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Abstract— Discrete-time input/output models, also called in-
finite impulse response (IIR) models or autoregressive moving
average (ARMA) models, are useful for online identification as
they can be efficiently updated using recursive least squares
(RLS) as new data is collected. Several works have studied the
convergence of the input/output model coefficients identified
using RLS under the assumption that the order of the identified
model is the same as that of the true system. However, the case
of model order mismatch is not as well addressed. This work
begins by introducing the notion of equivalence of input/output
models of different orders. Next, this work analyzes online
identification of input/output models in the case where the order
of the identified model is higher than that of the true system. It
is shown that, given persistently exciting data, the higher-order
identified model converges to the model equivalent to the true
system that minimizes the regularization term of RLS.

I. INTRODUCTION

Least squares based methods are fundamental and widely
used in identification, signal processing, and control [1], [2].
One useful application is online identification of a linear
model for adaptive control [3, ch. 3]. A particular model
structure that lends itself to online identification is a discrete-
time input/output model [4], also called an infinite-impulse-
response (IIR) model [5] or autoregressive moving-average
(ARMA) model [3, p. 32]. An advantage of discrete-time
input/output models is they can be efficiently updated in real
time as new data is collected [3, ch. 3.2]. Note that in the
single-input-single-output (SISO) case, the coefficients of a
discrete-time input/output model directly give the discrete-
time transfer function. However, the multi-input-multi-output
(MIMO) case is considerably more complex [4], [6] and
converting between input/output models and other linear
model structures is nontrivial [7]. As such, it is beneficial to
directly study the online identification of MIMO input/output
models without converting to another model structure.

This paper focuses on the online identification of in-
put/output models using recursive least squares (RLS), which
has been used in adaptive model predictive control [8] and
retrospective cost adaptive control [9] with various applica-
tions [10]–[12]. While related works have discussed conver-
gence of model coefficients when identifying input/output
models using RLS [3, ch. 3.4], [13], these results assume
the order of the true model is known. A natural question is
whether similar guarantees can be made if the order of the
identified model and true system do not match. This work
will show that if the order of the identified model is higher
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than order of the true model, then the regressor of RLS is
not persistently exciting, and hence standard convergence
guarantees of RLS [3], [14], [15] do not apply. The main
contribution of this work is developing new analysis of the
case where the order of the identified input/output model is
higher than that of the true input/output system.

This paper is organized as follows. Section II introduces
discrete-time input/output models and a useful output tran-
sition equation. Next, Section III introduces the notion of
equivalence of input/output models as models giving the
same outputs under the same inputs and initial conditions.
It is shown that a necessary and sufficient condition for
equivalence can be written as a linear equation of the
model coefficients. This section also introduces the notion
of reducibility as the existence of a lower-order, equivalent
input/output model. Finally, section IV discusses the online
identification of input/output models using RLS. It is first
shown that, in the case where the order of the identified
model is the same as that of the true system, persistent
excitation conditions guarantee global asymptotic stability
of the coefficient estimation error. Next, in the case where
the order of the identified model is higher than that of the
true system, conditions are given under which the identified
model converges to the higher-order model equivalent to the
true system that minimizes the regularization term of RLS.

II. INPUT/OUTPUT MODELING

Let k0 ∈ N be the initial time step and let n ≥ 0 be
the model order. Consider the input/output model where, for
all k ≥ k0, uk ∈ Rm is the input, yk0 , . . . , yk0+n−1 ∈ Rp

are the initial conditions and, for all k ≥ k0, the output
yk+n ∈ Rp is given by

yk+n = −
n∑

i=1

Fiyk+n−i +

n∑
i=0

Giuk+n−i, (1)

where F1, . . . , Fn ∈ Rp×p, and G0, . . . , Gn ∈ Rp×m are
the input/output model coefficients. It follows that, for all
k ≥ k0,

yk+n = −FnYk,n + GnUk,n, (2)

where Fn ∈ Rp×pn, Yk,n ∈ Rpn, Gn ∈ Rp×m(n+1), and
Uk,n ∈ Rm(n+1) are defined as

Fn ≜
[
F1 · · · Fn

]
, Yk,n ≜

yk+n−1

...
yk

 , (3)
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Gn ≜
[
G0 · · · Gn

]
, Uk,n ≜

uk+n

...
uk

 . (4)

Proposition 1 shows that, for all k ≥ k0 and j ≥ 0,
yk+n+j can be written as a linear combination of the inputs
uk, . . . , uk+n+j−1 and the n outputs yk, . . . , yk+n−1. We
call this the output transition equation.

Proposition 1. Let k0 ∈ N. For all k ≥ k0, let uk ∈ Rm, let
yk0 , . . . , yk0+n−1 ∈ Rp, and, for all k ≥ k0, let yk+n ∈ Rp

be given by (1). Then, for all k ≥ k0 and j ≥ 0,

yk+n+j = −Fn,jYk,n + Gn,jUk,n+j , (5)

where Fn,0 ≜ Fn, Gn,0 ≜ Gn, and, for all j ≥ 1, Fn,j ∈
Rp×pn and Gn,j ∈ Rp×m(n+1+j) are defined

Fn,j ≜ S(Fn,0, j)−
min{j,n}∑

i=1

FiFn,j−i, (6)

Gn,j ≜
[
Gn,0 0p×jm

]
−
min{j,n}∑

i=1

Fi

[
0p×im Gn,j−i

]
, (7)

and where S(Fn,0, j) ∈ Rp×pn is the j step shift of Fn,0,
defined as

S(Fn,0, j) ≜

{[
Fj+1 · · · Fn 0p×jp

]
j ≤ n− 1,

0p×np j ≥ n.

Proof. Proof follows by strong induction on j ≥ 0. Note
that for all k ≥ k0 and j = 0, (5) simplifies to (2). Next,
let k ≥ k0, let j ≥ 1 and suppose that, for all ĵ ≤ j − 1,
(5) holds. Note that by (1), yk+n+j can be written as
yk+n+j = −

∑n
i=1 Fiyk+n+j−i +

∑n
i=0 Giuk+n+j−i. Next,

for all 1 ≤ i ≤ min{j, n}, it follows that 0 ≤ j − i ≤ j − 1
and by inductive hypothesis, yk+n+j−i can be written
as yk+n+j−i = −Fn,j−iYk,n + Gn,j−iUk,n+j−i =
−Fn,j−iYk,n +

[
0p×im Gn,j−i

]
Uk,n+j . Furthermore,

note that
∑n

i=0 Giuk+n+j−i =
[
Gn,0 0p×jm

]
Uk,n+j .

Hence, yk+n+j can be written as yk+n−j =∑min{j,n}
i=1 Fi

(
Fn,j−iYk,n −

[
0p×im Gn,j−i

]
Uk,n+j

)
−∑n

i=min{j,n}+1 Fiyk+n+j−i +
[
Gn,0 0p×jm

]
Uk,n+j .

Noting that
∑n

i=min{j,n}+1 Fiyk+n+j−i = S(Fn,0, j)Yk,n

and combining terms yields (5).

III. EQUIVALENCE AND REDUCIBILITY OF
INPUT/OUTPUT MODELS

Consider an input/output model of order n̂ ≥ n where, for
all k ≥ k0, uk ∈ Rm is the input, ŷk0

, . . . , ŷk0+n̂−1 ∈ Rp

are the initial conditions and, for all k ≥ k0, the output
ŷk+n̂ ∈ Rp is given by

ŷk+n̂ = −
n̂∑

i=1

F̂iŷk+n̂−i +

n̂∑
i=0

Ĝiuk+n̂−i, (8)

where F̂1, . . . , F̂n̂ ∈ Rp×p, and Ĝ0, . . . , Ĝn̂ ∈ Rp×m are the
input/output model coefficients. Definition 1 defines models
(1) and (8) as equivalent if they give the same outputs under
the same inputs and initial conditions.

Definition 1. Let k0 ∈ N. Consider input/output model (1)
with order n and and input/output Model (8) with order n̂ ≥
n. For all k ≥ k0, let uk ∈ Rm be arbitrary. For all k0 ≤
k ≤ k0 + n − 1, let yk ∈ Rp be arbitrary and, for all
k ≥ k0 + n, let yk ∈ Rp be given by (1). Next, for all
k0 ≤ k ≤ k0+ n̂−1, let ŷk = yk and, for all k ≥ k0+ n̂, let
ŷk ∈ Rp be given by (8). Models (1) and (8) are equivalent
if, for all k ≥ k0 + n̂, ŷk = yk.

Proposition 2 shows that two input/output models of the
same order are equivalent if and only if they have the same
model coefficients.

Proposition 2. Consider input/output models (1) and (8)
with the same order n̂ = n. Models (1) and (8) are equivalent
if and only if Ĝ0 = G0 and, for all 1 ≤ i ≤ n, F̂i = Fi and
Ĝi = Gi.

Proof. Proof of necessity follow immediately. To prove suffi-
ciency, let k0 ∈ N. First consider that there exists 0 ≤ i ≤ n
such that Ĝi ̸= Gi. Then, there exists u ∈ Rm such that
Ĝiu ̸= Giu. Next, consider yk0

= · · · = yk0+n−1 = 0,
for all k ≥ k0 such that k ̸= k0 + n − i, uk = 0, and
uk0+n−i = u. Then, ŷk0+n = Ĝiu, yk0+n = Giu, and
ŷk0+n ̸= yk0+n.

Next, consider that there exists 1 ≤ i ≤ n such that F̂i ̸=
Fi. Similarly, there exists y ∈ Rp such that F̂iy ̸= Fiy.
Hence, if, for all k0 ≤ k ≤ k0 + n − 1, k ̸= k0 + n − i,
yk = 0, yk0+n−i = y, and, for all k ≥ k0, uk = 0, then
ŷk0+n = F̂iy, yk0+n = Fiy, and ŷk0+n ̸= yk0+n. Thus, (1)
and (8) are not equivalent and sufficiency is proven.

We next consider the equivalence of input/output models
of different orders. Note that, for all k ≥ k0,

ŷk+n̂ = −F̂n̂Ŷk,n̂ + Ĝn̂Uk,n̂, (9)

where Uk,n̂ ∈ Rm(n̂+1) is defined in (4) and F̂n̂ ∈ Rp×pn̂,
Ŷk,n̂ ∈ Rpn̂, and Ĝn̂ ∈ Rp×m(n̂+1) are defined as

F̂n̂ ≜
[
F̂1 · · · F̂n̂

]
, Ŷk,n̂ ≜

ŷk+n̂−1

...
ŷk

 , (10)

Ĝn̂ ≜
[
Ĝ0 · · · Ĝn̂

]
. (11)

Theorem 1 gives necessary and sufficient conditions for the
equivalence of input/output models of different orders. We
begin with two useful Lemmas.

Lemma 1. Let k0 ∈ N. Consider input/output model (1) with
order n and and input/output Model (8) with order n̂ > n.
For all k ≥ k0, let uk ∈ Rm, for all k0 ≤ k ≤ k0 + n− 1,
let yk ∈ Rp, and, for all k ≥ k0 + n, let yk ∈ Rp be given
by (1). Let k∗ ≥ k0 and, for all k0 ≤ k ≤ k∗ + n̂ − 1, let
ŷk = yk. Finally, let ŷk∗+n̂ ∈ Rp be given by (8). Then,
ŷk∗+n̂ can be expressed as

ŷk∗+n̂ = −F̂n,n̂−nYk∗,n + Ĝn,n̂−nUk∗,n̂, (12)
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where F̂n,n̂−n ∈ Rp×pn and Ĝn,n̂−n ∈ Rp×m(n̂+1) are
defined

F̂n,n̂−n ≜
[
F̂n̂−n+1 · · · F̂n̂

]
−

n̂−n∑
i=1

F̂iFn,n̂−n−i, (13)

Ĝn,n̂−n ≜ Ĝn̂ −
n̂−n∑
i=1

F̂i

[
0p×im Gn,n̂−n−i

]
. (14)

Proof. Let k0 ∈ N and let k∗ ≥ k0. By (8), it follows that
ŷk∗+n̂ = −

∑n̂−n
i=1 (F̂iyk∗+n̂−i) −

∑n̂
i=n̂−n+1(F̂iyk+n̂−i) +

Ĝn̂Uk∗,n̂. Note that the second term can be written as∑n̂
i=n̂−n+1 F̂iyk∗+n̂−i =

[
F̂n̂−n+1 · · · F̂n̂

]
Yk∗,n. Next,

for all 1 ≤ i ≤ n̂ − n, note that n̂ − n − i ≥ 0 and
Proposition 1 (with k = k∗ and j = n̂ − n − i) implies
that yk∗+n̂−i = −Fn,n̂−n−iYk∗,n + Gn,n̂−n−iUk∗,n̂−i. Sub-
stituting these two equations into the expression for ŷk∗+n̂,
it follows that ŷk∗+n̂ = −

[
F̂n̂−n+1 · · · F̂n̂

]
Yk∗,n +

Ĝn̂Uk∗,n̂−
∑n̂−n

i=1 F̂i(−Fn,n̂−n−iYk∗,n+Gn,n̂−n−iUk∗,n̂−i).
Finally, note that, for all 1 ≤ i ≤ n̂ − n,

Gn,n̂−n−iUk∗,n̂−i =
[
0p×im Gn,n̂−n−i

]
Uk∗,n̂. Combining

the previous two equations and simplifying yields (12).

Lemma 2. For all n̂ > n,[
−F̂n,n̂−n Ĝn,n̂−n

]
=

[
−F̂n̂ Ĝn̂

]
Mn,n̂, (15)

where Mn,n̂ ∈ Rpn̂+m(n̂+1)×pn+m(n̂+1) is defined

Mn,n̂ ≜

 M1
n,n̂ M2

n,n̂

Ipn 0pn×m(n̂+1)

0m(n̂+1)×pn Im(n̂+1)

 =

[[
M1

n,n̂ M2
n,n̂

]
Ipn+m(n̂+1)

]
,

(16)
where M1

n,n̂ ∈ Rp(n̂−n)×pn and M2
n,n̂ ∈ Rp(n̂−n)×m(n̂+1)

are defined

M1
n,n̂ ≜


−Fn,n̂−n−1

−Fn,n̂−n−2

...
−Fn,1

−Fn,0

 ,M2
n,n̂ ≜



[
0p×m Gn,n̂−n−1

][
0p×2m Gn,n̂−n−2

]
...[

0p×(n̂−n−1)m Gn,1

][
0p×(n̂−n)m Gn,0

]


(17)

Proof. First, note that it follows from (13) that F̂n,n̂−n =[
F̂n̂−n+1 · · · F̂n̂

]
−
[
F̂1 · · · F̂n̂−n

]
M1

n,n̂. Next, it fol-
lows from (14) that Ĝn,n̂−n = Ĝn̂−

[
F̂1 · · · F̂n̂−n

]
M2

n,n̂.
Combining these two expressions yields (15).

Theorem 1. Consider input/output model (1) with order n
and input/output model (8) with order n̂ > n. Models (1)
and (8) are equivalent if and only if

F̂n,n̂−n = Fn,n̂−n, Ĝn,n̂−n = Gn,n̂−n, (18)

which holds if and only if[
−F̂n̂ Ĝn̂

]
Mn,n̂ =

[
−Fn,n̂−n Gn,n̂−n

]
. (19)

Proof. It follows from Lemma 2 that (18) and (19) are
equivalent. Hence, it suffices to show that Models (1) and (8)
are equivalent if and only if (18) holds. To prove sufficiency,
assume models (1) and (8) are equivalent and let k0 ∈ N.

Then, it follows from Definition 1 that, for all Yk0,n ∈ Rpn

and Uk0,n̂ ∈ Rm(n̂+1), yk0+n̂ = ŷk0+n̂ holds, where, for
all k0 + n ≤ k ≤ k0 + n̂, yk ∈ Rp is given by (1),
for all k0 ≤ k ≤ k0 + n̂ − 1, ŷk = yk, and where
ŷk+n̂ ∈ Rp is given by (8). It follows from Proposition 1
and Lemma 1 that yk+n̂ = −Fn,n̂−nYk,n + Gn,n̂−nUk,n,
and ŷk+n̂ = −F̂n,n̂−nYk,n + Ĝn,n̂−nUk,n, Since Yk,n and
Uk,n̂ are chosen arbitrarily and yk+n̂ = ŷk+n̂, (18) follows.

To prove necessity, assume that (19) holds, let k0 ∈ N.
For all k ≥ k0, let uk ∈ Rm be arbitrary, for all k0 ≤ k ≤
k0 +n− 1, let yk ∈ Rp be arbitrary and, for all k ≥ k0 +n,
let yk ∈ Rp be given by (1). Furthermore, for all k0 ≤ k ≤
k0 + n̂− 1, let ŷk = yk and, for all k ≥ k0 + n̂, let ŷk ∈ Rp

be given by (8). We now show by strong induction that, for
all k∗ ≥ k0, ŷk∗+n̂ = yk∗+n̂. First, consider the base case
k∗ = k0. It follows from (5) of Proposition 1 (with k = k0
and j = n̂−n) that yk0+n̂ = −Fn,n̂−nYk0,n+Gn,n̂−nUk0,n̂.
Moreover, since by assumption, for all k0 ≤ k ≤ k0+ n̂−1,
ŷk = yk, it follows from (12) of Lemma 1 (with k∗ = k0)
that ŷk0+n̂ = −F̂n,n̂−nYk0,n + Ĝn,n̂−nUk0,n̂. Finally, (18)
implies that yk0+n̂ = ŷk0+n̂.

Next, let k∗ ≥ k0+1 and assume for inductive hypothesis
that, for all k0 ≤ k ≤ k∗ − 1, ŷk+n̂ = yk+n̂. It follows
from (5) of Proposition 1 (with k = k∗ and j = n̂ − n)
that yk∗+n̂ = −Fn,n̂−nYk∗,n + Gn,n̂−nUk∗,n̂. Moreover, it
follows from inductive hypothesis and (12) of Lemma 1
that ŷk∗+n̂ = −F̂n,n̂−nYk∗,n + Ĝn,n̂−nUk∗,n̂. Finally, (18)
implies that yk∗+n̂ = ŷk∗+n̂. Thus, by strong induction, for
all k∗ ≥ k0, ŷk∗+n̂ = yk∗+n̂, and models (1) and (8) are
equivalent.

Definition 2 defines an input/output model as reducible if
there exists an equivalent input/output model of lower-order,
and irreducible otherwise. Theorem 2 provides necessary and
sufficient conditions for reducibility of input/output models.

Definition 2. Consider input/output model (8) with order n̂.
The input/output model (8) is reducible if there exists an
input/output model (1) with order n ≤ n̂ − 1 such that (1)
and (8) are equivalent. Otherwise, input/output model (8) is
irreducible.

Theorem 2. The input/output model (8) is reducible if and
only if there exists F1 ∈ Rp×p such that

(F̂1 − F1)Fn̂−1 = F̂n̂, (20)

(F̂1 − F1)Gn̂−1 = Ĝn̂, (21)

where G0 ≜ Ĝ0 and, for all 2 ≤ i ≤ n̂−1 and 1 ≤ j ≤ n̂−1,

Fi ≜ = F̂i − (F̂1 − F1)Fi−1, (22)

Gj ≜ = Ĝj − (F̂1 − F1)Gj−1. (23)

Moreover, if there exists F1 ∈ Rp×p satisfying (20) and (21),
then input/output model (1) with coefficients F1, . . . , Fn̂−1

and G0, . . . , Gn̂−1 defined by (22) and (23) is equivalent to
input/output model (8).

Proof. To begin, if input/output model (1) with order n <
n̂−1 is equivalent to input/output model (8), then there exists
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an input/output model with order n̂ − 1 that is equivalent
to (8), namely a model with the coefficients F1, . . . , Fn,
G0, . . . , Gn, and Fi = 0p×p and Gi = 0p×m for all
n + 1 ≤ i ≤ n̂ − 1. Hence, input/output model (8), with
order n̂ is reducible if and only if there exists an equivalent
input/output model (1) with order n = n̂− 1.

Next, it follows from Theorem 1 that model (1) with order
n = n̂ − 1 and model (8) with order n̂ are equivalent if
and only if F̂n̂−1,1 = Fn̂−1,1 and Ĝn̂−1,1 = Gn̂−1,1. More-
over, it follows from (6), (13), (7), and (14), respectively,
that F̂n̂−1,1 =

[
F̂2 F̂3 · · · F̂n̂

]
− F̂1Fn̂−1, Fn̂−1,1 =

−F1Fn̂−1+
[
F̂2 F̂3 · · · F̂n̂−1 0p×p

]
, Ĝn̂−1,1 = Ĝn̂−

F̂1

[
0p×m Gn̂−1

]
, and Gn̂−1,1 = −F1

[
0p×m Gn̂−1

]
+[

Gn̂−1 0p×m

]
. Rearranging terms, it follows that F̂n̂−1,1 =

Fn̂−1,1 holds if and only if (F̂1 − F1)Fn̂−1 =[
F̂2 − F2 · · · F̂n̂−1 − Fn̂−1 F̂n̂

]
, and Ĝn̂−1,1 = Gn̂−1,1

holds if and only if (F̂1 − F1)
[
0p×m Gn̂−1

]
=[

Ĝ0 −G0 · · · Ĝn̂−1 −Gn̂−1 Ĝn̂

]
. These two expres-

sion can be expanded as (20), (21), Ĝ0 = G0, and, for all
2 ≤ i ≤ n̂− 1 and 1 ≤ j ≤ n̂− 1, (22) and (23).

IV. ONLINE IDENTIFICATION OF INPUT/OUTPUT
MODELS USING RECURSIVE LEAST SQUARES

Next, we discuss the online identification of input/output
models using recursive least squares. We consider in-
put/output model (1) of order n to be the true system. We
define θn,true ∈ Rp×pn+m(n+1) as

θn,true ≜
[
F1 · · · Fn G0 · · · Gn

]
=

[
Fn Gn

]
.

(24)
It follows from (2) that, for all k ≥ 0, yk ∈ Rp is given by

yk = θn,trueϕn,k, (25)

where, for all k ≥ 0 and n ≥ 0, ϕn,k ∈ Rpn+m(n+1) is
defined as

ϕn,k ≜
[
−yTk−1 · · · −yTk−n uT

k · · · uT
k−n

]T
=

[
YT
k−n,n UT

k−n,n

]T
. (26)

The objective of online identification is to identify the
coefficients an input/output model (8) of order n̂ using
measurements of the inputs uk and outputs yk generated
from (1). This can be accomplished by minimizing the cost
function Jn̂,k : Rp×pn̂+m(n̂+1) → R, defined as

Jn̂,k(θ̂n̂) =

k∑
i=0

zTn̂,i(θ̂n̂)zn̂,i(θ̂n̂)

+ tr
[
(θ̂n̂ − θn̂,0)P

−1
n̂,0(θ̂n̂ − θn̂,0)

T
]
, (27)

where θ̂n̂ ∈ Rp×pn̂+m(n̂+1) are the coefficients to be identi-
fied, defined as

θ̂n̂ ≜
[
F̂1 · · · F̂n̂ Ĝ0 · · · Ĝn̂

]
=

[
F̂n̂ Ĝn̂

]
, (28)

where the residual error function zn̂,k : Rp×pn̂+m(n̂+1) →
Rp is defined as

zn̂,k(θ̂n̂) ≜ yk − θ̂n̂ϕn̂,k, (29)

where ϕn̂,k ∈ Rpn̂+m(n̂+1) is defined in (26), and where
θn̂,0 ∈ Rp×pn̂+m(n̂+1) is an initial guess of the coefficients
and P̄−1

n̂,0 ∈ R[p2n̂+pm(n̂+1)]×[p2n̂+pm(n̂+1)] is the positive-
definite regularization matrix. The following algorithm from
[8] uses recursive least squares to minimize Jn̂,k.

Proposition 3. For all k ≥ −n̂, let uk ∈ Rm, yk ∈ Rp.
Furthermore, let θn̂,0 ∈ Rp×pn̂+m(n̂+1) and let Pn̂,0 ∈
R[pn̂+m(n̂+1)]×[pn̂+m(n̂+1)] be positive definite. Then, for all
k ≥ 0, Jn̂,k, defined in (27), has a unique global minimizer,
denoted

θn̂,k+1 ≜ argmin
θ̂n̂∈Rp×n̂(m+p)+m

Jk(θ̂n̂). (30)

which, for all k ≥ 1, is given by

θn̂,k = (Y0,kΦ
T
n̂,k + θn̂,0P

−1
n̂,0)(Φn̂,kΦ

T
n̂,k + P−1

n̂,0)
−1, (31)

and where Φn̂,k ∈ Rpn̂+m(n̂+1)×k is defined

Φn̂,k ≜
[
ϕn̂,k−1 · · · ϕn̂,0

]
. (32)

Moreover, for all k ≥ 0, θ̄n̂,k+1 is given recursively as

Pn̂,k+1 = Pn̂,k −
Pn̂,kϕn̂,kϕ

T
n̂,kPn̂,k

1 + ϕT
n̂,kPn̂,kϕn̂,k

, (33)

θn̂,k+1 = θn̂,k + (yk − θn̂,kϕn̂,k)ϕ
T
n̂,kPn̂,k+1. (34)

Proof. See [8] and [16].

In practice, the recursive formulation (34) is used to update
the coefficient identification in real time as new measure-
ments are obtained. We’ve included the batch formulation
(31) to aid in subsequent analysis. It will also be beneficial
for analysis to note that using matrix inversion lemma, for
all k ≥ 0, (33) can be rewritten as

P−1
n̂,k+1 = P−1

n̂,k + ϕn̂,kϕ
T
n̂,k. (35)

A. Convergence with Correct Model Order

We begin by considering the case n̂ = n, where the
correct model order is known. In this case, the identified
coefficients θn,k and true model coefficients θn,true are the
same dimension, and it is natural to define the estimation
error θ̃n,k ∈ Rp×pn+m(n+1) as

θ̃n,k ≜ θn,k − θn,true. (36)

It then follows from (25), (34), and (35) that, for all k ≥ 0,
the estimation error dynamics can be written as

θ̃n,k+1 = θ̃n,kP
−1
n̂,kPn̂,k+1. (37)

It then follows from (35) that, for all k ≥ 0,

θ̃n,k = θ̃n,0P
−1
n,0Pn,k = θ̃n,0P

−1
n,0(Φn,k−1Φ

T
n,k−1 + P−1

n,0)
−1.
(38)

We now define the notions of weak persistent excitation and
persistent excitation. Note that persistent excitation implies
weak persistent excitation.

Definition 3. (ϕk)
∞
k=0 ⊂ Rp×n is weakly persistently excit-

ing if limk→∞ λmin

[∑k
i=0 ϕ

T
i ϕi

]
= ∞. (ϕk)

∞
k=0 ⊂ Rp×n
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is persistently exciting if C ≜ limk→∞
1
k

∑k−1
i=0 ϕT

i ϕi exists
and is positive definite.

Theorem 3 shows that weak persistent excitation is nec-
essary and sufficient conditions for the global asymptotic
stability (GAS) of the error dynamics (37). For definition of
GAS and further discussion on weak persistent excitation, see
[14]. Moreover, Theorem 3 shows that persistent excitation
implies that the convergence of θ̃n,k to zero is asymptotically
proportional to 1/k.

Theorem 3. Consider the assumptions and notation of
Proposition 3. (37) is GAS if and only of (ϕT

n,k)
∞
k=0 is weakly

persistently exciting. Moreover, if (ϕT
n,k)

∞
k=0 is persistently

exciting, then

lim
k→∞

kθ̃n,k = θ̃n,0P
−1
n,0C

−1
n , (39)

where Cn ≜ limN→∞
1
N

∑N−1
i=0 ϕn,k−1ϕ

T
n,k−1.

Proof. Note that, for all 1 ≤ i ≤ p,

(θ̃in̂,k+1)
T = Pn̂,k+1P

−1
n̂,k(θ̃

i
n̂,k)

T, (40)

where θ̃in̂,k ∈ R1×pn+m(n+1) is the ith row of
θ̃n̂,k. It follows from Theorem 3 of [14] that (40)
is GAS if and only of (ϕT

n,k)
∞
k=0 is weakly per-

sistently exciting. Hence, (37) is GAS if and only
of (ϕT

n,k)
∞
k=0 is weakly persistently exciting. Next, if

(ϕT
n,k)

∞
k=0 is persistently exciting, it follows from (38)

that limk→∞ kθ̃n,k = limk→∞ θ̃n,0P
−1
n,0(

1
kΦn,k−1Φ

T
n,k−1 +

1
kP

−1
n,0)

−1 = θ̃n,0P
−1
n,0C

−1
n .

Proposition 4 show that for (ϕT
n,k)

∞
k=0 to be weakly

persistently exciting, it is necessary that (1) be irreducible.

Proposition 4. If (1) is reducible, then (ϕT
n,k)

∞
k=0 is not

weakly persistently exciting.

Proof. If (1) is reducible, then there exists an equiva-
lent input/output model of order nr < n. Lemma 3

implies that ϕn,k = Mnr,n

[
Yk−n,nr

Uk−n,n

]
. Hence, for all

N ≥ 0, rank(
∑N

k=0 ϕn,kϕ
T
n,k) ≤ pnr + m(n + 1). but∑N

k=0 ϕn,kϕ
T
n,k ∈ Rpn+m(n+1)×pn+m(n+1). Therefore, for

all N ≥ 0, λmin

[∑N
k=0 ϕn,kϕ

T
n,k

]
= 0.

Note that if (1) is reducible, then there exists an equivalent
input/output model of a lower-order which is irreducible. In
other words, (1) being reducible can be viewed as the order
of the identified model being higher than the order of the true
model. This case is addressed in the following subsection.

B. Convergence with Higher Model Order
Next, we address the case n̂ > n, where the identified

model order is higher than the model order of the true system.
To begin, note that a model of order n̂ which is equivalent
to (1) is given by the coefficients1

θn̂,true =
[
Fn 0p×p(n̂−n) Gn 0p×m(n̂−n)

]
. (41)

1The trivial equivalent model (41) is chosen because it can be written in
terms of only the true model coefficients.

In particular, it holds that, for all k ≥ 0,

yk = θn̂,trueϕn̂,k. (42)

Since n̂ > n, it follows from Proposition 4 that (ϕT
n̂,k)

∞
k=0

is not weakly persistently exciting. However, it is possible
that (ϕT

n,n̂,k)
∞
k=0 is weakly persistently exciting, where, for

all k ≥ 0, ϕn,n̂,k ∈ Rpn+m(n̂+1) is defined

ϕn,n̂,k ≜
[
−yTk−n̂+n−1 · · · −yTk−n̂ uk · · · uT

k−n̂

]T
=

[
YT
k−n̂,n UT

k−n̂,n̂

]T
. (43)

By similar reasoning to Proposition 4, for (ϕT
n,n̂,k)

∞
k=0 to

be weakly persistently exciting, it is necessary that (1) be
irreducible. Lemma 3 shows that ϕn̂,k = Mn,n̂ϕn,n̂,k where
Mn,n̂ is defined in (16).

Lemma 3. For all k ≥ 0 and n̂ > n,

ϕn̂,k = Mn,n̂ϕn,n̂,k. (44)

Proof. Note that ϕn̂,k can be written as ϕn̂,k =[
YT
k−n̂,n̂ YT

k−n̂,n̂

]T
=

[
YT
k−n̂+n,n̂−n YT

k−n̂,n UT
k−n̂,n̂

]T
For all 1 ≤ i ≤ n̂ − n, note that k − i = (k −
n̂) + n + (n̂ − n − i) and it follows from Proposition 1
that yk−i = −Fn,n̂−n−iYk−n̂,n + Gn,n̂−n−iUk−n̂,n̂−i =
−Fn,n̂−n−iYk−n̂,n+

[
0p×im Gn,n̂−n−i

]
Uk−n̂,n̂−i. Hence,

Yk−n̂+n,n̂−n =
[
M1

n,n̂ M2
n,n̂

] [Yk−n̂,n

Uk−n̂,n̂

]
, and (44) follows

from (16).

Proposition 5 shows that input/output model (8) with coef-
ficients θ̂n̂ is equivalent to (1) if and only if (45) holds. Next,
Proposition 6 give an explicit formulation for the equivalent
model of order n̂ which minimizes the regularization term
tr
[
(θ̂n̂ − θn̂,0)P

−1
n̂,0(θ̂n̂ − θn̂,0)

T
]

of the of cost function
Jn̂,k, defined in (27).

Proposition 5. Input/Output models (1) and (8) are equiva-
lent if and only if

(θ̂n̂ − θn̂,true)Mn,n̂ = 0p×pn+m(n̂+1). (45)

Proof. Note that an input/output model of order n̂ with
coefficients θn̂,true is trivially equivalent to (1). Hence, by
Theorem 1, θn̂,trueMn,n̂ =

[
−Fn,n̂−n Gn,n̂−n

]
. Then,

it also follows from Theorem 1 that (8) is equivalent to
(1) if and only of θ̂n̂Mn,n̂ =

[
−Fn,n̂−n Gn,n̂−n

]
=

θn̂,trueMn,n̂.

Proposition 6. The constrained optimization problem

min
θ̂n̂∈Rp×n̂(m+p)+m

tr
[
(θ̂n̂ − θn̂,0)P

−1
n̂,0(θ̂n̂ − θn̂,0)

T
]
, (46)

such that (θ̂n̂ − θn̂,true)Mn,n̂ = 0p×pn+m(n̂+1),

has the unique solution

θ∗n̂ ≜ θn̂,0 + (θn̂,true − θn̂,0)Hn̂, (47)

where hat matrix Hn̂ ∈ Rpn̂+m(n̂+1)×pn̂+m(n̂+1) is defined

Hn̂ ≜ Mn,n̂(M
T
n,n̂Pn̂,0Mn,n̂)

−1MT
n,n̂Pn̂,0. (48)
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Proof. Note that tr
[
(θ̂n̂ − θn̂,0)P

−1
n̂,0(θ̂n̂ − θn̂,0)

T
]

=∑p
i=1(θ̂n̂,i − θn̂,0,i)P

−1
n̂,0(θ̂n̂,i − θn̂,0,i)

T, where, for all
1 ≤ i ≤ p, θ̂n̂,i ∈ R1×n̂(m+p)+m and θn̂,0,i ∈
R1×n̂(m+p)+m are the ith row of θ̂n̂ and θn̂,0, respectively.
It then follows that (46) can be written as p separate
optimization problems given by, for all 1 ≤ i ≤ p,
minθ̂n̂,i∈R1×n̂(m+p)+m(θ̂n̂,i−θn̂,0,i)P

−1
n̂,0(θ̂n̂,i−θn̂,0,i)

T, such
that MT

n,n̂θ̂
T
n̂,i = MT

n,n̂θ
T
n̂,true,i, where, for all 1 ≤ i ≤ p,

θn̂,true,i ∈ R1×n̂(m+p)+m is the ith row of θn̂,true,i. It
then follows from equality constrained convex quadratic
minimization (e.g. see section 10.1.1 of [17]) that, for all
1 ≤ i ≤ p, this optimization problem has a unique solution
θ∗n̂,i, given by

MT
n,n̂θ

∗
n̂,i

T = MT
n,n̂θ

T
n̂,true,i, (49)

θ∗n̂,i
T + Pn̂,0Mn,n̂ν

∗
i
T = θTn̂,0,i. (50)

Substituting (50) into (49), it follows that MT
n,n̂(θ

T
n̂,0,i −

Pn̂,0Mn,n̂ν
∗
i
T) = MT

n,n̂θ
T
n̂,true,i. Hence, ν∗i

T is given as
ν∗i

T = (MT
n,n̂Pn̂,0Mn,n̂)

−1MT
n,n̂(θ

T
n̂,0,i − θTn̂,true,i). Substi-

tuting this equation into (50), it follows that θ∗n̂,i
T = θTn̂,0,i−

Pn̂,0Mn,n̂(M
T
n,n̂Pn̂,0Mn,n̂)

−1MT
n,n̂(θ

T
n̂,0,i − θTn̂,true,i). Fi-

nally, taking the transpose and noting that θ∗n̂,i is the ith

row of θ∗n̂ yields (47).

Finally, Theorem 4 show that if (ϕT
n,n̂,k)

∞
k=0 is weakly

persistently exciting, then θn̂,k converges to θ∗n̂. Moreover,
if (ϕT

n,n̂,k)
∞
k=0 is persistently exciting, then the convergence

of θn̂,k − θ∗n̂ to zero is asymptotically proportional to 1/k.

Theorem 4. Consider the assumptions and notation of
Proposition 3. If (ϕT

n,n̂,k)
∞
k=0 is weakly persistently exciting,

then

lim
k→∞

θn̂,k = θ∗n̂, (51)

where θ∗n̂ is defined in (47). If, additionally, (ϕT
n,n̂,k)

∞
k=0 is

persistently exciting, then

lim
k→∞

k(θn̂,k − θ∗n̂)

= (θn̂,0 − θn̂,true)Mn,n̂W
−1
n,n̂C

−1
n,n̂W

−1
n,n̂M

T
n,n̂Pn̂,0, (52)

where Cn,n̂ ≜ limk→∞
1
k

∑k−1
k=0 ϕn,n̂,iϕ

T
n,n̂,i and Wn,n̂ ≜

MT
n,n̂Pn̂,0Mn,n̂.

Proof. For brevity, denote P0 ≜ Pn̂,0, θ∗ ≜ θ∗n̂, θ0 ≜
θn̂,0, θ ≜ θn̂,true, M ≜ Mn,n̂, H = Hn̂, W ≜ Wn,n̂,
and, for all k ≥ 0, θk ≜ θn̂,k, Φk ≜ Φn̂,k and Φ̄k ≜[
ϕn,n̂,k−1 · · · ϕn,n̂,0

]
. It follows from (31), (42), and

Lemma 3 that, for all k ≥ 0, θk+1 = (θΦkΦ
T
k +

θ0P
−1
0 )(ΦkΦ

T
k + P−1

0 )−1 = θ + (θ0 − θ)P−1
0 (ΦkΦ

T
k +

P−1
0 )−1 = θ + (θ0 − θ)P−1

0 (M Φ̄kΦ̄
T
kM

T + P−1
0 )−1. Sub-

tracting both sides by θ∗ and substituting (47) yields θk+1−
θ∗ = (θ0 − θ)

[
− I +P−1

0 (M Φ̄kΦ̄
T
kM

T +P−1
0 )−1 +H

]
.

Since (ϕT
n,n̂,k)

∞
k=0 is weakly persistently exciting, there

exists N such that, for all k ≥ N , Φ̄kΦ̄
T
k is nonsingular.

Then, it follows from matrix inversion lemma that, for all
k ≥ N , (M Φ̄kΦ̄

T
kM

T+P−1)−1 = P0−P0M [(Φ̄kΦ̄
T
k )

−1+

W ]−1MTP0, and hence −I + P−1
0 (M Φ̄kΦ̄

T
kM

T +
P−1
0 )−1 = −M [(Φ̄kΦ̄

T
k )

−1+W ]−1MTP0. Substituting this
and H = M(MTP0M)−1MTP0 into the expression for
θk+1 − θ∗ implies that, for all k ≥ N , θk+1 − θ∗ = (θ0 −
θ)M

[
−[(Φ̄kΦ̄

T
k )

−1 +W ]−1 +W−1
]
MTP0. Again apply-

ing matrix inversion lemma, it follows that −[(Φ̄kΦ̄
T
k )

−1 +
W ]−1 +W−1 = W−1[Φ̄kΦ̄

T
k −W−1]−1W−1 which yields

θk+1 − θ∗ = (θ0 − θ)MW−1[Φ̄kΦ̄
T
k −W−1]−1W−1MTP0.

Since (ϕT
n,n̂,k)

∞
k=0 is weakly persistently exciting, it follows

that limk→∞ λmin

(
Φ̄kΦ̄

T
k

)
= ∞ and limk→∞ θk+1 −

θ∗ = 0 and (51) follows. If additionally, (ϕT
n,n̂,k)

∞
k=0 is

persistently exciting, then limk→∞ k(θk+1 − θ∗) = (θ0 −
θ)MW−1[limk→∞

1
k Φ̄kΦ̄

T
k − 1

kW
−1]−1W−1MTP0. Since

limk→∞
1
k Φ̄kΦ̄

T
k − 1

kW
−1 = Cn,n̂, (52) follows.

V. CONCLUSIONS

This work shows that when using RLS to identify an
input/output model of a higher-order than that of the true
input/output system, the identified coefficients still converge
to predictable values, given weakly persistently exciting data.
In particular, we obtain the natural result that the higher-order
identified model converges to the model equivalent to the true
system that minimizes the regularization term of RLS.
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