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Initial Error Affection and Strategy Modification in Multi-Population
LQ Mean Field Games under Erroneous Initial Distribution
Information

Yuxin Jin, Lu Ren, Wang Yao and Xiao Zhang

Abstract—1In this paper, the initial error affection and
strategy modification in multi-population linear quadratic mean
field games (MPLQMFGs) under erroneous initial distribution
information are investigated. First, a MPLQMFG model is
developed where agents in different populations are coupled
by dynamics and cost functions. Next, by studying the evo-
lutionary of MPLQMFGs under erroneous initial distribution
information, the predicted and the actual evolutionary of mean
field states are given. Furthermore, assume that each agent
maintains observations only of its own state and control as well
as the mean field terms of its own population, and agents are
allowed to modify their strategies at an intermediate moment,
two sufficient conditions are provided, where the game will
reach the Nash equilibrium under correct information. Besides,
the affection of the initial error on the game is discussed.
Finally, simulations on the opinion evolutions of two groups
are performed to verify above conclusions.

I. INTRODUCTION

Mean field games (MFGs) are proposed independently
by Huang et al.[1]-[3]and Lasry&Lions[4]-[6] in 2007. The
model of Lasry&Lions describes a game with a large number
of homogeneous players and its mean field equilibrium,
in which each player tries to minimize the value of its
own cost function and interacts with other players through
a mean field term contained in the cost function or/and
dynamic equation. In [7], a multi-population mean field
game (MPMFG) was proposed, in which players are divided
into several populations, each population contains a large
number of homogeneous agents, and players interact through
the mean field terms of all populations. In [8]-[11], the
linear quadratic mean field games (LQMFGs) with different
settings were studied, where cost functional is quadratic in all
state variables, control variables, and the mean field terms,
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while the controlled dynamics are linear and also consist of
mean field terms.

For multi-population linear-quadratic mean field games
(MPLQMEFGs), the equilibrium usually can be mathemati-
cally described as a set of equations with a forward-backward
structure with a forward dynamic equation and a backward
equation describes a player’s optimal strategy. When a unique
mean field equilibrium exists, given the initial mean field
states, the cost functions of all populations and the dynamic
equation settings, an agent can obtain the unique mean field
equilibrium by solving the system of equations describing the
equilibrium.. So at the initial moment, players can predict the
equilibrium and give their optimal strategies for the whole
time period.

MFGs have been widely applicated in many fields[13]-
[22],such as swarm robotics, industrial engineering and
crowd motion. In some scenarios, agents are required to give
their own whole period strategies at the initial moment, such
as unmanned control with a pre-set trajectory. When an agent
obtains the initial distribution, cost functions and dynamic
equations of all agents, it can calculate its optimal control
for the whole time period at the initial moment.

However, in application, there is often the problem that
there may be some errors in the initial information obtained
by agents[23][24], especially in MPMFGs, where agents
may obtain erroneous information about other populations.
A series of questions that arise from this problem are: when
an agent gives its strategy at the initial moment based on
erroneous information, what is the difference between the
equilibrium in its prediction (EP) and the equilibrium under
correct information (EC)? How will the actual mean field
states (EA) evolve? Is it possible to detect and correct errors
through partial observation of mean field terms after evolving
based on erroneous information for a period of time? How
will the game evolve if agents are given the opportunity to
modify their strategies at an intermediate moment (EM)?
Currently, there is still a lack of research on these questions
in the field of MFGs.

Based on the above questions, this paper studies MPLQM-
FGs under erroneous initial distribution information and the
strategy modification therein. We assume the cost functions
and dynamic equations of all agents are available, and each
agent maintains clean observations only of its own state and
control as well as the mean field terms of its own population.
In addition, the agent obtains the initial mean field states of
other populations that may have errors, and believes these
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initial mean field terms are correct. At the initial moment,
agents give their strategies for the whole time period based
on the above information.

In section 2, we present the MPLQMFG model where
different populations are coupled through cost functions and
dynamic equations, mathematically describe the mean field
equilibrium under complete information, and introduce the
definition of EC. In section 3, we give our assumptions and
study MPLQMFGs under erroneous initial distribution infor-
mation. In section 4, we discuss the strategy modification
when agents are allowed to modify their strategies at an
intermediate moment without observing other populations’
trajectories. In section 5, we analysis the initial error affec-
tion on EC, EP, EA and EM. At last, we conduct simulations
and verify our conclusions. The main contributions of this
paper can be summarized as follows:

e We build a mathematic model of MPLQMEFGs under
erroneous initial distribution information, study and give
a mathematical description of EP, EA and EM.

e We compare EC, EP, EA and EM. Three all-agents-
known linear relationship between the initial error and
the deviations of EP from EC, the deviations of EA
from EC, the deviations of EM from EC are given.

« We provide two sufficient conditions for agents to
calculate their optimal strategies during re-game and
corresponding calculation methods. It is worth noting
that even if the actual mean field states of other pop-
ulations is unknown, under some conditions, an agent
can still calculate its re-game optimal strategy under
complete information.

II. MULTI-POPULATION LINEAR QUADRATIC
MEAN FIELD GAME MODEL WITH COMPLETE
INFORMATION

In this section, we introduce a MPLQMFG model where
agents in different populations are coupled by dynamics and
cost functions. We introduce the definition of EC, and give
the conclusion that EC is consistent with the mean field
equilibrium with complete information.

A. Dynamics and Cost Functions

We consider a stochastic game with A populations,
{Pm,1 < m < M}, each population has N,, agents,
{Aim,1 < i < N,,}, where the dynamics of the agents
are given by the following controlled stochastic differential
equations (SDEs):

AZim (t) =[AmZim (t) + Bmtinm (t) + XM, C7 2, (t)+

Fr i, (t)dt)]dt + D dWip, (¢), (D
with terminal time 7' € (0,00) and initial conditions
Zim(0) = m,l < m < M,1 < i < N,. Where
(Tim () o<t<T, (Wim (t))o<i<T € Rdare the state and control
input of agent A;,,, 2z (t), U, (t) € R? are the mean field
state and mean field control of Py, (Wi, (t))o<i<r,1 < i <
Nip,1 < m < M are independent d-dimensional standard

Wiener processes, An, Bm,C,, Frn, Dy, are matrices on
R x R?, and B,, is invertible.
The cost function of A;,, is given by

1 T

Jm(Uim) = §E[/O [”xzm(t) - SmH?QIm + Huim(t)Hsz+
S i () = (T 2n(t) + 1) 1B 1dE + [ (T) =
SmHle + ZMl”mzm(T) — (T 2n(T) + 77m)||le]a

(2)

where we define | X7, = X7QX,vQ € R X € R%

Qrim, Q) Ry, Qrm, @)y, are positive definite matrices on

RdXd.

B. the Optimal Control of A;m

Theorem 2.1 For given (z,(t))o<i<r,1 < m <
M, the optimal control of A;, adapted to its admis-
sible control set L% (0,T;R%) is given by wn(t) =
—RBT yin (1), where 3 (t) = Elpgm (t)|Fi™], Fim =
0 (Xim(0), Wi (8),0 < s < t), pun(t) satisfies

dplm(t) = _{( (QIm + Z]M 1Qn )xzm(t)
lesm - 21\4 ) + T]m)}dt + QZm( )dWim( )7
)

pim( ) (le £ ( ) - Qfmsm - EnMZIQ%

Tpim( )
ZJV[ Qn

3)

Proof of this theorem is given in Appendix.

Note that p;, can be represented by p;n,(t) =
P, (O)xim(t) + gim(t), where P,,(t) satisfies a non-
symmetric riccati equation
— Py (t) = {(Pin(t) A + Ay Pra(t) +
— Pou(t) B Ry, By, Pn(1)

Pm( )ZQ1m+Zn:1 :;:’L’

“4)

and g;m(t) satisfies the backward stochastic differential
equation (BSDEs)

dgim(t) = 7{(AT PrnBm R, 1B7Tn)gim(t) - PmFmR;ml
Bmgm + EnM:1<PmC7?L —QunI)zn(t) — PmFmR;mlB;sz
2m(t) — QrmSm — ZM:lQ:}nT]:Ln}dt + (@im — Pim Dm)dWip,
gim(T) = —QrmSm — 27];4:1@% (fan7L(T) + )

(5)
where Ty, (t) = SN i () /Nons Gon (1) = BN G (£) /N

C. Mean Field Approximation

On the one hand, a Nash equilibrium is reached if and
only if each agent’s control is the optimal response to the
current mean field terms z,(¢),1 < m < M, on the
other hand, z,,(t) is defined as z,,(t) = ZN7 2, (1) /Ny
When N,, — oo, we have z,,(t) = E(x,,(t)), where
Zm(t) is the state of a representative agent A, of pop-
ulation m. We define y,,(t) = Zlem( t)/Nm, X(t) =

(21 (1), 2y ()T, V() = (yi (), -, y3, ()" When a

1244



Nash equilibrium is reached, conditions X(¢), Y(t) need to
satisfy are given by the following theorem

Theorem 2.2 The equilibrium mean field process
(zm)1<t<t satisfy the following equations

X A+C —(B+F)RBT (X
1(5)- {05 TIT) (5) g
X(0) = X°,

V(T) = QX(T) +v
ci ¢ .. cM A; 0 .. 0
C=1: o A= ],
cy C3 cM 0 0 An
B 0 0 R 0 0
B=1|: L R= ]
0 0 B 0 0 Ry
Fi 0 0
F = : : )
0 0 .. Fy
Qf  Qin i
Q= : : : ;
QuTh QuTH Qi
Qf QY QT 0
Q= : : : : ,Z=<y>7
Ty QT .. oY

_(le + EM 1Qn ) + QZI‘%

Q ( Im + En lQm) Q%F;Za 1<m< M,
v=- (VIT’ V],ZCI)T> _le8m+2 Zi 7’%,
v=—(v ?a DJT;[)T Um = QrmSm + En 1anm

(6)
We notice that Y(t) = P(t)X(t) + G(t), where P(t)
satisfies a non-symmetric riccati equation
—dP =P(A+C)+ A"P+Q - P(B+F)R™
P(T) =9,

BT Pdt,

)

and G(t) satisfies the backward ordinary differential equa-
tions (BODEs)

dg = —(AT —
G(T)=wn.

D. Existence and Uniqueness Condition

P(t)(B+ F)R'B)G — vdt,

(®)

In this section, we provide a sufficient condition for the
existence and uniqueness of the mean field equilibrium,
which is equivalent to (6) has a unique solution. With respect
to the affine form Y(¢) = P(t)X(t) + G(¢), (6) admits a
unique solution if and only if (7) admits a unique solution.
In accordance with Theorem 4.1 and Theorem 4.2 in [12],
we have the following proposition.

We set Q@ = Q, + 8,9 = Q, + S, where Q,, 0, are
positive matrices. We represent the fundamental solution to

A with ¢(s, t), which means ¢(s, t) is a fundamental solution
of the equation

dx = Axdt, ©))
and z(s) = ¢(s,t)x(t).

Proposition 2.1 Let ¢(s,t) be the fundamental solution
to A. Suppose that

(L4 VT|glr - €y N1+ N(S) < 2. (10)

Where || - || stands for usual Euclidean norm. Then there
exists a unique mean field equilibrium. Here,

|¢llz = sup \/II

N(S) = mafc{l 0738

T
HO-H|2 + / |6+ (s, £) 0% [|2ds
Q 3|, |Q 250 7|}

E. Equilibrium under Correct Information

When A;,, gives its strategy (uim (t))o<i<r at t = 0
according to the correct information, and conditions in
Proposition 2.1 are satisfied, we call the respective mean
field equilibrium as the equilibrium under correct information
(EC). Under this setting, agents can calculate the unique
mean field equilibrium described in (6) and their respective
optimal controls at time ¢ = 0, hence EC is consistent with
the mean field equilibrium with complete information.

III. MULTI-POPULATION LINEAR QUADRATIC
MEAN FIELD GAMES UNDER ERRONEOUS
INITIAL DISTRIBUTION INFORMATION

In this section, we consider the situation where agents
in P, obtain erroneous initial mean field states of other
populations, where each agent gives its strategy for ¢t €
[0, 7] based on the erroneous information, and then evolves
according to this control.

Based on the above discussion, we can know that each
agent gives its control corresponding to an equilibrium of its
predictions. Therefore, we consider the equilibrium in P,,’s
prediction(EPn) and the actual evolution(EA).

A. Assumptions

o The correct z,,(0), T, (0), dynamics of {A;,,1 < j <
N,,1 < n < M} and {J,(u),1 < n < M} are
accessible for A;,,,1 < N,,,1 <m < M.

e 27 (0) = 2,(0)+E7, is the initial mean field state of P,
as observed by A, 1 <i < N,,n#m,1 <n<M
with error E7, € R%.

o Att = 0, A;y, gives its strategy (wim(t))o<i<r and
evolves according to this strategy during 0 < ¢ < T

We define (2, (t))o<i<r,1 < n < M as the mean field

m

trajectory of P,, predicted by A;p,.

1245



B. the Strategy of Aim

Theorem 3.1 For given (2% (t))o<t<T, (Um(t))o<t<Ts
1 < m < M, the control of A;,, adapted to Lﬁﬁm (0,T; RY
0
is given by wim = —R;'Blyim. where yin(t) =
E[pim (t)|FE™], and pipn(t) satisfies
dpim (t) = —{ (AL pim (t) + (Qrm + SAL, Q1 )i () —

Qrimsm — SpL1 Q@ (T2 () + ) Yt + iy (8)dWin (1),
pz_m(T) = (le + Zyle?n)xlm(T) - Q[mgm - EanlQTrZ,
Iz (T) + 153,),

(11

Proof of this theorem is similar to Theorem 2.1.
Theorem 3.2 For given (z),(t))o<i<t, (m(t))o<t<T,

1 <m < M, the optimal trajectory of A;,, in the prediction
of A, is given by

dzim (t) = {AmZim (t) — B Ry B i () + M C7

20 (t) — Ep Ry B ym (8) }dt + DpydWip (t),

Tim (O) = Z,O

m)

dpin (t) = —{(Appim (1) + (Qrm + SLi Q)i (£)—
QrmSm — Eiwule?n(F?nZ::L(t) + U:Ln,)}dt + Qim(t)dwimv
pim(T) = (le + ZanlQZz)xim(T) — QrmSm—
S @ (Truzm (T) +173,),

(12)

where ¥y, (t) = —(BL) " Ry i, (t).

C. Mean Field Approximation

When N,, — 00,1 < m < M, by taking expectations on
ul, (t) and z2, (t), and requiring 2/ (t) = E(z?,(t)), an(t) =
E(up(t)),1 < m < M, where z},(t), ul’,(t) are the state
and control of a representative agent .4,, of P,, in the
prediction of agents in P,,, respectively. We have

Theorem 3.3 The equilibrium mean field states

(27")1<t<7 and mean field control (4} )1<;<7 in EPn satisfy

the following equations
X\ _ [(A+C —(B+F)RBT\ (X, B
X (0) = Xr?’

Vu(T) = QX (T) + 7,
13)

where ym(t) = —(BI)'Rnan(t), () =
(LT, e 2 (OT)T, V(t) = AT, g ()T

We notice that Y, (t) = P(t)X,(t) + G(t), where P(t)
satisfies the non-symmetric riccati equation (7) and G(t)
satisfies the BODE:s (8). For an agent A, by solving the two
known equations, it can get (X, (¢))o<t<r and (yn(t))o<i<r
, and solve (12) to calculate its optimal control wy, (t).

Since the unique existence condition for the equilibrium
given in section 2 is solely depends on the coefficients of the
mean field game model and is not related to X, (0), if the
condition in Proposition 2.1 is satisfied, there exists a unique
EPn(n = 1,2, ..., M).

D. Actual Trajectories

Agents in P, calculate their optimal control based
on EPn, so that the mean field control (@, (t))o<i<r
in EPn is consistent with the actual mean field control
(}(t))o<t<7- Then the actual mean field trajectories
(22 (t))o<t<r, 1 <n < M satisfy

dzi (t) ={Anz{(t) — BB, ' BIyi (t) + Sal Oz (t)
— Fo R, " BLyi ()},

2 (0) =2,(0),
(14)

where y2(t) = —(BI) 'R, u2(t) = y"(t). That is, agents
in P, evolve according to their optimal controls based on
EPn. When z{!(t),k # n are different from those in EPn,
zA(t) will be different from 27 (t).

n

IV. STRATEGY MODIFICATION

In this section, we allow each agent in P, to obtain its
actual mean field trajectory (z7(t))o<i<t, and its own state
at time to, and modify their control for ¢ € [tg, T]. We call
this actual equilibrium with strategy modification as EM.

A. Information obtained by P, at ty

In this subsection, we discuss what information can be ob-
tained by P,, from the analysis of (27 (t))o<¢<t,. According
to (14), we have

dzA(t)

SOk (r) = 22

— Az (1) +(Bo+Fo) Ry BTy (1),

where y/A(t) = y7(t) is known by P,, t € [0, o).
So (2L, Gzt (1))o<t<t, and () (t))o<i<t, can be ob-
tained by P, at %g.

B. Strategy Modification when Re-Game at t

Let’s assume that all agents look back at the mean field
trajectory of their own population at time ¢y and decide their
control for ¢ € [to,T], and all agents know this rule.

Obviously, when the actual mean field states X4(ty) =
(28 (t0), 25 (to), ..., 23 (to)) are available for all agents at
time tp, agents can compute their actual optimal controls,
modify their strategies and generate a new equilibrium.
According to section 2, The new equilibrium is given by

the following equations
x4 A+C —(B+F)R1BT (x4
((5a) = {1 I Ga) o
X4(to) = X% (to),
YAT) = Qx(T) + 7,
5)

where YA (t) = P(t)XA(t) + G(t), P(t) satisfies the non-
symmetric riccati equation (7) and G(t) satisfies (8).
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C. Sufficient Conditions for EM

When the existence and uniqueness condition in Proposi-
tion 2.1 is satisfied, We give two sufficient conditions for
agents to compute their optimal controls and inform the
above equilibrium.

Theorem 4.1 When M = 2 and C%, C3 is invertible, the
actual re-game mean field trajectories are consistent with that
in the equilibrium described in (15), and all agents take their
optimal controls.

Proof:
For Pn, Cmz2 (tg) + Cz2M(t) and 22 (t ) is available,
where n = 1,2. Since C™ is invertible, z/(¢y) can be

calculated by P,,. So the actual mean field states X4 (tg) is
available for P,,, and the actual re-game mean field trajecto-
ries are consistent with that in the equilibrium described in
(15), which means agents can compute the actual equilibrium
and their optimal controls.[J
Theorem 4.2 When A+C— (B+F)R™'BTP(t) = v(t)1,
where I is an identity matrix and v(t) is a scalar function,
the actual re-game mean field trajectories are consistent with
that in the equilibrium described in (15), and all agents take
their optimal controls.
Proof:
Set C,, = (CLT...,CMTYT 1 < n < M, then according
to (15) and Y4(t) = P(t)XA(t) + G(t), we have
dCTxA(t) = CT(A+C— (B+ F)R'BTP(t)x4(t)
—CT(B+ F)YR'BTP(t)G(t)dt,
Cr X4(to) = C X% (to).
Since A+C—(B+F)RBTP(t) =
as
ACT XA(E) =u(t)CLXA(H) -
CT x4 (tg) =CT x4 (to).
As CF XA( to) = XM CkzA(ty) is available to P,
(=M 1Ok 2(t))1,<t<T can be solved from above equations.
Set Crp, = (I},.,IMT 1 < n < M, wherel™ =
OnmILaxd, then we have
dCT, X (t) = v(t)CL, X (t) —
Ol (to) = CF, X% (to)-
As CF XA (tg) = 2/ (to) is available to Py, (221(t))s,<t<T
can be solved from above equations, and (y2(t))i,<t<T
can be solved from (14), where (P, (t))i,<it<r can be
solved from (4), (g, (t))s,<t<T can be solved from y;}(t) =
Pp(t)z (t) + gn(t).
Then for agent Aj;,,, according to Theorem 3.2, its optimal
control and trajectory predicted at time t; satisfy
dl‘jn(t) = {Anx]n(t) - BnRnggyjn(t) +
Zin(to) = 2jn(to),
dpjn(t) = —{(A pjn(t) + )+ L1Qn)wn(t)—
Qi — AL QAT (1) 1 1) Y + g0 (1)W1

it
pj’ﬂ( ) (QIn"‘E —1 k)‘rzn( ) ansn
S QN (Tyzn(T )+77k)

v(t)I, it can be rewrite

cr(B+ AR BT PGdt,

ct (B+ F)YR™ BT PGdt,

M k
Zlc:lc’n

(QIn + E

Since (2 (t))to<e<r, (SL, Cn 2t () )t<e<r, T (to) are
available for Aj;,,, (1, (t))i,<i<7 can be solved from above
equations, which means each agent can calculate its optimal
control under the equilibrium in (15), so this equilibrium is
the actual equilibrium.

Above all, the actual re-game mean field trajectories are
consistent with that in the equilibrium described in (15), and
all agents take their optimal controls.[]

V. INITTIAL ERROR AFFECTIONS

In this section, we discuss the initial error affection on
EPn, EA, EM and the affection of re-game time ¢;. We set
P,,’s initial error as &, = X, (0) — &X°.

A. The Deviations of EPn from EC

According to (6) and (13), for the deviation of the
equilibrium in the prediction of P,(EPn) and that under
correct information(EC), XZ(t) = X, (t) — X(t), VE(t) =
Vo(t) = V), VE#) = P(t)XE(t), we have

dXE(t) = (A+C— (B+F)R'BTP(t)xE (t)dt, 6
xF0) =¢,.
We set H(t) = A+C— (B+F)R™1BTP(t), then a basis

solution matrix ®(¢) of (16) can be solved according to H (¢).
Since (H(t))o<i<T can be calculated without knowing the
information of initial states, we have the following theorem

Theorem 5.1 (X2 (t))o<i<7 has a linear relationship with
&n, and this linear relationship can be computed by all agents
without knowing &,,, which is

X2(t) = ®(t)B(0) &, (17)

B. The Deviations of EA from EC

Consider the deviation @?(t) = () — uS(t), where
(uf (t))o<t<r is the mean field control of P, in EC.
Let UF(t) = (_1E(t)T ‘ME() )T, where umE(t) =

a™(t) — uS (t) and a2 (t) = a"®(t), then we haven

UE@t) = —R7'BTP(t)®(t)®(0)71&,. (18)
Let AXA(t) = (AT, .., Azb()D)T, Azl () =
2A(t) — 29 (t), we have
dAXA =(A+C)AXA — (B + F)Bo(t)Edt

AX4 =0
where & = (&F,...E1)T, Cr, = (I}, .., IMHT I =
5nmId><d,

Mi(t) .. 0
Bo(t) = : : : :
0 .. My
M (t) = CL R™IBTP(t)®(t)®(0)~ .

The above equation corresponds a homogeneous linear equa-
tion

dAX? =(A+C)AXAdL.
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Define @4 (t) as a basis solution of this equation, then ®1 (¢)
can be solved according to H;(t) = A+C. Using the method
of variation of parameters, we have the following theorem

Theorem 5.2 (AXA(t))o<i<7 has a linear relationship
with &, and this linear relationship can be computed by all
agents without knowing &, which is

AXA(t) = M(t)E,

M(t) = =1 (t) /Ot‘Pll(S)(B—i-]:)Bo(s)ds. (19

C. The Deviations of EM from EC

Represent the mean field trajectories under EM as
XMty = (F@),..., 21, (t)T, the deviation of EM from
EC as AXM = (Azf'(t), ..., A2T,(t)). According to (15),

dAXM(t) = (A+C — (B+F)R'BTP(t)AxXM(t)dt,
AXM(0) = M(tg)€E.

Then according to theorem 5.1 and theorem 5.2, we have the
following conclusion

Theorem 5.3 (AX™M (t)),,<;<r has a linear relationship
with &, and this linear relationship can be computed by all
agents without knowing &£, which is

AXM(t) = B(t)D(tg) " M(to)E. (20)

D. The Affection of Re-Game Time ty on EM

Consider the situation where ¢y — 0. Applying the con-
tinuity of P(t), ®1(¢) and ®(¢t), we have limy, o M(tg) =
0. Then applying the conclusion of theorem 5.3 and the
boundedness of ®;(¢) over interval ¢ € [0, T], we have
lim AXM(t) =0, lim EM = EC.

to—0

to—0

VI. SIMULATIONS

A. Model Formulations

We set M = 2, Ny = Ny = 100, two populations P;
get 21 (0), 22(0), P2 get 21(0), 22(0) and coefficients of the
model at ¢ = 0, where 2 (0),23(0) are correct initial mean
field states , while 27(0), 23 (0) are wrong mean field states
of P; and P», respectively.

We consider the scenario of opinion evolution[21], [22].
Let’s assume that a community consists of two sub-
communities P; and P,. Each agent A;;,, 1 <i < N,,,1 <
m < M has a two-dimensional state, which represents
satisfaction with event 1 and event 2, respectively, and
its evolution is influenced by the average opinion of the
whole community. Let z;,,,(t) = (1 (t), 22, ()T, we use
22 (t)/(xl ,(t)+x3, (t)) to represent A, s opinion inclina-
tion on the 2nd event. Agents in different sub-communities
have different ideal opinions s;, s and initial mean field
states z1(0), z2(0). The initial distribution of P, is a normal
distribution with z,,(0) as the expectation and 0.00115x2 as
the covariance matrix.

08 .
~—— Population 1 ol Population 1
oz ——Population 2 & —— Population 2
= S 08
5 os g
X Rorr -

05 Py =

o o1 02 03 04 05 08 07 08
Satisfaction on the 1-st Event

Fig. 1. Opinion evolution under correct information.
\ Population 2

o o1 02 03 04 05 0o 005 01 015
Satisfaction on the 1-st Event time

Fig. 2. Opinion evolution in population 1’s prediction.

The dynamics and cost functions of A;,, is given by (1)
and (2), where

C" = 051252, A = —Ioxa, By = Fyy = 051552,
Dy = 0.01V0.115x2, Ry = oo,

le = I2><2 = levQ?n = I2><2 = Qnma

I = Lyxo =10 mi = 0=, 2(0) = (0.1,0.7)",
2(0) = (0.7,0.1)7, sy = (1,0)", 55 = (0, 1)7".

At t = 0, agents in sub-community P, get the correct
mean field state z,,(0) of their own sub-community and
the erroneous mean field state z7(0) of the other sub-
community, and give their strategies (w;m, (t))o<i<r,1 < i <
N,, for t € [0, 7).

B. EC, EPn, EA, EM Situations

Let 22(0) = (0.4,0.4)T, 22(0) = (0.4,0.4)T. We simulate
opinion evolutions in EC, EP1, EP2, EA, EM. The evolu-
tionary of satisfaction on two events and opinion inclination
are shown in Fig.1, Fig.2, Fig.3, Fig.4, Fig.5, respectively.
The color ranges from blue to yellow, corresponding to the
time from 0 to 7.

It can be seen that the wrong initial mean field states of
the other population leads to a significant difference among
EC, EP1, EP2, EA and EM. We compare the average opinion
inclinations under these situations in Fig.6.

C. Deviations

We set 22(0) — 22(0) = k(—0.1,0.1)T, 23(0) — 21(0) =
k(0.1,—0.1)%, then XE(0) = k(0,0,-0.1,0.1)T, XF(0) =
k(0.1,—0.1,0,0)”. We compare the deviations X (t) with
different £ in Fig.7. The deviations between EC and EA,
the deviations between EC and EM with different k£ are
compared in Fig.8. It can be shown that the deviations have
a linear relationship with %, which verifies the conclusions
mentioned in Section 5.
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Fig. 3. Opinion evolution in population 2’s prediction.
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Fig. 4. Actual opinion evolution.
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Fig. 5. Actual opinion evolution when re-game at tg = 0.045.
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Fig. 6. Average opinion inclinations in different situations.

The deviations between EC and EM with different ¢, and
the average opinion inclinations with and without re-game
are shown in Fig.9. It can be seen that agents change their
strategies at t(, and the average opinion inclinations have an
obvious deviation from that without re-game. The deviations
have a linear relationship with k, and tend to disappear as
to decreases, which verifies the conclusions mentioned in
Section 5.

o [ Event k=4 Event 2, k=4 Event 1, k=4 Event 2, k=4
- - - Event1,k=3 - - - -Event 2, k=3 06 - - = Event1,k=3 - - - Event 2, k=3
Event 1 Event 2, k=2 Event 1, k=2 Event 2, k=2
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== Event 1, k=1 === Event 2, k=1 04

=~ Event 1, k=1 === Event2, k-

005

Satisfaction
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Fig. 7. From left to right, above figures show the deviations between the
average opinion of population 1 under EP1 and that under EC, the deviations
between the average opinion of population 2 under EP1 and that under EC.
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Fig. 8. From left to right, above figures show the deviations between EA

and EC, EM and EC.
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Fig. 9. From left to right, above figures show the opinion evolution with
re-game at tgp = 0.045 and the deviations between EM an EC with different
k.

D. Results

In this section, we simulate a two-population MFG under
the influence of erroneous initial mean field states informa-
tion in the opinion evolution scenario. First, we simulate the
opinion evolution under erroneous initial mean field states
information.Then we compare EP1, EP2, EC, EM and EM,
and verify the linear relationship between deviations and
initial error mentioned in section 5. Finally, we simulate the
opinion evolution with re-game at ¢ty = 0.045, compare it to
that without re-game, and compare the deviations between
EM and EC with different ¢y, observing a clear difference
between the two situations and the affection of re-game time.

VII. CONCLUSIONS

We discuss the initial error affection and strategy modi-
fication in MPLQMFGs under erroneous initial distribution
information are investigated. Our work presents a method of
inferring unknown information using known partial informa-
tion and use it to find optimal controls in MPLQMFGs. In
future work, we will consider more general mean field games
and more situations of erroneous parameters, as well as
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situations where different populations modify their strategies
at different moment and for many times.

APPENDIX

Proof of Theorem 2.1: Consider a perturbation of the
optimal control w;p, (t) = Ui (t) + 0@ (L), then we have
Tim () = Zim (t) + 0Z i (t). Tim (t) satisfies

dZim (t) = [Am‘%im (t) + B, Uim (t)]dt 21

According to Euler condition, the optimal control i, (t)
satisfies

o — (@i (t) + 01 (1))

|9:0

. do
~E{ / T (6)Q@rm (i (£) — $m) + G0 () Runiiam (£) +

S i1 @i ()Qn (Eim () — (T 2n (8) + miy))dt + 25, (T)
le(ﬂéim(T) - gm) + Erﬂf:ljim(T)QZz(iim(T)_
(Thzn(T) + 1))}
Then
AP, ()i () = AP (1)) Zim () + Diy ()T i (1))
= (& (O)Qrm (Tim () = $m) — Ui, (t) By pimm () +
Sni1 Z i (@0 (Tim () — (T2 () + i) dt

When 6 = 0, Zim(t) = Tim(t), Gim(t) = wim(t). By
integrating on [0,7] and taking expectation on both sides
of the above equation

E| / (O BEE o ()1 FF™] 4 T (1) Ryt (1] = 0.

Due to the arbitrariness of @l (t), we get wi,(t) =
—R.BLE[pim ()| ™). O
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