

This constraint translates the impact of the contact point
of the sleigh with a circular obstacle. We have chosen to
assume independence of the orientation angle to simplify
the calculations and make clearer how the strategy develops.
The jump equations (10) at a boundary point (z,y,6) € 0C
are now

m(vh T —vh7) =Xg(22 cos § + 2y sin )

I(v®" —0?7) =0

m(v*t —v*7) =Xz + Ao(—22sin § + 2y cos 0)
M 1,442 [ 2,42 _ M 1. _\2 [ 2,12
D g L) = ) 4 )

o3t =0

We may eliminate the third and fifth equations so that we
end up with the system

m(vh T —vb7) =Xg(22 cos § + 2y sin )
I(v** —v®7) =0

I I
SO S0P =T )+ g0
whose admissible solution is v+ = —vl'~ and v% T = v?~.

Below, we simulate Chaplygin system under this inequal-
ity constraint for 400 seconds, using N = 4000 steps and
a time-step of h = 0.1 (see Figure 1). The exact solution
of Hamel’s equations is known in this case and it was used

to draw the motion. We used physical constant m = I =1
and initial points ¢ = (0,0,7/2) and vy = (0.1,0.05). We
observed the expected velocity vy (t) jumps at each impact
with the boundary and the preservation of energy.

Motion in (x,y) plane

-1.00 -0.75 -050 -0.25 000 025 050 075 100
X

Fig. 1: Chaplygin sleigh hitting a circular wall

VI. THE VERTICAL ROLLING DISK HITTING A WALL
PERPENDICULARLY

The vertical rolling disk is given by the Lagrangian

function
m I, J
L="0 (42 402y o+ 262 4 L2
5 (x +y ) + 3 + 2<,0
together with the non-slipping constraints & = R cos w, Y =

RO sin ¢ generating the distribution

0 0 0o 0
D= — — inp—,— ).
<{89 +Rcosgpax +Rsm<p8y, 8(p}>
Consider the local basis of vector field determined by

9
dp

3] 0 0
Uy + Rcosp— + Rsinp—,us =
or dy

~ 00

0 0 0 0
= — — R S —_— = — — R 3| —_—
us = oo COS P75 tha By sin =5

The relevant structure functions appearing on Hamel’s
equations are given by

[u1,us] = Rsinpug — Rcos puy,

implying ci, = ¢, = 0, ¢}, = Rsiny and ¢}, = —Rcos .
The Lagrangian function with respect to coordinates
adapted to this local frame for 7T'Q) takes the expression :

l(q,v) :%[(Rcos vt + %) + (Rsin pv! + v*)?

1
+ 5(1)1 — Rcos v’ — Rsin pvt)?
+ %(’02)2

Taking into account that the partial derivatives evaluated

at vectors in D, i.e., at v3 = v* = 0 give a% =0, as well as

ol

ol
Frie R(m — Iv'cosg and —— = R(m — Iv'sinyp

Ovt
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The constrained Hamel’s equations that now give

ol ol
2 o . 2 2
(mR* 4+ I)v" = —Rsin pv 908 + R cos pv P
ol ol ol
.2 . 2 2
Jv* = Rsin pv 903 R cos pv ot + %
v? =0t =0
q = vlul + ’UQUQ
can be simplified, ending up with
(mR2 +I)’Ul = 0, J'U2 = 0’ 'U?’ — 1)4 — 0,
q = Ulul + 'U2UQ

We will examine Hamel’s constrained equations when the
disk impacts the boundary of the inequality constraint

C={(z,y,0.9) | y+ Rsinp <10}

at a constant angle ¢ =
angle with the wall.

where the disk makes a right

jus
2

In this case, the jump equations (10) are simply

( )
J(w*T —v?7) =0

R(m —I)cos p(v™+ — o) =A% — \P2R? cos? ¢
R(m — I)sinp(vhT —vb7) =X + X°(1 — 2R? cos psin )

mR2 4Ty o S

L+ L)

2

mR2+ I( 1,_)2 n 5(02’_)2

However, as before, we can eliminte third, fourth and sixth
equations to end up simply with
(mR? + I)(v" T —vb7) =AY R(sin ¢ + cos @)
J>t —v*7) =0

mR2 4+ 1 J _
5 (U1,+)2 + 5(,02, )2
mR2 + 1 _ J _
=T (b))% + 5(’02’ )?

In fact, if the impact is perpendicualr to the wall, i.e., ¢ = g,
then the unique admissible solution to the jump equations is
bt = b= 2+ =92~ and \g = — 2mEEDv ;I)Ulﬁ.
Finally, we simulate the system under this variational
inequality for 18 seconds, using N = 180 steps and a time-
step of h = 0.1 (see Figure 2). The exact solution of Hamel’s
equations is known in this case and it was used to draw the
motion. We used physical constant m = [ = J = 1 and
initial points go = (0,0,0,7/2) and vy = (1,0). Again,
we have observed that the first velocity component v!(¢) is
discontinuous and the energy is preserved along the motion.

Motion in (x.y) plane

@

o

S

[

o4 — Diskcenter

-0 -75 -50 -25 oo 25 50 75
X

10.0

Fig. 2: Vertical rolling disk hitting perpendicularly a wall

VII. FUTURE WORK

In this paper, we outlined an adapted coordinate approach
to the problem of inequality constraints in nonholonomic
systems. In a future paper, we will work-out a more complex
realistic example of this system, where the simulation will be
performed using a variational integrator taking into account
the inequality constraints.
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