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Convergence of Recursive Least Squares Based Input/Output System
Identification with Model Order Mismatch

Brian Lai and Dennis S. Bernstein

Abstract— Discrete-time input/output models, also called in-
finite impulse response (IIR) models or autoregressive moving
average (ARMA) models, are useful for online identification as
they can be efficiently updated using recursive least squares
(RLS) as new data is collected. Several works have studied the
convergence of the input/output model coefficients identified
using RLS under the assumption that the order of the identified
model is the same as that of the true system. However, the case
of model order mismatch is not as well addressed. This work
begins by introducing the notion of equivalence of input/output
models of different orders. Next, this work analyzes online
identification of input/output models in the case where the order
of the identified model is higher than that of the true system. It
is shown that, given persistently exciting data, the higher-order
identified model converges to the model equivalent to the true
system that minimizes the regularization term of RLS.

I. INTRODUCTION

Least squares based methods are fundamental and widely
used in identification, signal processing, and control [1], [2].
One useful application is online identification of a linear
model for adaptive control [3, ch. 3]. A particular model
structure that lends itself to online identification is a discrete-
time input/output model [4], also called an infinite-impulse-
response (IIR) model [S] or autoregressive moving-average
(ARMA) model [3, p. 32]. An advantage of discrete-time
input/output models is they can be efficiently updated in real
time as new data is collected [3, ch. 3.2]. Note that in the
single-input-single-output (SISO) case, the coefficients of a
discrete-time input/output model directly give the discrete-
time transfer function. However, the multi-input-multi-output
(MIMO) case is considerably more complex [4], [6] and
converting between input/output models and other linear
model structures is nontrivial [7]. As such, it is beneficial to
directly study the online identification of MIMO input/output
models without converting to another model structure.

This paper focuses on the online identification of in-
put/output models using recursive least squares (RLS), which
has been used in adaptive model predictive control [8] and
retrospective cost adaptive control [9] with various applica-
tions [10]-[12]. While related works have discussed conver-
gence of model coefficients when identifying input/output
models using RLS [3, ch. 3.4], [13], these results assume
the order of the true model is known. A natural question is
whether similar guarantees can be made if the order of the
identified model and true system do not match. This work
will show that if the order of the identified model is higher
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than order of the true model, then the regressor of RLS is
not persistently exciting, and hence standard convergence
guarantees of RLS [3], [14], [15] do not apply. The main
contribution of this work is developing new analysis of the
case where the order of the identified input/output model is
higher than that of the true input/output system.

This paper is organized as follows. Section II introduces
discrete-time input/output models and a useful output tran-
sition equation. Next, Section III introduces the notion of
equivalence of input/output models as models giving the
same outputs under the same inputs and initial conditions.
It is shown that a necessary and sufficient condition for
equivalence can be written as a linear equation of the
model coefficients. This section also introduces the notion
of reducibility as the existence of a lower-order, equivalent
input/output model. Finally, section IV discusses the online
identification of input/output models using RLS. It is first
shown that, in the case where the order of the identified
model is the same as that of the true system, persistent
excitation conditions guarantee global asymptotic stability
of the coefficient estimation error. Next, in the case where
the order of the identified model is higher than that of the
true system, conditions are given under which the identified
model converges to the higher-order model equivalent to the
true system that minimizes the regularization term of RLS.

II. INPUT/OUTPUT MODELING

Let kg € N be the initial time step and let n > 0 be
the model order. Consider the input/output model where, for
all £ > ko, up, € R™ is the input, Yy, ..., Yko+n—1 € R
are the initial conditions and, for all & > kg, the output
Yr+n € RP is given by

n n
Yk+n — — Z Fiyk'+n—i + Z Giuk+n—ia (1)
i=1 1=0

where Fi,...,F, € RP*P and Gy,...,G, € RP*™ are
the input/output model coefficients. It follows that, for all
k > ko,

Yk4n = *‘Fnyk',n + gnuk,ru (2)

where F,, € RP*P" )y € RP?, G, € RP*™( 1) and
Uy € R™(n+1) are defined as

Yk+n—1
yk,n £ ) (3)
Yk

Jrné[Fl Fn]v
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Uk4n
Gn] ) uk,n £ . (4)

Uk

gn = [GO

Proposition 1 shows that, for all k¥ > kg and ;7 > 0,
Yk+n+; Can be written as a linear combination of the inputs
Uk, - -+, Uk+ntj—1 and the n outputs yi,...,Yrtn—1. We
call this the output transition equation.

Proposition 1. Let kg € N. For all k > ko, let up, € R™, let
Ykos - - - s Yko+n—1 € RP, and, for all k > ko, let yj4, € RP
be given by (1). Then, for all k > ko and j > 0,

Yk4+ntj = *Fn,jyk,n + gn,j“k,n—‘—jy (5)

where Fr0 £ Fry Gno = G, and, for all j > 1, Fnj €
RPXP™ and G,, ; € RP*™(+1%9) are defined

mm{] n}
Fnj £ 8(Fno:J ZFf g 6)
mm{j;n}
gn,j £ [gn,O Opxjm] - ZFL [Opxim gn,jfi] ) (7)
=1

and where S(Fp0,j) € RP*P" s the j step shift of Fy o,
defined as

S(Fuo:d) 2 {[Fj“ B O] J<n=t,
Opxnp ] Z n.
Proof. Proof follows by strong induction on j > 0. Note
that for all £ > kg and j = 0, (5) simplifies to (2). Next,
let £ > ko, let 7 > 1 and suppose that, for all j <j-—-1,
(5) holds. Note that by (1), Yx4n+; can be written as
Yrtnti = = 2oimy Filflntj—i + 2 img Gillintj—i- Next,
for all 1 <4 < min{j,n}, it follows that 0 < j —i <j—1
and by inductive hypothesis, Yiintj—; can be written

aS Yktntj—i = —Fnj—iYen + Onj—illontj—i =

~Fnj—iVkm + [Opxim Gn,j—i| Uentj. Furthermore,
n

note that 3% Gitthantj—i = [Gno Opxjm]| Unnts-

Hence, Yp4n4; can be written as Ypip—j =

Z?:il{]’n} Fi (Fuj—iYen — [Opxim  Gnj—i] Unmsj) —

?:min{j,n}qu FiykJrnJrjfi + gn,O Opxjm] Z/{k,nJrj-
Noting that Z?:min{j,n}+1 Fiykintj—i = S(Fn,0,)Ven
and combining terms yields (5). O

III. EQUIVALENCE AND REDUCIBILITY OF
INPUT/OUTPUT MODELS

Consider an input/output model of order n > n where, for
all k£ > kg, ur, € R™ is the input, :'ka R ’gk0+ﬁ71 € RP
are the initial conditions and, for all £ > ko, the output
Ur+n € RP is given by

Jken =— Y Fiikrn—i + Y Gittepai, ()

where Fy,. .., Fy € RP*P and Gy, .. .7éﬁ € RP*™ are the
input/output model coefficients. Definition 1 defines models
(1) and (8) as equivalent if they give the same outputs under
the same inputs and initial conditions.

Definition 1. Let kg € N. Consider input/output model (1)
with order n and and input/output Model (8) with order n >
n. For all k > kg, let up, € R™ be arbitrary. For all ky <
k < ko+n—1, let yp € RP be arbitrary and, for all
k > ko +n, let y € RP be given by (1). Next, for all
ko <k < ko+n—1, let §. = yi and, for all k > ko +n, let
Ui € R? be given by (8). Models (1) and (8) are equivalent
if, for all k > ko + i, 9 = yp.

Proposition 2 shows that two input/output models of the
same order are equivalent if and only if they have the same
model coefficients.

Proposition 2. Consider input/output models (1) and (8)
with the same order . = n. Models (1) and (8) are equivalent
lfandonlylfGofGoandforalll<z<nF F; and
G =G,

Proof. Proof of necessity follow immediately. To prove suffi-
ciency, let kg € N. First consider that there exists 0 <7 < n
such that G; # ;. Then, there exists u € R™ such that
Giu # G,u. Next, consider yr, = -+ = Ypg+n—1 = 0,
for all & > ko such that k # kQ +n—1, u, = 0, and
Ukg+n—i = U. Then, Jr,4n = GiU, Yro+n = Giu, and
Ukotn 7 Ykotn- R
Next, consider that there exists 1 < ¢ < n such that F; #
F;. Similarly, there exists y € RP such that Fzy #+ Fy.
Hence, if, for all kg < k < kg+n—1, k # ko +n — 14,
yr = 0, Ykotn—i = Ys and, for all £k > kg, up = 0, then
gko-ﬁ-n = Fly’ Yko+n = Fiy» and yko-HI 7& Yko+n- Thus, (1)
and (8) are not equivalent and sufficiency is proven. [

We next consider the equivalence of input/output models
of different orders. Note that, for all k£ > ko,

Uhrn = —Fadkn + Gally 4, &)

where Uy, € R™"+D is defined in (4) and F;, € RP*P™,
Ven € RP? and G € Rp*m(7+1) are defined as

Uktn—1
- A .
Vea = : )

Yk

Fa (10)

>
—
ol

Fﬁ}v

G 2 [Go Gal - (11)
Theorem 1 gives necessary and sufficient conditions for the
equivalence of input/output models of different orders. We

begin with two useful Lemmas.

Lemma 1. Let kg € N. Consider input/output model (1) with
order n and and input/output Model (8) with order n > n.
For all k > kg, let up, € R™, for all ko < k < ko+n —1,
let yi. € RP, and, for all k > kg + n, let yi, € RP be given
by (1). Let k* > kg and, for all kg < k < k* +n —1, let
Uk = Yk Finally, let §i~1n € RP be given by (8). Then,
Ur=+7 can be expressed as

gk*+ﬁ = - An,fz—nyk*,n + Gn,ﬁ—7Luk*,fzv (12)
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where Fon_n € RP*P" and Gy oy € RPX™AHD gre
defined

Frin 2 [Faona Fil =Y EFupni (13)

i=1
gAn,ﬁfn £ gﬁ - Z Fz [Opxzm gn,’ﬁ—n—i} . (14)
i=1

Proof. Let kg € N and let k* > ko. By (8), it follows that
Yretn = — it (Fiyre1n—i) = 2 ii—ngt (Fillea—i) +
Q;LZA/{kﬁﬁ. Note that the second term can be written as
Z?:ﬁ_n_H Fiyp+a—i = [Fﬁ—n+1 Fﬁ] yk*,n- Next,
for all 1 < ¢4 < n —mn, note that n — n — ¢ > 0 and
Proposition 1 (with & = k* and j = n — n — ¢) implies
that yp=1n—i = —Fni—n—iVi* n + On,in—n—ildi= s—;. Sub-
stituting these two equations into the expression for i+,
it follows that gg~yn = — [F;,,_nH Fﬁ] Vix . +
Gallir i — iy Fi(=Fnivmn—iVix n + Gnop—n—illir i—i).

Finally, note that, for all 1 < ¢ < 7 — n,
Gniv—n—illi= i—i = [Opxim  Gn,i—n—i| Up» . Combining
the previous two equations and simplifying yields (12). [

Lemma 2. For all n > n,

[~Fonien Gni-n] = [-Fa Ga] Mna, (15
where M, ; € RprtmtD)xpntm(atl) s dofined
. M, M7, (M}, M2 ]
Mn,ﬁ = Ipn Oanm(ﬁ—i—l) = I ;_ (A+71) )
Om(fz—&-l)xpn Im(ﬁ+1) premmAn
(16)

where M}Ln e Re(A=—m)xpn gpg Mzﬁ e Rr(A—n)xm(n+1)
are defined ’

_-Fn,ﬁfnfl [Opxm gn,ﬁfnfl]
_}—n,ﬁfn72 [OpXQm gn,'fL—n—Z
71 n £ : ) M72L n = :
_]:n,l [Opx(ﬁfnfl)m gn,l]
—J™n,0 [Opx(ﬁ—n)m gn,O]
A7)

P{oof. First, note that it follows from (13) that ﬁn,ﬁ,n =

[Fant1 F)-[A Fy_p] M} ;. Next, it fol-
lows from (14) that g}m_n =Gn— [ﬁ'l Fﬁ_n] Mfm
Combining these two expressions yields (15). O

Theorem 1. Consider input/output model (1) with order n
and input/output model (8) with order n > n. Models (1)
and (8) are equivalent if and only if

]:—n,ﬁfn = ]:n,ﬁffru gAngfon = gn,ﬁfn; (]8)
which holds if and only if
[~Fa Gal Mui=[-Fonn Gnanl. (19

Proof. 1t follows from Lemma 2 that (18) and (19) are
equivalent. Hence, it suffices to show that Models (1) and (8)
are equivalent if and only if (18) holds. To prove sufficiency,
assume models (1) and (8) are equivalent and let kg € N.

Then, it follows from Definition 1 that, for all YV, , € RP"
and Uy, » € R gy 1o = Gryen holds, where, for
all kg +n < k < ko +n, yp € RP is given by (1),
for all kg < k < kg +n —1, gy = yr, and where
Ur+n € RP is given by (8). It follows from Proposition 1
and Lemma 1 that Yk+n = _fn,ﬁfnyk,n + gn,ﬁfnuk,na
and :gk+ﬁ = - An,ﬁfnyk,n + gAn,ﬁfnZ/{k,na Since yk,n and
Uy 5, are chosen arbitrarily and yx14 = k4, (18) follows.

To prove necessity, assume that (19) holds, let ky € N.
For all k > ko, let up, € R™ be arbitrary, for all kg < k <
ko+n —1, let y; € R? be arbitrary and, for all k¥ > kg +n,
let y; € RP be given by (1). Furthermore, for all kg < k <
ko+ 7 —1, let g5 = yx and, for all & > kg + 1, let g, € RP
be given by (8). We now show by strong induction that, for
all k* > ko, k*+s = Yk*+n. First, consider the base case
k* = kq. It follows from (5) of Proposition 1 (with k = kg
andj = 7ﬁlfn) that Yko+n = *-Fn,ﬁ—nykg,n +gn,ﬁ—nukg,ﬁ-
Moreover, since by assumption, for all kg < k < kg+n—1,
Uk = Y, it follows from (12) of Lemma 1 (with £* = ko)
that ykoﬁ-ﬁ = _]:n,ﬁ—nykto,n + gn,ﬁ—nuko,ﬁ' FinaHY» (13)
implies that yx,+n = Jko+-

Next, let £* > ko + 1 and assume for inductive hypothesis
that, for all kg < k < k™ — 1, Yx+i = Yr+n- It follows
from (5) of Proposition 1 (with £k = k* and j = n — n)
that yp+ys = —Fn.a—nVi*.n + On,a—nli+ ». Moreover, it
follows from inductive hypothesis and (12) of Lemma 1
that Jr- 44 = —FnanVin + Gnanlli- 7. Finally, (18)
implies that yg«44 = Yg++n. Thus, by strong induction, for
all * > ko, Ur*4+i = Yk*+n, and models (1) and (8) are
equivalent. O

Definition 2 defines an input/output model as reducible if
there exists an equivalent input/output model of lower-order,
and irreducible otherwise. Theorem 2 provides necessary and
sufficient conditions for reducibility of input/output models.

Definition 2. Consider input/output model (8) with order .
The input/output model (8) is reducible if there exists an
input/output model (1) with order n < n — 1 such that (1)
and (8) are equivalent. Otherwise, input/output model (8) is
irreducible.

Theorem 2. The input/output model (8) is reducible if and
only if there exists I} € RP*P such that
(Fy — F1)Fy_y = Fj,

(Fy — F1)Ga1 = Gy,

(20)
2D
where Gy £ G’g and, forall2 <i<n—land1 < j <n-—1,
Fi2=F,—(Fi - F)F 1, (22)
G; 2 =G~ (Fy — F)Gj_1. (23)

Moreover, if there exists I, € RP*P satisfying (20) and (21),
then input/output model (1) with coefficients F1, ..., Fy_1
and Gy, ...,Gx_1 defined by (22) and (23) is equivalent to
input/output model (8).

Proof. To begin, if input/output model (1) with order n <
n—1 is equivalent to input/output model (8), then there exists
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an input/output model with order n — 1 that is equivalent
to (8), namely a model with the coefficients Fy,..., F),,
Go,...,Gp, and F; = 0,5, and G; = Opx,, for all
n+1 < ¢ < n — 1. Hence, input/output model (8), with
order 7 is reducible if and only if there exists an equivalent
input/output model (1) with order n =n — 1.

Next, it follows from Theorem 1 that model (1) with order
n = n — 1 and model (8) with order n are equivalent if
andonlyifﬁn 1,1 = Fa—1, and C;n 1,1 = Ga—1,1. More-
over, it follows from (6) (13), (7) and (14), respectively,

that]—'nll—[Fg F3 ] Fl]:n 1, Fam11 =
—FFpa+ B B Faci Opxpls Gam11 = =Gn—

I3 [Opxm  Ga-1], and Gi_11 = —Fy [Opxm gn—l]

[Gii—1  Opxm| - Rearranging terms, it follows that F,_1,1 =
Fn-11 holds if and only if (Fy — F1)Fp_1 =
[Fz - Fﬁ—l —Fh Fn] , and Qﬁ—l,l = gﬁ—l,l
holds if and only if (Fy — Fi)[Opxm Ga-1] =
[G’O — Gy Gi1— G én] . These two expres-

sion can be expanded as (20), (21), @0 = Gy, and, for all
2<i<n—1land 1<j5<n—1,(22) and (23). O

IV. ONLINE IDENTIFICATION OF INPUT/OUTPUT
MODELS USING RECURSIVE LEAST SQUARES

Next, we discuss the online identification of input/output
models using recursive least squares. We consider in-
put/output model (1) of order n to be the true system. We
define 0,, e € RP*PREM(NFL) g

gn,true £ [Fl Fn C;(O Gn] = []:n gn] .
24
It follows from (2) that, for all k£ > 0, y; € RP is given by
Yk = en,true(bn,ka (25)

where, for all k > 0 and n > 0, ¢, € RPPH™(H1) g
defined as

T
_ygfn u%“ Ugfn}
}T

A T
¢n,k‘ = [_ykfl
T T
= [yk—n,n Z/[k—nJL

The objective of online identification is to identify the
coefficients an input/output model (8) of order n using
measurements of the inputs wg and outputs y; generated
from (1). This can be accomplished by minimizing the cost
function Jj, 5 : RP*P+m(i+l) o R defined as

(26)

+tr [(éﬁ - 9@,0)3{3(% - Oﬁ,o)T] , (@D

where 0 € RPXpitm(i+1) are the coefficients to be identi-
fied, defined as

05 2 [y F, Go Gyl =[Fa Ga]. (28)
where the residual error function zj j : : Rpxpatm(atl) _y
RP is defined as

2 k(02) 2y, — 0adi k., (29)

where ¢4 € RPPTHD) s defined in (26), and where
05,0 € RP>*Ptm(+l) g an initial guess of the coefficients
and P, € R atpm@tDIxpatpm(a+)] i the positive-
definite regularization matrix. The following algorithm from
[8] uses recursive least squares to minimize J; k.

Proposition 3. For all k > —n, let up € R™, y, € RP.
Furthermore, let 050 € RPXPA+m(AD) gud Jep Py €
R[””+m("+1)]x[p"+m(”+1)] be positive definite. Then, for all
k >0, Jax, defined in (27), has a unique global minimizer,
denoted

Okir 2 argmin  Ji(6s). (30)
G, €RPX A (m+p)+m
which, for all k > 1, is given by
Oi s = VokPa s +02,0P7 0) (@ Pry + Pag) ™ (BD)
and where ®y, , € RPPHMHDXE g dofined
e b0 - (32)
Moreover, for all k > 0, §ﬁ7k+1 is given recursively as
A . AT P
Pags1 = P — ffjg:ﬁ:g:: (33)
O k1 = Ok + (Y — O Pk D Pt 1 (34)
Proof. See [8] and [16]. O

In practice, the recursive formulation (34) is used to update
the coefficient identification in real time as new measure-
ments are obtained. We’ve included the batch formulation
(31) to aid in subsequent analysis. It will also be beneficial
for analysis to note that using matrix inversion lemma, for
all £ > 0, (33) can be rewritten as

Prn = Paj & 6api e (35)
A. Convergence with Correct Model Order
We begin by considering the case n = n, where the

correct model order is known. In this case, the identified
coefficients 6, ;, and true model coefficients 6, ;e are the
same dimension, and it is natural to define the estimation
error Hn p € Rpxprtm(ntl) g¢

B 2 (36)

It then follows from (25), (34), and (35) that, for all £ > 0,
the estimation error dynamics can be written as

= en,k - en,true-

On 1 = én,kpf:]ipﬁ,k—&-l' 37

It then follows from (35) that, for all £ > 0,
O = 02,0P0 0 Pt = On0 P (@ri—1® oy + Prg) ™!
(38)

We now define the notions of weak persistent excitation and
persistent excitation. Note that persistent excitation implies
weak persistent excitation.

Definition 3. (¢x)7°

C RP*™ s weakly persistently excit-
ing lf hmk%oo AmlnT

Zi:o @T@} = 00. (Pk)gz, C RP™
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is persistently exciting if C £ limj,_,oc 1 Sy 0T i exists
and is positive definite.

Theorem 3 shows that weak persistent excitation is nec-
essary and sufficient conditions for the global asymptotic
stability (GAS) of the error dynamics (37). For definition of
GAS and further discussion on weak persistent excitation, see
[14]. Moreover, Theorem 3 shows that persistent excitation
implies that the convergence of én, i to zero is asymptotically
proportional to 1/k.

Theorem 3. Consider the assumptions and notation of
Proposition 3. (37) is GAS if and only of ( E,k)iio is weakly
persistently exciting. Moreover, if ((;5;57,6)}30:0 is persistently
exciting, then

lim k= 0o 0P, oCp ', (39)

k—oco

where C,, £ limpy o0 % Z?LBI qbn}k,lqbgk_l.
Proof. Note that, for all 1 < < p,
(O 41)™ = Pagr1 P (050" (40)

where é;k e RUxpndmntl) g the " row of
éﬁyk. It follows from Theorem 3 of [14] that (40)
is GAS if and only of (¢, ,)72, is weakly per-
sistently exciting. Hence, (37) is GAS if and only
of ( E,k)zio is weakly persistently exciting. Next, if
(@Tz,,k)/?o:o is persistently exciting, it follows from (38)
that limy, o0 kbp = limp o0 On 0Py o (3P k1 @) o) +

AP, 3) L =0,0P, 3 CiL O

Proposition 4 show that for (¢} )7, to be weakly
persistently exciting, it is necessary that (1) be irreducible.

Proposition 4. If (1) is reducible, then (¢, )32, is not
weakly persistently exciting.

Proof. If (1) is reducible, then there exists an equiva-
lent input/output model of order n, < mn. Lemma 3
yk—n,nr
uk—n,n
N >0, rank(zgzo bn kb ) < pne + m(n + 1). but
Z,ICV:O qbn,kqﬁk e Rprtmntl)xpntm(ntl) Therefore, for

all N > 0, Amin {ij:o qsn,kqs;k} = 0. O

Note that if (1) is reducible, then there exists an equivalent
input/output model of a lower-order which is irreducible. In
other words, (1) being reducible can be viewed as the order
of the identified model being higher than the order of the true
model. This case is addressed in the following subsection.

implies that ¢, = M, n . Hence, for all

B. Convergence with Higher Model Order

Next, we address the case 1 > n, where the identified
model order is higher than the model order of the true system.
To begin, note that a model of order 7 which is equivalent
to (1) is given by the coefficients'

eﬁ,truc = []:n Opxp(ﬁfn) Gn Opxm('fzfn):l . 41)
IThe trivial equivalent model (41) is chosen because it can be written in
terms of only the true model coefficients.

In particular, it holds that, for all £ > 0,
Y = oﬁ,true(bﬁ,k (42)

Since 7 > n, it follows from Proposition 4 that (¢} )5,
is not weakly persistently exciting. However, it is possible

that (¢, ; x)7e, is weakly persistently exciting, where, for
all k >0, ¢y, 5, € RPFMHD) g defined
T
Snik = [“Vh-nin “Ypon Uk Uy 5]
T
= Vican Uninnal 43)

By similar reasoning to Proposition 4, for (¢ . )22, to
be weakly persistently exciting, it is necessary that (1) be
irreducible. Lemma 3 shows that ¢y, = M, 50n, 4 1 Where

M, 4 is defined in (16).
Lemma 3. Forall k > 0 and n > n,
Dk = Mp 7On,p k- (44)

Proof. Note that ¢; ) can be written as ¢z =
T T

[yl?—fn,ﬁ ykT—fL,ﬁ] = [ylg‘—fz+7z,ﬁ—n yl?—fz,n Z/{E—ﬁ,ﬁ]
For all 1 < ¢ < 7 — n, note that k — ¢ = (k —
) + n + (° —n — i) and it follows from Proposition 1
that yp—; = —Fna-n-iVe—an + Ona-n—illhi—pin—i =
—Fpiv—n—iVi—nmn+ [Opxim  Gn.a—n—i| Un—n,a—i- Hence,
Viciinion = ML, MZ2.] Zk_ﬁ’” , and (44) follows
’ ' k—f,7
from (16). O

Proposition 5 shows that input/output model (8) with coef-
ficients éﬁ is equivalent to (1) if and only if (45) holds. Next,
Proposition 6 give an explicit formulation for the equivalent
model of order n which minimizes the regularization term
tr | (05 — gﬁyo)Pf;é(éﬁ — Hﬁﬁo)T] of the of cost function
Ja,k, defined in (27).

Proposition 5. Input/Output models (1) and (8) are equiva-
lent if and only if

(éﬁ - eﬁ,true)Mn,ﬁ = 0p><pn+m(ﬁ+1)' (45)

Proof. Note that an input/output model of order n with
coefficients 6 ¢rue is trivially equivalent to (1). Hence, by
Theorem 1, H’FL,trueMn,'ﬁ = [_-Fn,ﬁfn gn,ﬁfn] Then,
it also follows from Theorem 1 that (8) is equivalent to
(1) if and only of énMnn = [—]—‘n,ﬁ,n Qnﬁ,n] =
eﬁ,trueMn,'fL- O

Proposition 6. The constrained optimization problem

min
g"ﬁ CRp X A(m+p)+m

tr | (65 — Hﬁ,o)P{(l)(éﬁ - 9&,0)T] , (46)

such that (071 - oﬁ,true)Mn,fL = Opxpn+m(fz+1)a

has the unique solution

0% £ 040 + (04 true — On.0) Has 47

where hat matrix Hy € RpHm(t)xpitm(ntl) g defined

Hy & My a(M,! o PaoM,q) MY (48)

n,n n,n

P .
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Proof. Note that tr [(éﬁ — Hﬁ’O)sz(l)(éﬁ — eﬁ’O)T] =
le(éﬁi — eﬁ O,Z‘)P,';é(éﬁ,z — eﬁ,o’i)T, where, for all

1 < i < p 0h; € RVPMEDIM and 9,0, €
RIXA(m+p)+m are the it row of 6 and 6.0, respectively.
It then follows that (46) can be written as p separate
optimization problems given by, for al 1 < i < p,
Gn’o’l)PA (9 6n70,i)T, such

that MEHHEZ = Mgrﬂgtru“, where, for all 1 < i < p,
07 truei € RIXAUm+p)+m i the §th row of Op truc,i- It
then follows from equality constrained convex quadratic
minimization (e.g. see section 10.1.1 of [17]) that, for all
1 <% < p, this optimization problem has a unique solution

mlng GRl XA(m+p)+m (en [

07 ;> given by

Mgnez zT - Mgnez true,?’ (49)
Substituting (50) into (49), it follows that M T (anOz —
PioM,av;") = MY.60F .. Hence, v;" is given as
I/;T - (Mfr?,ﬁpﬁvoMnm) lMT (en 0,5 gn true, z) Substi-
tuting this equation into (50), it follows that GZ,iT = 7"1;071' —
Pio Mo (My 3 PioMua) ™ My (070 — 0% i) Fi-
nally, taking the transpose and noting that 67 ; is the ith
row of §7 yields (47). O

Finally, Theorem 4 show that if (¢>Z,ﬁ,;€);é";o is weakly
persistently exciting, then 60y, converges to 0. Moreover,
if ((bn s k) he 1s persistently exciting, then the convergence
of 9n7k 0% to zero is asymptotically proportional to 1/k.

Theorem 4. Consider the assumptions and notation of
Proposition 3. If (¢n 4.k ho is weakly persistently exciting,
then

lim 9717]c = 9;, (51)
k—o0

where 0} is defined in (47). If, additionally, (¢, 1) is
persistently exciting, then

lim k<9ﬁ7k —67)
k—o0
= (971,0 - en true)Mn AW, 10 Wn

n,n nn

A q: 1 k-l T 4
where Cpi = limgo0 £ Y 1o G, g and Wy 5 =

M PnOMnn

T
Mn i ﬁao’

(52)

>

Proof. For brevity, denote P, £ L0 2
9'&,0» 0 £ 9ﬁ7true’ M £ Mn s H Hn w = Wn,fz’
and, for all k > 0, 0, £ 0sp, Pr = ®sp and @) =
[gbn_ﬁyk,l ¢n’ﬁ70]. It follows from (31), (42), and
Lemma 3 that, for all & > 0, Opy;1 = (9<I>k<1>;£ +
B0Py ) (@ DT + Py )l = 0+ (6 — )Py (B0) +
Pyt =0+ (0 — )Py H (MO, O MT + Py ')~'. Sub-
tracting both sides by 8* and substituting (47) yields 0541 —
0* = (00— 0)[—I+Py ' (M®PFfMT + Py ")~ + HJ.
Since (¢, 1)izo is weakly persistently exciting, there
exists N such that, for all k& > N, ®,®] is nonsingular.
Then, it follows from matrix inversion lemma that, for all
k>N, M®,®ITMT+ P~ 1=t = Py — PoM[(®PF)~

0z, 0o

W]*MTP,, and hence —I + Py '(M®,®fMT +
Pyt = —M[(®,®F) "1+ W] ' M P,. Substituting this
and H = M(MTPyM)"'MTP, into the expression for
Or+1 — 0* implies that, for all &k > N, 6,11 — 6* = (69 —
O)M [—[(®x®T)~ '+ W]t + W] MTP,. Again apply-
ing matrix inversion lemma, it follows that —[(®,®7)~! +
W=t + W=l = W@, df — W—171W~1! which yields
Opr1— 0" = (0 — ) MW L@, 0F — W W 1MTR,.
Since (gb;fn L)Y is weakly persistently exciting, it follows
that limz_ oo Amin (@k@k) = oo and limg oo Oy —
0* = 0 and (51) follows. If additionally, (¢, )32, is
persistently excmng, then hmk_mo kE(Og+1 — 0% ) (6o —
0) MW = [limy_, 00 & @kqﬁ W—l]—lw—lMTPO. Since
limy e £ PF — ]f = Chp.a» (52) follows. O

V. CONCLUSIONS

This work shows that when using RLS to identify an
input/output model of a higher-order than that of the true
input/output system, the identified coefficients still converge
to predictable values, given weakly persistently exciting data.
In particular, we obtain the natural result that the higher-order
identified model converges to the model equivalent to the true
system that minimizes the regularization term of RLS.
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