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Distributed Optimization of Clique-wise Coupled Problems

Yuto Watanabe and Kazunori Sakurama

Abstract— This study addresses a distributed optimization
with a novel class of coupling of variables, called clique-wise
coupling. A clique is a node set of a complete subgraph of an
undirected graph. This setup is an extension of pairwise coupled
optimization problems (e.g., consensus optimization) and allows
us to handle coupling of variables consisting of more than
two agents systematically. To solve this problem, we propose
a clique-based linearized ADMM algorithm, which is proved
to be distributed. Additionally, we consider objective functions
given as a sum of nonsmooth and smooth convex functions
and present a more flexible algorithm based on the FLiP-
ADMM algorithm. Moreover, we provide convergence theorems
of these algorithms. Notably, all the algorithmic parameters
and the derived condition in the theorems depend only on
local information, which means that each agent can choose
the parameters in a distributed manner. Finally, we apply the
proposed methods to a consensus optimization problem and
demonstrate their effectiveness via numerical experiments.

I. INTRODUCTION

In recent years, distributed optimization has attracted much
attention in the control, signal processing, and machine
learning communities. In this field, a large body of stud-
ies has been dedicated to pairwise coupled optimization
problems. In this type of problem, every coupling of vari-
ables comprises two agents’ decision variables correspond-
ing to the communication path between the two agents.
The most representative example of this setup is consensus
optimization problems, and many studies have presented
sophisticated algorithms, such as [1]-[4]. Recently, [5] and
[6] have investigated distributed optimization problems with
pairwise linear constraints. Their applications are not limited
to consensus optimization but contain formation control,
distributed model predictive control, and so on. Moreover,
in the field of multi-agent control, various coordination tasks
(e.g., rendezvous and formation) have been formulated in a
pairwise coupled form [7]-[9].

This study addresses a more general form of distributed
optimization than the conventional pairwise coupled ones
to handle coupling of more than two decision variables.
Consider a multi-agent system with n agents over a commu-
nication network, expressed by a time-invariant undirected
graph G = (N,€) with N = {1,...,n} and an edge
set £. Now, we aim to solve the following optimization
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Fig. 1: Example of cliques.

problem, called a clique-wise coupled optimization problem,
in a distributed manner:

minimize Y fi(@:) + Y o)

z; ER? iEN ieN leo

yIERY,1€Qg ¢ )
subject to Al.rcl + By = ¢ Vi € Qg C Qg

Clique-wise coupling w.r.t. C;CN

with A; € RexIGld B, ¢ RP1%% and ¢; € RP!, where
fi : RY - RU{+o0},i € N and g : R* — RU
{+0}, 1 € Qg are proper, closed, and convex functions
(possibly nonsmooth). The vector x; represents the decision
variable of agent ¢, and y; represents the variable with respect
to clique I. For @1, ..., 7y, and the set C; = {j1,...,jc,|} C
N, let z¢, denote z¢, = [ijp-'-vij‘c”]T € RICI, Here,
the set C; represents a clique, i.e., a complete subgraph in
the graph G [10]. Qg is the index set of all the cliques in G,
and Qg is a subset of Qg. For example, in the undirected
graph in Fig. 1, Qg = {1,...,9} holds, and the cliques
Cy,...,Cy are obtained as shown in Fig. 1. Note that the
nodes and edges are always cliques, and hence Problem (1)
always contains conventional pairwise coupled optimization
problems.

A remarkable benefit of the clique-wise coupling frame-
work is that we can systematically handle variable couplings
of more than two agents. Possible applications include con-
sensus optimization [1], [2], [4], [11], formation control [5],
[7], robust PCA (with clique-wise trace norm minimization)
[12], [13], network lasso (fused lasso, total variation regu-
larization) [14]-[16], multi-task learning [17], and (clique-
wise) resource allocation [18], as illustrated in Table I.
This table shows concrete formulations of these applications
corresponding to Problem (1). Notice that one can also deal
with other examples, e.g., semidefinite programming with
chordal sparsity [19] and its application for distributed design
of decentralized controllers [20], as clique-wise coupled
problems with an appropriate transformation.

In this study, we propose a novel distributed algorithm, the
Clique-based Linearized ADMM (CL-ADMM) algorithm,
for Problem (1) based on the framework of the alternating
direction method of multipliers (ADMM) [11], [21], [22]
with the linearization technique and localized algorithmic
parameters. The proposed method can be implemented with



TABLE I: Practical application examples of Problem (1).

Yt = Tit — Tt

Applications Constraints 1y fi
Indicator function for
Consensus optimization [1]-[4] ze, —y; =0 fi(x;
! Dy={y: sty =1 ®E" i@
Robust PCA [12], [13 .
) f)us [12] [] ) Y, =8;+L; VJeClz GZHLCL”* [1S: 11
(clique-wise trace norm minimization)
. — A1, Biu, B
Formation control [5], [7]-[9] Tit+1 it + Ditlit %23:1 [ye,e — 745 H2Qw % 3:11 uItR,-ui,t

Network lasso [14]-[16] x;—x; —y =0 Xijllyell loss function £;(z;)
. . z; —y.; =0 .
Multi-task learning [17] . J b . My iy s Y4 * loss function £; (x;
Vi€Ci={,-dje} Iy diey 1l i)
Indicator function f
(Clique-wise) resource allocation [18] ze, —y1 =0 fidicator function for %sz — x4 ||?

Dy ={y:1Ty, =N, >0,y >0}

local communication. Additionally, we consider that the ob-
jective functions f; and g; are given as a sum of a non-smooth
convex and smooth convex functions. Under this setup, we
provide a more flexibly implementable algorithm, called the
Clique-based Linearized FLiP-ADMM (CL-FLiP-ADMM),
based on the Function Linearized Proximal ADMM (FLiP-
ADMM) algorithm in [22]. Furthermore, through the conver-
gence analysis of the CL-ADMM and CL-FLiP-ADMM, we
prove the exact convergence to an optimal solution under
fully localized conditions. Finally, we apply the proposed
methods to consensus optimization and demonstrate their
effectiveness through numerical experiments. The experi-
mental result of consensus optimization implies that the
clique-wise handling of pairwise constraints can enhance the
performance.

The major contributions of this paper are as follows: (a)
We propose a highly expressive framework in (1) suitable
for distributed optimization and provide a variety of practical
examples as shown in Table I; (b) The algorithmic parameters
in the CL-ADMM and CL-FLiP-ADMM are also distributed.
Moreover, we provide convergence theorems with no global
parameter, which means that each agent can choose its
parameters in a distributed manner; (c) The CL-ADMM and
CL-FLiP-ADMM can alleviate the computational burden be-
cause the agents in the same clique can share the computation
of the proximal mapping of g;.

Recently, several studies (e.g., [23]-[26]) have presented
distributed algorithms to solve optimization problems with
globally coupled constraints. This setup allows us to consider
constraints involving all decision variables. However, the
existing methods for this setup cannot enjoy our proposed
methods’ features, such as the contributions (b) and (c)
in the above paragraph. Moreover, the clique-wise coupled
problem in (1) can be solved more flexibly than the globally
coupled problems because the primal problem (1) can be
solved directly by well-known methods (e.g., ADMM [11],
[21], [22] and Condat-Vii [27], [28]) in a distributed manner.
This is advantageous in terms of ease of solving problems.
To apply these well-known methods to the globally coupled
problems, we need to introduce additional auxiliary variables
(e.g., to take their dual problems to transform them into a
consensus optimization). This approach may increase the size
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of variables and degrade the performance.

Finally, notice that Problem (1) is more general than
optimization problems with clique-wise coupled constraints
in the authors’ paper [18] because we can handle not only
constraints but also regularization terms in Problem (1).

The rest of the paper is organized as follows. Section II
provides preliminaries. Section III presents the proposed al-
gorithms, and Section IV presents the convergence theorems.
In Section V, we apply the proposed methods to consensus
optimization. Finally, Section VI concludes our paper.

II. PRELIMINARIES

A. Notation

Let R and N be the set of real numbers and that of positive
integers, respectively. Let |- | be the number of elements in a
countable finite set. Let I; € R%*? denote the d x d identity
matrix. We omit the subscript of I; when the dimension is
obvious. Let 1; = [1,...,1]" € R% For a m-dimensional
vector [a1,...,a;,...,ay]' € RV, diag(a) denotes the
diagonal matrix whose ith diagonal entry is a;. Similarly, for
matrices Ry,...,R;,..., Ry, blk-diag(Ry, ..., Ry) repre-
sents the block diagonal matrix whose ith diagonal block
is R;. For M = {1,..., N}, blk-diag([R;]jeam) represents
blk-diag(R1,...,Ry). For v, u € R™, and a positive def-
inite and symmetric matrix Q € R™*™, (v, u)q := v Qu
denotes the inner product of v and w with respect to Q.
Additionally, we define the norm || ||g as ||v|lg = +/(v,v)@
for a vector v € R™. When Q = I,,, we simply write
(), and || - |5, as (-,-) and | - ||, respectively. For
v € R™, ||v|]j; denotes the ¢; norm of v. For a matrix
R € R4*%|R|, denotes the trace norm of R, i.e., the
sum of its singular values. Let Apax(Q) and Amin(Q) be
the largest and smallest eigenvalues of (), respectively. For
a vector v = [v],...,v],... ,vI,]T € RN with vectors
U1,...,05,...,un € R% [v]; represents the operation to

!In this formulation, we can include some proximable functions (e.g., £1
norm regularization) in g;. For details, see Subsection V-A.

2Here, Y = [Y1,...,Yy] is a data matrix. For example, Y is a sequence
of images, and each column of Y corresponds to each frame. We assume
that Y can be decomposed into a sparse matrix S = [S1,...,Snh] and a
low-rank matrix L = [L1,..., Ly].



extract the jth vector v; from v, that is,
[V]j =v; € R%.

For a vector x = [2{,...,z,]T € R"™ with zy,...,7, €
R? and a subset C = {ji,....jjc} C N, let ¢ be
T = [ijl,...,a:jT‘c T € RICl, where {ji,... yJle} is a
strictly monotonicaliy increasing sequence. For a differen-
tiable function f : R™ — R and x € R, we write
Vf(x) = 0f/0x(x).

For a proper, closed, and convex function g : R?: 5 RU
{+00}, a positive definite and symmetric matrix € R¥*4,
and x € R?, the proximal mapping of g with respect to @ is
represented by prox¢ (z) = arg min, cpa{g(y) + (1/2)||z —
yl%}. When Q = I4, we write prox/?(-) = prox,(-). When
the proximal mapping of g can be computed efficiently, the
function g is said to be proximable.

B. Graph Theory

Here, we provide graph-theoretic concepts. Consider a
graph G = (N, €) with a node set NV = {1,...,n} and
an edge set £ consisting of pairs {i,j} of different nodes
i,7 € N. Note that throughout this paper, we consider
undirected graphs and do not distinguish {é,j} and {j,}
for each {i,j} € £ For i € N and G, let N; C N be the
neighbor set of node i over G, defined as \; = {j € N :
{i,j} € E} U {i}.

For an undirected graph G, consider a set C C N. For C
and &, let &|¢ be E|lc = {{i,j} € € : 4,5 € C}. We call
Glc = (C,€|c) a subgraph induced by C. If G|¢ is complete,
C is called a clique in G. We define Qg = {1,2,...,q} as
the set of indices of all the cliques in G. For Qg, the set Qg
represents a subset of Qg. If a clique C is not contained by
any other cliques, C is said to be maximal. Let QF**(C Qg)
be the set of indices of all the maximal cliques in G. For
i € N, we define ng as an index set of all the cliques
containing 4, that is, Qg = {l € Qg : i € (;}. For each
i €N, N, and C, | € Qg,

Ni=a
€9y
holds [9]. Note that agent i can independently compute
the cliques that it belongs to, i.e., C;, [ € ng from the
undirected subgraph (N;,&;) with & = {{i,j} € £ :j €
Ni}.

2)

ITII. ALGORITHM DESCRIPTION
A. Clique-based Linearized ADMM Algorithm

The proposed algorithm to solve (1), the Clique-based
Linearized ADMM (CL-ADMM) algorithm, is illustrated
in Algorithm 1. This algorithm is based on the linearized
ADMM algorithm [21], [22] and can be implemented in a
distributed manner from (2). Here, let Q5 = Qf N Qg.
Besides, o, i € N is an agent-wise algorithmic parameter,
and i, v, and ¢; > 0, | € Qg are clique-wise parameters.
In Algorithm (1), yf represents the estimate of an optimal
1, and uy represents the dual variable for [ € Qg at the kth
iteration. In the z;-update in (3a), m; : C; — {1,...,|C|}
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Algorithm 1 Clique-based Linearized ADMM (CL-ADMM)
Algorithm

Require: ¥, a; >0, yj_, u?, B >0,y >0, and ¢ > 0
for all I € Qg (:= Qg N Qg).
1: for k=0,1,... do

2. Update z¥ by
£ = prox, g (@ — o Yie gy [A7uf
+ A (Awg, + By — Cz)]m(i))- (3a)
3 Send 27! to all agents in AV; \ {i}.
4 Update yf and uy for all I € QF by
it = proxg,, (u — Bi(B uf
+ B (A + Byt —a)))
(3b)
uf“ =uf + ¢y (Alxéj'l + Blylk‘|r1 —a). (€9)
5: end for

is the one-to-one mapping satisfying m;(i;) = j for C; =
{il,...,ij,...,i|cl|} with 1 < 41 < 45 < i|cl| < n. Note
that if the y;-subproblem in (3b) has multiple solutions, the
agents in C; must choose the same value as ylk *1. In addition,
Uieg, G =N is assumed here.

Example 1: Consider C; {2,3,5} and y
Wl ulsuls)T € RIG. Then, m(2) = 1, m(3) = 2,
and 7;(5) = 3 hold. Besides, for yi, [yilx2) = w11,
Wilr (3) = Y12, and [y1]x,(5) = 1,3 are obtained.

We provide an interpretation of Algorithm 1. First, we give
the aggregated form of Problem (1) as follows:

minimize F(x) + G(y)
X,y

“)
subject to AWx + By =c,

where F'(x) Yien filzi), Gly) = ZlEQg 91(y1),
Xx = [zf,....2)]", y = [yir,...,yl—rggl]—r, A =

blk-diag([Ai]ico,), B = blk-diag([Bilico,), and ¢ =
[e] -+ ¢lgy ] T- Now, W is defined as the matrix satisfying

the following relationships for any x € R":

T Ci|)dxnd
W = Wl—r’“.’ﬂ/‘gcd GR(Zlng\ L\) X 7

Wix = Ze, Vi e Qg. 4
Then, the Lagrangian function is obtained as follows:
L(x,y,u) =F(x)+G(y)+ (u,AWx + By —c). (6)

By applying the linearized ADMM algorithm [21], [22] to
the problem in (4), we obtain the following algorithm, where
the scalar-valued constants in the normal linearized ADMM
are replaced by the diagonal matrices D, Dg, I', and ®:

Dfl
xF = proxg (xF —D,WTAT(u”

+T(AWx" + By* —¢)))  (7a)
—1
y*H! = proxg” (v* ~ DsB (u*
+ (AW + By* —¢))) (7b)
u*t = uf + LAWK 4 Byt —¢). (7¢)



Then, by setting

D, = blk-diag([a;il4]icn), Dp = blk-diag([i1y,]je0.),

T’ = blk-diag([vi1,]jc0,), ® = blk-diag([¢11p,]je0,)

with a; > 0,4 € N and 3}, 71, ¢ > 0, [ € Qg, we obtain
the CL-ADMM in Algorithm 1 from Algorithm (7). This
follows from the following proposition.

Proposition 1: Consider i € N, C;,1 € Qf, W in
(5), the mapping m G — {1,...,]C]}, and v =
[vlT,...,vlT,...,v‘TQG‘]T with any v; € RICI? Then, it
holds that [W "v]; = Yieoy [vilmi) € R

Proof: From (5), the (j,¢) block of W; €
can be written as [W;];; = wy j; 14, where

1,
wy,ji =

0,

Additionally, we have WTu = 37, o (W;)"u;. Then,
for the ith block [WTv]; € R? of W'v, we obtain

WV = Tico, (z‘cl‘ Wiliifodi) = Lieoy it
because [W'];;[v']; = [v'] ;) holds for j satisfying (i) =
4, and [W!;;[v']; = 0 holds otherwise. ]

Remark 1: One of the advantages of the CL-ADMM in
Algorithm 1 is that the agents in the same clique C; can share
the computation of the y;-subproblem in (3b). Hence, we can
alleviate computational burdens per iteration by allocating
the computation.

Remark 2: The proposed algorithm is based on the lin-
earized ADMM, which is essential for its distributed imple-
mentation. This is because the augmented Lagrangian of (6)
can be separated into an agent-wise form by eliminating its
coupled terms by the linearization technique.

B. Clique-based Linearized FLiP-ADMM Algorithm

We provide a more flexible algorithm, the Clique-based
Linearized FLiP-ADMM (CL-FLiP-ADMM), than Algo-
rithm 1 based on the FLiP-ADMM in [22]. Suppose that
the objective functions f; and g; can be separated as

fi=f+f2 a=a +di, ©)
where fi1 and 911 are proper, closed, and convex functions,
and f? and g7 are proper, closed, convex, and smooth
functions.

Now, we present the Clique-based Linearized FLiP-
ADMM (CL-FLiP-ADMM) algorithm in Algorithm 2. This
algorithm can be implemented distributedly in the same
manner as Algorithm 1. When f? = g? = 0, this algorithm
is reduced to Algorithm 1. Notably, this algorithm allows us
to avoid computing the proximal map involving f? and g7.

Note that although the FLiP-ADMM  algorithm with
the linearization technique is named as doubly linearized
ADMM in [22], we refer to Algorithm 2 as CL-FLiP-ADMM
for the sake of consistency with Algorithm 1.

RICi|dxnd

1 € C; and 7Tl(’i)
otherwise

. (8)

IV. CONVERGENCE ANALYSIS

This section presents the key convergence theorems of
the CL-ADMM in Algorithm 1 and CL-FLiP-ADMM in
Algorithm 2. We now assume the following assumption.
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Algorithm 2 Clique-based Linearized FLiP-ADMM (CL-
FLiP-ADMM) Algorithm

Require: ¥, a; >0, yj_, u?, B >0,y >0, and ¢ > 0
for all I € Qg (:= Qg N Qg).
1: for k=0,1,... do

2. Update z¥ by
2F 1 = prox,, 1 (m — o (Vfi(z M+ Z [A;—uf
leQg
+ A (Ag, + Byt —a)l, ;). (10a)
3 Send 27! to all agents in NV; \ {i}.
4 Update yf and uy for all | € Qf by
Yt = proxg, g (v — Bi(Vei (uf) + B uf
+ B (A + Biyf — ) (10b)
wt = uf + oy (A + Byt — ). (100)
5: end for

Assumption 1: The following statements hold:
@ fi : R® - RU{+o0},i € N is proper, closed,
and convex. Additionally, for f; of the form in (9),
f? R? — R is convex and differentiable, and
the gradient of f? is L >-Lipschitz continuous, i..,
V£ () — VIEz)] < szHacz — || holds for any
i, z; € R? and some L; > > 0.

:R% — R U {400}, l € Qg is proper, closed, and
convex. Additionally, for g; of the form in (9), g7
R % R is convex and differentiable, and the gradient
of g7 is L, 2-Lipschitz continuous with some Ly > 0.
(c) The Lagranglan L in (6) has a saddle point.

(d) UlEQg C; = N holds for Qg.

First, we provide the following theorem. In this theorem,
each agent can check the conditions in a distributed fashion.
Regarding the choice of the parameters, a detailed discussion
is available in Chapter 8 of [22].

Theorem 1: Consider Algorithms 1 and 2. Assume that
Assumption 1 is satisfied. Assume that for all i € N, all
l € Qg, and some ¢; € (0,2 — ¢;), these inequalities hold:

(®) g

a; ' > > M Amax(A] A) + Lys, (11a)
leQy
Bt = YiAmax (B By) > 0, (11b)
(1—¢)? T
Y (1 — m Bl Bl =+ Q[ i 3Lgl2[<117 (llc)

where Q; = ﬁflfq,, — 'lelTBl. Then, limy_, o (F(x*) +
G(y")) = (F(x*) + G(y*)) and limy_, oo (AWX* 4+ By* —
¢) = 0 hold, where (x*,y*,u*) is a saddle point of the
Lagrangian function L.

Proof: We prove Theorem 1 based on Theorem 6 in
[22]. Note that the supporting lemmas for this proof are
provided in the preprint [29] due to the space limit.

First, we give preliminaries of the proof. Let F(x)
Fl(x) + F?(x) and G(y) = G(y) + G*(y), where

FU(x) = Yien fil(@i), F2(x) = Yien fE(@i). GHy) =



Yico, 9t (), and G*(y) = 3,0, 97 (1) Now, we con-
sider the following FLiP-ADMM algorithm:

xF 1 ¢ argmin{ F!(x) + (VF?(x*) + WTATu" x)

1 1 2
+ 5||AWx + By" —c|% + 5 |x —x*||p}  (12a)
y* € argmin{G'(y) + (VG*(y*) + B'u",y)
y

1 1

+ S IIAWX" 1+ By — et + Sy - y"llg}  (12b)
u* ! = u* + LAWK ! 4 By*t! —¢). (12¢)
Now, suppose P and Q are given as P D! -
WTATTAW and Q = blk-diag([Qilico,) = Dj' —
B'IB, respectively. Then, (12) is equivalent to Algorithm
2. Additionally, when F? = G? = 0, (12) is reduced to
Algorithm 1. Note that under Assumption la-b, the x;- and
y;- subproblems in (3a), (10a), (3b), and (10b) are always
well-defined (see Proposition 12.15 in [30]). Moreover, let
wh o= T y*T uFT)T and w* o= [x* T y* T ur T

Furthermore, we define

1
My = iblk-diag(P, B TB+Q, I '®& ),

1
M, = 5blk-diag(o, Le: +Q, ©(@ H2r 1,

1
blk-diag(P — Lz,

M2 = 5
B'INI-0 (I -®)?)B+Q—3L¢,
(@ Hrter-e - o)), (13)
where L2 = blk-diag([Ls2laicn), L2 =

blk-diag([Ly Iy lic,)s and © = blk-diag([6i1,,]) with
0, 2—¢;—¢ > 0,1 € Qg. Finally, we define the
Lyapunov function V¥ as

VE= [wh — w3y, +lwh =W R, ()

With this in mind, we prove Theorem 1 as follows. By
the equation [|[w**t —w*||3, = [[wh —w*[3, — [[wF ! —
wh (13, + 2(wh — wh whTh — w*) . we have

Vk+1 — Vk _ Hwk: _ Wk_l”?\/[l + ||Wk+1 _ Wk”?wl (15)

W = w2, 2w R w L w
for V¥ in (14). Then, Lemma 4 and Lemma 5 in [29] yield

VERL < VE — lwh = whT R, o+ w = wh g,

R kR 2wk b wty,
L 2 L 2
20k k
JrX:ie/\/ 2 zi-H *zi‘CHZJFZlng %Hyz i *ylkHZ
_o(wh Tl wh Wkt oty

+ ||uk+1 _ ukH%]_c}*l)q)*lr‘*l

Looks1 kg2
+ 5“)’ oy ||LG27Q+BT®*1(17<I>)2I‘B
1 _ 1 _
+ §Hyk —y" 1”%G2+Q + §||uk —u” 1”2)1“1(@*1)2

o (,C(Xk+1,yk+l,u*) o E(X*,y*,u*))
_ vk k+1 k1|12
=VE—[[w" =Wy,

- (L(Xk+1ayk+lau*) - [’(X*?y*7u*)) )
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for any © > 0. Consequently, from this inequal-
ity, Lemmas 1 and 2 in [29] and L£(x**1 y**+1 u*) —
L(x*,y*,u*) > 0, we obtain limj_, W —wk|3, =
0 and limy_, oo (L(xFF1 y* 1 u*) — L(x*,y*,u*))
Then, By [[w"™ — w¥||3, — 0, we have limj_,o(u
u”) = 0 Therefore, limy,_, . (F(x*) + G(y*)) = (F(x*) +
G(y*)) and limy_, oo (AWx* + By* — ¢) = 0 are achieved.

|

Moreover, when both A and B are the identity matrix, we
can prove the convergence with fully agent-wise algorithmic
parameters and convergence conditions. In this case, the
agents can independently choose their algorithmic param-
eters without any cooperation.

Theorem 2: Assume that A = B = I. Consider that
in Algorithms 1 and 2, we replace ~;, ¢;, and [5; by the
diagonal matrices diag(yc,) ® Iy with v = [y1,...,7.] " €
R™, diag(¢c,) ® Iy with ¢ = [¢1,...,0,]T € R, and
diag(Be,) ® Iy with B = [B1,...,B8.]T € R", respectively.
Additionally, in (3b) and (10b), we replace proxg,, (-) with

di Ig)~! . . .
roxél]ag(ﬁc‘)(g @) (). Assume that Assumption 1 is satis-

(0,2 — ¢y),

%‘(1— (1_¢i)2_)1d+Qii3< ’>Id7

where @Q; = (Bi_l — vi)Iz. Then, limy_, o (F(x¥)
G(y")) = (F(x*) + G(y")) and lim, 0 (Wx* — y*) =
hold.

Proof: We can prove Theorem 2 similarly to Theorem
1 by modifying Lemma 5 in [29]. Due to the space limit,

fied. Assume that for all 4 € A and some ¢; €
the following inequalities are satisfied:

—+
= 0

we omit the proof. [ ]
V. APPLICATION TO CONSENSUS OPTIMIZATION
A. Problem Setting
Now, we consider the following problem:
minimize (fi(xs) + hi(xy))
T ...,z ERI zg/\:f (16)
subject to  x; =x; V{i,j} €€,

where f; and h; for ¢ € A are proper, closed, and convex.
When G is connected, the problem (16) can be reformulated
in the form of Problem (1) with A; = —B; = Iicjja» e = 0,

and 1
aly) = Z A7
JEC, |Qg|
where D; := {y, € RIGI? : 3¢ € R sty = 1y, ® &} for
l € Qg, and dp,(y;) is the indicator function for Dy, i.e.,
dp, satisfies op, (y;) = 0 for y; € D; and dp,(y;) = oo for

y1 ¢ D;. This can be verified by Proposition 4.2 in [9].

For the g; in (17) and Dy, the following proposition states

that the proximal mapping of g; in (17) is proximable if that
of (Xjec, L_h;)(-) is proximable.

1%
Proposition 2: Assume that the functions r; : R? —
R, j € C; are proper, closed, and convex functions. Let

hi([Yilm ) + 6D (y1), (A7)



7 RYT — RU{+oco} and s; : RI%4 — RU {+o0} be
T1(2) = X jec, Ti(2) for z € R? and

si(we,) =Y ri(a;) + 0p, (xc,),
J€C
respectively. Then,

prox,, (z¢,) = 1j¢,| ® prox 2

<|C ‘(1|Cz| ® Ia) xcl)
holds for 7; and any z¢, € RICil4,
Proof: From the definition of D;, we have
prox,, (z¢,) = argmlnvemcwd{ lwe, = 2* + si(v)} =
argmingcpa{>_ cc, z; — ¢|? +rl( )}. Then, we obtain

€ € argmingepa{} ;e zllwg &P+ nE)} & 0 €

|Cz|{€* |cl| djec, Ti t |c \57“1( )} < @dec,, Tj €
I+ IC1 |6Tl)(£ ) & & I+ ‘CL ICzI ]ecl )
where [ is the identity operator T erefore Proposition 2
follows from Proposition 16.44 in [30]. |

B. Numerical Experiment

Through a numerical experiment, we demonstrate the
effectiveness of the proposed CL-ADMM and CL-FLiP-
ADMM.

Consider a multi-agent system with n 50 agents.
Assume that the communication network G is given as a
connected time-invariant undirected graph, where each edge
is generated with a probability of 0.1. We consider that
the multi-agent system solves the consensus optimization
problem in (16) with

fi(w;) =
where U, = I; +0.1Q;, € R4 b, e R?, i € N, and \; =
A = 0.001 for all 4 € N. For all i € N, each entry of Q;
and b; is generated by the standard normal distribution. Note
that f; in (18) is )\max(‘lllT U, )-smooth, and the functions g;
in (17) is proximable for h; in (18).

Now, to verify the effectiveness of the proposed clique-
based algorithms, we conduct simulations for the CL-
ADMM with Qg = Qg**, CL-ADMM with Qg = £,
CL-FLiP-ADMM with Qg Qg**, CL-FLiP-ADMM with
Qg = &, and PG-EXTRA [2], given as follows:

Xkt = PTOX, 2|1l (Wi ® Id)xk — nVF(xk) — Vk)
Ind - Wm & Id k
— 5 X
where Wy, € R™*™ is a mixing matrix of G. Note that when
G is connected, Nieg {x € R™ : ¢, € D} = {x €
R™ . g4 - = xn} is satisfied for Qg = Qg™ from
Proposition 4.2 in [9], and hence an optimal solution can
be obtained by the CL-ADMM and CL-FLiP-ADMM with
Qg = Q=

The algorithmic parameters are given as follows. For the
CL-ADMM algorithms with Qg = Qg‘ax and &, we set
Y o = B 1 for all I € Qg, and o; = 1/|Qg]
for each ¢ € N. For the CL-FLiP-ADMM algorithms with

1
Sl = bill%, i) = Xllaill,  (18)

VAL =k 4

)

Qg Qg** and &, we set f}(z;) =0, fQ(xz) = filzs),
gi) = alw), gtyw) = 0. v P Bo=1
for all | € Qg, and «a; = 1/()\max(\IliT\I/i) + 1Qgl) for
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Fig. 2: Plot of relative objective residuals |(F(x*)4+G(x*))—
(F(x*) = G(x*))|/(F(x*) + G(x*)) against the number
of iteration under the CL-ADMM and CL-FLiP-ADMM
algorithms with Qg = de" and £, and PG-EXTRA.

T T
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Fig. 3: Plot of relative objective residuals |(F(x*)+G(x*))—
(F(x*) + G(x*))|/(F(x*) + G(x*)) against the number of
iteration under the normal ADMM, normal FLiP-ADMM,

and the CL-ADMM and CL-FLiP-ADMM algorithms with

Qg = Qg™.

each i € N. For the PG-EXTRA, we set n = 0.9(1 +
Amin(Win))/Amax (¥ T W) with ¥ = blk-diag(¥y, ..., ¥,,)
and W, = WLQ, where Lg is the graph

Laplacian matrix of the grap

Fig. 2 plots the relative objective residuals |(F(x*) +
G(xF)) — (F(x*) + G(x*))|/(F(x*) + G(x*)) versus it-
erations. As shown in Fig. 2, all the methods successfully
converge to an optimal solution with a tiny error, and the CL-
ADMM with Qg = Qrg“ax outpaces the others. Additionally,
although the CL-FLiP-ADMM with Qg = Qg is slower
than the CL-ADMM algorithms, it outperforms the CL-FLiP-
ADMM with Qg = £ and PG-EXTRA. Moreover, Fig. 2
indicates that handling the consensus constraint on a clique
basis, i.e., setting not Qg = & but Qg = Qm""‘ can enhance
the performance.

For further comparison, we also run the normal ADMM
and FLiP-ADMM algorithms on the same problem, and
Fig. 3 plots the relative objective residual versus iterations
of the normal ADMM and normal FLiP-ADMM with the
results of the CL-ADMM and CL-FLiP-ADMM with Qg =
Qrg“ax in Fig. 2. Here, the normal ADMM and FLiP-ADMM
correspond to special cases of Algorithms 1 and 2 in which
all the parameters ~;, ¢;, 5;, and «; are common among



all | € Qg and all i+ € N. For the normal ADMM, we
set Qg Qe 1 =¢r=p =1forall € Qg, and
o; = 1/max;en | Qg for all i € N. For the normal FLiP-
ADMM, we set Qg = Q‘gnax, v = ¢ = B = 1 for all
I € Qg, and o; = 1/ maxien (Amax (V] ¥;) + [Q%]) for
all 4 € N. From Fig. 3, the normal ADMM and normal
FLiP-ADMM are much slower than the CL-ADMM and
CL-FLiP-ADMM. This implies that thanks to the localized
algorithmic parameters, the proposed methods are not only
fully distributed but perform better than the normal ADMM
and FLiP-ADMM.

These results highlight the effectiveness of the proposed
methods.

Remark 3: The clique-wise handling of pairwise con-
straints (e.g., the consensus constraint in (16)) tends to
outperform the pairwise one, in particular, when G is not
dense, and the initial value of x* is far from its optimal
value. When the clique-wise handling does not outperform
the edge-based one, the clique-wise coupled framework is
still meaningful because the agents can share a part of their
computation (see Remark 1).

VI. CONCLUSION

This paper addressed a novel framework for distributed
optimization, clique-wise coupled optimization problems. We
proposed a distributed ADMM and FLiP-ADMM algorithms
based on cliques and proved the convergence theorems
with no global parameter. Moreover, we applied the pro-
posed methods to a consensus optimization problem and
demonstrated their effectiveness via numerical experiments.
A future direction is to extend existing methods for pair-
wise coupled distributed optimization/control problems to a
more general framework from the viewpoint of clique-wise
coupling.
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